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We study triangular clusters of three spin-1/2 Kondo or Anderson impurities that are coupled to two conduction leads. In the case of Kondo impurities, the model takes the form of an antiferromagnetic Heisenberg
ring with Kondo-type exchange coupling to continuum electrons. We show that this model exhibits many types
of the behavior found in various simpler one- and two-impurity models, thereby enabling the study of crossovers between a number of Fermi-liquid 共FL兲 and non-Fermi-liquid 共NFL兲 fixed points. In particular, we
explore a direct crossover between the two-impurity Kondo-model NFL fixed point and the two-channel
Kondo-model NFL fixed point. We show that the concept of the two-stage Kondo effect applies even in the
case when the first-stage Kondo state is of NFL type. In the case of Anderson impurities, we consider the
transport properties of three coupled quantum dots. This class of models includes, as limiting cases, the
familiar serial double quantum dot and triple quantum dot nanostructures. By extracting the quasiparticle
scattering phase shifts, we compute the low-temperature conductance as a function of the interimpurity tunneling coupling. We point out that due to the existence of exponentially low-temperature scales, there is a
parameter range where the stable “zero-temperature” fixed point is essentially never reached 共not even in
numerical renormalization group calculations兲. The zero-temperature conductance is then of no interest and it
may only be meaningful to compute the conductance at finite temperature. This illustrates the perils of studying
the conductance in the ground state and considering thermal fluctuations only as a small correction.
DOI: 10.1103/PhysRevB.77.245112

PACS number共s兲: 75.30.Hx, 71.10.Hf, 72.10.Fk, 72.15.Qm

I. INTRODUCTION

Quantum impurity models describe localized single impurities or impurity clusters in interaction with conduction
bands of itinerant electrons. They appear in several different
contexts in condensed-matter physics: as models for dilute
magnetic impurities in metals,1–3 as models of semiconductor
quantum dots and other nanostructures embedded between
conduction leads,4,5 and as effective models within the dynamical mean-field theory of bulk correlated electron
systems.6 Quantum impurity models are often studied also
for their own sake due to the fascinating and rich behavior
that they exhibit. Advances in the computational resources
and improved implementations of the numerical renormalization group 共NRG兲 technique7–20 make possible accurate
and detailed studies of increasingly complex quantum impurity models featuring several impurities and several conduction channels.21–29
NRG permits to calculate finite-size excitation spectra,
thermodynamic properties 共such as impurity contributions to
the magnetic susceptibility and entropy兲, various correlation
functions 共in particular, zero-frequency correlators兲, and conductance through nanostructures both at zero temperature
and at finite temperatures.20 Such detailed knowledge about
the behavior of the system under study at different temperature scales can be used to establish phase diagrams, which
delineate the parameter ranges with characteristic properties.
In more technical terms, NRG allows us to determine the
possible fixed points of the model, their stability with respect
to various perturbation, and crossovers between the fixed
points. Depending on the nature of the excitations, the fixed
points may be classified as either Fermi-liquid 共FL兲 or nonFermi-liquid 共NFL兲 fixed points.30–32 The excitation spectra
1098-0121/2008/77共24兲/245112共12兲

of FL fixed points can be mapped one to one to the spectra of
free noninteracting fermions 共electrons兲; they have a characteristic appearance of equally spaced lowest lying excited
states. The excitation spectra of NFL fixed points cannot be
related to noninteracting fermionic systems; they are typically more complex and the lowest lying excited states are
not equally spaced 共in some cases, however, the spectra may
be described in terms of real Majorana fermions with twisted
boundary conditions; the excitation spectra may then be
given in terms of fractions33–38兲.
Non-Fermi-liquid properties of strongly correlated materials and proposed corresponding theoretical models have attracted the interest of the condensed-matter community due
to the very uncommon situation where the behavior of the
system is radically different from what might be expected
from the nature of its elementary constituents. The simplest
models where NFL behavior emerges are quantum impurity
models such as the two-channel single spin-1/2 impurity
Kondo model.30,39,40 In this model, the conduction-band electrons attempt to screen the impurity moment as in the conventional Kondo effect, but as there are two conduction
channels, they tend to overscreen a single spin-1/2 impurity.
Since a strong-coupling state with overscreening is not stable
the system ends up, instead, in a nontrivial intermediatecoupling NFL state.30 A mesoscopic system that exhibits the
two-channel Kondo effect has recently been experimentally
demonstrated.41
In this work, we apply the numerical renormalization
group techniques to study a complex impurity model, which
consists of three spin-1/2 Kondo-model-like impurities
coupled by exchange interaction so as to form a Heisenberg
ring. Two of the impurities are furthermore coupled to two
conduction bands. This system is particularly interesting in
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FIG. 1. 共Color online兲 Two-channel three-impurity triangular
cluster.

