
Pion electro-production in a dynamical model
including quasi-bound tree-quark states.

Bojan Golli and Simon Širca (Ljubljana)
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Programme:

• The method: coupled channel approach for the K matrix

• Application to scattering in P11 and P33 partial waves focusing in particular on the

N(1440) and ∆(1600).

• Preliminary results for pion photo-production in the region of the Roper resonance.



Aims

• Construct a method to include quark-model states into a dynamical calculation re-

specting unitarity and incorporating proper asymptotic states.

• Establish a link between quark models and models using effective Lagrangians

• Calculate meson scattering and electro-production in a unified scheme

• Understand the large width of N(1440), underestimated in CQM calculation by a factor

2 – 3,

• . . . as well as the peculiar behaviour of the scattering amplitudes, which is far from the

familiar Breit-Wigner shape.
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The model

The meson field linearly couples to the quark core; no meson self-interaction

H = Hquark +

∫

dk
∑

lmt

{
ωk a

†
lmt(k)almt(k) +

[
V lmt(k)almt(k) + V lmt(k)† a†

lmt(k)
]}

V lmt(k) may induce also radial excitations of the quark core, e.g. 1s → 2s transitions.

Constructing the K matrix (Chew-Low type approach)

KJT
πNπN(k, k0) = −π

√√√√√ωkEN

k W
〈ΨN

JT(W)||V(k)||ΨN〉 .

The principal-value (PV) state:

|ΨN
JT(W)〉 =

√√√√√
ω0EN

k0W

{[
a†(k0)|ΨN〉

]JT
−

P
H − W

[V(k0)|ΨN〉]JT
}
,

Kinematics

ω0 = W − EN =
W2 − M2

N + m2
π

2W
, k0 =

√
ω2

0 − m2
π , EN =

√
M2

N + k2
0 .

3



Assumption about the two-pion channels

Cascade decay:

πN → B∗ → π∆ → ππN πN → B∗ → σN → (2π)l=0
T=0N

(k  )π 2

(k  )π 1

(k  )π 2
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N N

B*

σ (µ)B*

π

∆ (Μ)

(k )1

∆ (Μ)

ω1 = W − E =
W2 − M2 + m2

π

2W
, ωµ = W − EN =

W2 − M2
N + µ2

2W
,

k1 =
√
ω2

1 − m2
π , E =

√
M2 + k2

1 kµ =
√
ω2

µ − m2
µ EN =

√
M2

N + k2
µ .

MN + mπ < M < W − mπ 2mπ < µ < W − MN

Decay through the Roper channel, πN → B∗ → πR → ππN.

Neglecting ρN, ηN ... channels
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The multi-channel K matrix

The PV state of the π∆ channel

|Ψ∆
JT(W, M)〉 =

√√√√√
ω1E

k1W

{[
a†(k1)|

˜Ψ∆(M)〉
]JT

−
P

H − E

[
V(k1)|

˜Ψ∆(M)〉
]JT}

.

Normalization

〈ΨP
α(W)|ΨP

β(W ′)〉 = δ(W − W ′)δαβ(1 + K2)αα .

Orthonormal states

|˜Ψα(W) ′〉 =
∑

β

[
1 + K2

]−1/2

β,α
|Ψβ(W)〉

The intermediate ∆ state:

〈˜Ψ∆(M)|˜Ψ∆(M ′)〉 = δ(M − M ′) .

|˜Ψ∆(M)〉 ≈ w∆(M)

{

|Φ∆〉 −

∫
dk VN∆(k, k2)

ωk + EN(k) − M
[a†(k)|ΦN〉]

3
2

3
2 −

∫
dk V∆∆(k)

ωk + E∆(k) − M
[a†(k)|Φ∆〉]

3
2

3
2

}

w∆(M)2 ≈ 1

π

1
2
Γ∆

(M∆ − M)2 + (1
2
Γ∆)2
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The inelastic elements of the K matrix:

π
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N ∆ (Μ)

(k)k0π (    )

KJT
π∆πN(k, k0, M) = −π

√√√√√ωkE

k W
〈ΨN

JT(W)||V(k)||˜Ψ∆(M)〉 .

π
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k

∆ (Μ) N

π (   )1
(k)

KJT
πNπ∆(k, k1, M) = −π

√√√√√ωkE

k W
〈Ψ∆

JT(W, M)||V(k)||ΨN〉 .

1π
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∆ (Μ)

(k )π (  )k

∆ (Μ )’
KJT

π∆π∆(k, k1, M
′, M) = −π

√√√√√ωkE

k W
〈Ψ∆

JT(W, M)||V(k)||Ψ̃∆(M ′)〉 .

Relation to the S and T matrix: S =
1 + iK

1 − iK
, T =

K

1 − iK
,

The unitarity requires the symmetry KJT
πNπ∆(k0, k1) = KJT

π∆πN(k1, k0) .
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Ansaetze for the channel principal value states

πN channel:

|ΨN
JT(W)〉 =

√
ω0EN(k0)

k0W

{∑

B

cN
B (W)|ΦB〉 + [a†(k0)|ΨN(k0)〉]JT

+

∫
dk χN

JT(k, k0)

ωk + EN(k) − W
[a†(k)|ΨN(k)〉]JT +

∫

dM ′
∫

dk χ∆N
JT (k, k0, M

′)

ωk + E ′(k) − W
[a†(k)|˜Ψ∆(M ′)〉]JT

}
,

π∆(E) channel:

|Ψ∆
JT(W, M)〉 =

√
ω1E(k1)

k1W

{∑

B

c∆
B(W, M)|ΦB〉 + [a†(k1)|

˜Ψ∆(M)〉]JT

+

∫
dk χN∆

JT (k, k1, M)

ωk + EN(k) − W
[a†(k)|ΨN(k)〉]JT +

∫

dM ′
∫

dk χ∆
JT(k, k1, M

′, M)

ωk + E ′(k) − W
[a†(k)|˜Ψ∆(M ′)〉]JT

}

Above the π threshold: KNN(W) = π
ω0EN(k0)

k0W
χN

JT(k0, k0) ,

Above the 2π threshold:

K∆N(W, M) = π
√

ω0EN(k0)ω1E(k1)

k0k1W
2 χ∆N

JT (k1, k0, M) ,

KN∆(W, M) = π
√

ω0EN(k0)ω1E(k1)

k0k1W
2 χN∆

JT (k0, k1, M) ,

K∆∆(W, M ′, M) = π

√√√√ω1E(k1)ω
′
1E(k ′

1)

k1k
′
1W

2 χ∆
JT(k

′
1, k1, M

′, M) .
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Including the sigma-nucleon channel

The effective Hamiltonian for the s-wave σ-mesons

Hσ =

∫

dµ

∫

dk ωµk b†
µ(k)bµ(k) + V̄†

µ(k)b†
µ(k) + V̄µ(k)bµ(k) , ω2

µk = k2 + µ2 ,

V̄µ(k) = Vµ(k) wσ(µ) , Vµ(k) = Gσ

k
√
2ωµk

, wσ(µ)2 ≈ 1

π

1
2
Γσ

(µ − mσ)2 + 1
4
Γ 2
σ

mσ = 450 MeV , Γσ = 550 MeV

µ invariant mass of the 2π system.

PV state (Born approximation for the K matrix)

P11 partial waves

|Ψσ
1
2

1
2
(W, µ)〉 ≈ Nµ0

{
cσ

R(W, µ)|ΦR〉 + cσ
N(W, µ)|ΦN〉 + b†

µ(kµ0)|ΦN〉
}

,

P33 partial waves

|Ψσ
3
2

3
2
(W, µ, M)〉 ≈ Nµ1

{
cσ

∆(W, µ, M)|Φ∆〉 + cσ
∆∗(W, µ, M)|Φ∆∗〉 + b†

µ(kµ1)w∆(M)|Φ∆〉
}

,
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P11 partial waves
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k0π (    )

N

σ(µ)

K
1
2

1
2

σN(W, µ) = −πNµ0 〈ΨN
1
2

1
2
(W)| ˜Vµ(kµ0)|ΦN〉
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k

∆ (Μ)

π (   )1

N

σ(µ)

K
1
2

1
2

σ∆(W, µ, M) = −πNµ0 〈Ψ∆
1
2

1
2
(W, M)| ˜Vµ(kµ0)|ΦN〉
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σ(µ) σ(µ )’

N N
K

1
2

1
2

σσ(W, µ, µ ′) = −πNµ0 〈Ψσ
1
2

1
2
(W, µ ′)| ˜Vµ(kµ0)|ΦN〉
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P33 partial waves
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N ∆ (Μ)

k0π (    ) σ(µ)

K
3
2

3
2

σN(W, M, µ) = −πNµ1 〈ΨN
3
2

3
2
(W)| ˜Vµ(kµ1)|

˜Ψ∆(M)〉

1π
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∆ (Μ)

(k )

∆ (Μ )’

σ(µ)

K
3
2

3
2

σ∆(W, µ, M, M ′) = −πNµ1 〈Ψ∆
3
2

3
2
(W, M ′)| ˜Vµ(kµ1)|

˜Ψ∆(M)〉
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∆ (Μ) ∆ (Μ )’

σ(µ) ’σ(µ )

K
3
2

3
2

σσ(W, µ, M, µ ′, M ′) = −πNµ1 〈Ψσ
3
2

3
2
(W, µ ′, M ′)| ˜Vµ(kµ1)|

˜Ψ∆(M)〉
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Integral equation for the K matrix

(Lippmann-Schwinger equation)

χN
JT (k, k0) = −

∑

B

cN
B (W)VNB(k) + KNN(k, k0) +

∫

dk ′ KNN(k, k ′)χN
JT (k

′, k0)

ω ′
k + EN(k ′) − W

+

∫

dk ′ KN∆
M∆

(k, k ′)χ̂∆N
JT (k ′, k0)

ω ′
k + E∆(k ′) − W

χ̂∆
JT (k, k1) = −

∑

B

ĉ∆
B(W,M)VM ′

∆B (k) + K∆∆
M ′M(k, k1) +

∫

dk ′ K∆∆
M ′M∆

(k, k ′)χ̂∆
JT(k

′, k1)

ω ′
k + E∆(k ′) − W

+

∫

dk ′ K∆N
M ′ (k, k ′)χ̂N∆

JT (k ′, k1)

ω ′
k + EN(k ′) − W

χ̂∆N
JT (k, k0) = −

∑

B

cN
B (W)Vm

∆B(k) + K∆N
M (k, k0) +

∫

dk ′ K∆N
M (k, k ′)χN

JT (k
′, k0)

ω ′
k + EN(k ′) − W

+

∫

dk ′ K∆∆
MM∆

(k, k ′)χ̂∆N
JT (k ′, k0)

ω ′
k + E∆(k ′) − W

χ̂N∆
JT (k, k1) = −

∑

B

ĉ∆
B(W,M)VNB(k) + KN∆

M (k, k1) +

∫

dk ′ KN∆
M∆

(k, k ′)χ∆
JT(k

′, k1)

ω ′
k + E∆(k ′) − W

+

∫

dk ′ KNN(k, k ′)χ̂N∆
JT (k ′, k1)

ω ′
k + EN(k ′) − W

(W − M0
B)cN

B (W) = VNB(k0) +

∫

dk
χ̂∆N

JT (k, k0) V∆B(k)

ωk + E∆(k) − W
+

∫

dk
χN

JT(k, k0) VNB(k)

ωk + EN(k) − W

(W − M0
B)ĉ∆

B(W,M) = V∆B(k1) +

∫

dk
χN∆

JT (k, k1) VNB(k)

ωk + EN(k) − W
+

∫

dk
χ̂∆

JT(k, k1) V∆B(k)

ωk + E∆(k) − W
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Determining the poles of the K matrix

Equation for the cH
R ′ coefficients

∑

R ′
ARR ′(W)cH

R ′(W, mH) = VM
HR(kH) ,

UAUT = D , D =




ZR(W)(W − MR) 0 0

0 ZR ′(W)(W − MR ′) 0

0 0 ZR ′′(W)(W − MR ′′)




˜VHR =
∑

R ′
uRR ′VHR ′ , c̃H

R =
˜VHR

ZR(W)(W − MR)
.

χH ′H = −
∑

R
ṼHR

1

ZR(W)(W − MR)
ṼH ′R
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Born approximation for the K matrix

χN
JT(k, k0) = −

∑

B

cN
B (W)VNB(k) + KNN(k, k0)

χ̂∆
JT(k, k1) = −

∑

B

ĉ∆
B(W, M) VM ′

∆B (k) + K∆∆
M ′M(k, k1)

χ̂∆N
JT (k, k0) = −

∑

B

cN
B (W)Vm

∆B(k) + K∆N
M (k, k0)

χ̂N∆
JT (k, k1) = −

∑

B

ĉ∆
B(W, M)VNB(k) + KN∆

M (k, k1)

(W − M0
B)cN

B (W) = VNB(k0)

(W − M0
B)ĉ∆

B(W, M) = V∆B(k1)
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Born approximation for the P11 and P33 partial waves

Assuming two (quasi) bound states: P11: nucleon and N(1440)

P33: ∆(1232) and ∆(1600)

and two channels

πN channel |ΨN(W)〉 ≈ N0

[

cN
B (W)|ΦB〉 + cN

B∗(W)|ΦB∗〉 + [a†(k0)|ΦN〉]
3
2

3
2

]

π∆ channel |Ψ∆(W, M)〉 ≈ N1

[
c∆

B(W, M)|ΦB〉 + c∆
B∗(W, M)|ΦB∗〉 + [a†(k1)w∆(M)|Φ∆〉]JT

]

Same 3-q radial structure for N and ∆(1232) and

same 3-q radial structure for {N(1440) and ∆(1600)

Solution above the 2π threshold, neglecting background:

Kij = aiaj




1

MB − W
+

r2
ω

MB∗ − W


 , Tij =

aiaj



1

MB − W
+

r2
ω

MB∗ − W




−1

− i
[
a2

N + ā2
∆

]
,

aN =
√

πN0 〈ΦB||V(k0)||ΦN〉 , rω =
gπNR

gπNN

,

ā2
∆ =

∫W−mπ

MN+mπ

dM w∆(M)2 a∆(W, M)2 , a∆(W, M) =
√

πN1 〈ΦB||V(k1)||Φ∆〉
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Solving the integral equation: separable kernels

Approximations

1

ωk + ω ′
k − ω0 + EB(k̄) − EN(k0)

≈ ω0 + EB(k̄) − EN(k0)

(ωk + EB(k̄) − EN(k0))(ω
′
k + EB(k̄) − EN(k0))

k̄2 ≈ 〈(k0 + k1)
2〉 ≈ k2

0 + k2
1 , EB(k̄) + EN(k0) − ω0 ≈ 2MB

KNN(k, k ′) =
∑

i

f
Bi
NN

MBi

EN

(ω0 + εN
i )

VBiN(k ′)VBiN(k)

(ω ′
k + εN

i )(ωk + εN
i )

KN∆
M (k, k ′) =

∑

i

f
Bi
N∆

MBi

E
(ω1 + εN

i )
VBiN(k ′)VBi∆(k)

(ω ′
k + εN

i )(ωk + ε∆
i (M))

= K∆N
M (k ′, k)

K∆∆
M ′M(k, k ′) =

∑

i

f
Bi
∆∆

MBi

E ′ (ω ′
1 + ε∆

i (M))
VBi∆(k)

(ωk + ε∆
i (M))

VBi∆(k ′)

(ω ′
k + ε∆

i (M ′))

εN
i =

M2
Bi − M2

N − m2
π

2EN

, ε∆
i (M) =

M2
Bi − M2 − m2

π

2E
,

Solution for the K matrix:

Khh ′ = Khh ′(resonant) + Khh ′(background) = πNHNh ′

{
∑

B

VhBVh ′B

(MB − W)
+ Dhh ′

}
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Results for the Cloudy Bag Model

〈ΦB ′||V(k)||ΦB〉 = rq v(k) 〈JB ′, TB ′ = JB ′ ||

3∑

i=1

σi
mτi

t||JB, TB = JB〉

v(k) =
1

2f

k2

√
12π2ωk

ωMIT

ωMIT − 1

j1(kRbag)

kRbag
.

rq =






1 for B = B ′ = (1s)3 configuration

rω =
[

ω1
MIT(ω0

MIT−1)

ω0
MIT(ω1

MIT−1)

]1/2
= 0.457 for B = (1s)3, B ′ = (1s)2(2s)1

2
3
+ r2

ω for B = B ′ = (1s)2(2s)1

Rbag = 0.83 fm, f = 76 MeV

similar results for 0.75 fm < Rbag < 1.0 fm

Free parameters: bare masses of the resonant states

MR = 1510 MeV, M∆ = 1232 MeV, M∆∗ = 1770 MeV

Parameters of the σ-channel: Gσ = 0.8 , mσ = 450 MeV , Γσ = 550 MeV
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Results
... only πN and π∆ channels
... σN (σ∆) channel added:

Phase shift
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Resonant and background contributions to P11 phase shift
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Scattering amplitude
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Parameter of the full calculation vs. Born approximation
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Electro-production amplitudes

p’

p

γ

π

θπ

Formally, the K matrix acquires a new channel γN.
Because the EM interaction is considerably weaker than the strong interaction, we assume

KγN γN ≪ KγN πN ≪ KπN πN

(and similarly for other channels). The Heitler-like equation for the electro-production amplitudes then
reduces to

MN(W) = −MK
N(W) + i

[
TπNπN(W)MK

N(W) + TπNπ∆(W,M̄)MK
∆(W,M̄) + TπNσN(W, µ̄σ)MK

σ(W, µ̄σ)
]

The T matrix for electro-production is related to the electro-production amplitudes by

T
(JT)
γNπN = iπ

1
√

2π
3

∑

m

√
k0kγ MN(W,MJ,MT , t, kγ, µ)Y1m(r̂)C

JMJ
1
2
ms1m

CTMT
1
2

1
2
1t

The K-matrix type of electro-production amplitudes for both channels:

MK
N(W) = −

√√√√ωγ

k0

〈ΨN
N∗(W)|Ṽγ(µ,kγ)|ΦN〉 , MK

∆(W,M) = −

√√√√ωγ

k0

〈Ψ∆
N∗(W,M)|Ṽγ(µ,kγ)|ΦN〉 ,

MK
σ(W,µσ) = −

√√√√ωγ

k0

〈Ψσ
N∗(W,µσ)|Ṽγ(µ,kγ)|ΦN〉
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The EM interaction

Vγ(µ,kγ) =
1

√
2π

3
Ṽγ(µ,kγ) , Ṽγ(µ,kγ) =

e0√
2ωγ

∫

dr εµ · j(r)eikγ·r

Separation of amplitudes into the resonant and the background part

Because the K matrix elements contain poles, it convenient to separate the amplitudes as

MK
H =

√√√√ωγE
γ
N

k0W
g(W)KNH 〈Ψ(res)

N∗ (W)|Ṽγ|ΨN〉 + MK (non)
H H = N,∆, σ

MK (non)
H = −

√√√√ωγE
γ
N

k0W

{
g(W)K

(bg)
NH 〈Ψ(res)

N∗ (W)|Ṽγ|ΨN〉 +

√√√√ωHEH

kHW

[
cH

N〈Ψ
(n.p.)
N∗ |Ṽγ|ΨN〉 + 〈ΨH (dir)

N∗ |Ṽγ|ΨN〉
]}

Then

M(res)
N =

√√√√ωγE
γ
N

k0W
g(W) 〈Ψ(res)

N∗ (W)|Ṽγ|ΨN〉 TπNπN =

√√√√ωγE
γ
N

k0W
g(W)AN∗ TπNπN

and
M(non)

N = MK (non)
N + i

[
TπNπNMK (non)

N + TπNπ∆MK (non)
∆ + TπNσNMK (non)

σ

]
.

Electro-excitation amplitude (proportional to the corresponding EM transition form-factor)

AN∗ ≡ 〈Ψ(res)
N∗ (W)|Ṽγ|ΨN〉

where

|Ψ
(res)
N∗ (W)〉 = zN∗

{

|ΦN∗〉 −

∫
dkVNN∗(k)

ωk + EN(k) − M
[a†(k)|ΨN〉]JT −

∫
dkVM∆

∆N∗(k)

ωk + E∆(k) − M
[a†(k)|Ψ̂∆(M∆)〉]JT

}

+ . . .
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P33 photo-production amplitude in the region of the ∆(1232)

• dominated by the resonant contribution

• non-resonant part is less important

• the contribution from the pion cloud comparable to the contribution of the quark core
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P11 photo-production amplitude in the region of the N(1440)

Preliminary results p + γ → p + π0
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Open problems

• Mixing of bare N ((1s)3 configuration) in the resonant state N* N

π

B

• ω-meson contribution at low energies
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Conclusion

We have

• developed a framework to incorporate quark-model states into a multi-channel description of nucleon
resonances,

• provided a mechanism that can considerably enlarge the width of resonances compared to their ‘static’
values,

• stressed the important role of the π∆ and the σN channels from the two-pion threshold to W ∼ 1700 MeV,

• shown that background processes strongly influence the behaviour of the scattering and electro-production
amplitudes
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