that it has a rich phase diagram, which includes fixed points
known from simpler quantum impurity models. In contrast to
simpler models, however, the three-impurity model allows us
to study crossovers between various nontrivial fixed points.
Spurred on by a number of experimental achievements,42–49
the interest in the transport properties of three-impurity models recently intensified.50–66 We thus also study the conductance through a system of three coupled quantum dots described by a related model featuring three Anderson-modellike impurity electron levels interconnected by tunneling
coupling and connected to conduction bands by hybridization.
In Sec. II we present the model and briefly discuss the
properties of known limiting cases. In Sec. III we discuss the
fixed points that are expected to characterize the various parameter ranges. Numerical results for the Kondo-type model
are presented in Sec. IV. In this section, we demonstrate the
possibility of a direct crossover between the two-impurity
Kondo-model fixed point to the two-channel Kondo-model
fixed point. At the same time, this result also establishes the
validity of the two-stage Kondo screening concept in the
case where the first stage of screening results in a non-Fermiliquid fixed point. In Sec. V we discuss the transport through
a triangular triple quantum dot systems connected to two
conduction leads. We emphasize that the notion of the “zerotemperature” conductance is of limited utility in systems
with exponentially low energy scales since experiments are
performed at finite temperatures.
II. MODEL

The three-impurity Kondo model with two conduction
channels, represented schematically in Fig. 1, is described by
the Hamiltonian H = Hb + Himp + Hc, where
Hb =

⑀kc†kck ,
兺
僆兵L,R其,k,僆兵↑,↓其

Himp =

兺

JijSi · S j ,

i⬍j僆兵1,2,3其

Hc = JK共S1 · sL + S3 · sR兲.

共1兲

The two 共 = L and  = R兲 conduction bands are assumed to
have linear dispersion, ⑀k = Dk, where the dimensionless
wave number k ranges from −1 to 1 so that the bandwidth is
2D. The impurities are described by the spin-−1 / 2 operators
Si with i = 1 , 2 , 3 and s is the conduction-band spin density
at the position of impurity 1 共3兲 for  = L 共R兲,

冉

1

兺 冑N 兺k c†k␣
␣␣⬘

冊冉 冊冉 冑 兺 冊
1
␣␣⬘
2

1

N k⬘

c k⬘␣⬘ ,

共2兲

where N is the number of conduction-band states, c†k␣ and
ck␣ are the creation and annihilation operators for electron
in band  with spin ␣ 僆 兵↑ , ↓其, and ␣␣⬘ is the vector of Pauli
x
matrices 共␣␣
, y , z 兲. JK is the antiferromagnetic
⬘ ␣␣⬘ ␣␣⬘
Kondo exchange constant. Finally, Jij parametrize the interimpurity exchange interaction. We reduce the parameter
space by considering only models with left-right mirror symmetry 共parity兲, i.e., J12 = J23. While the parity breaking is a
relevant perturbation at some of the fixed points,67 its effect
will not be studied in much detail in this work. We parametrize the exchange constants by
J13 = J0 sin共␤/2兲,

共3兲

J12 = J23 = J0 cos共␤/2兲.

共4兲

Parameter ␤ thus parametrizes the asymmetry 共ratio兲 between the exchange coupling between impurities 1 and 3 in
the upper arm of the triangle and the exchange coupling between side-coupled impurity 2 and impurity 1 共or 3兲. The
special cases are as follows:
共a兲 ␤ = 1, which corresponds to the two-impurity Kondo
model 共plus one totally decoupled impurity兲;
共b兲 ␤ = 0, which corresponds to a linear chain of three
impurities; and
共c兲 ␤ = 1 / 2, which corresponds to a symmetric antiferromagnetic Heisenberg ring, which is a magnetically frustrated
system with two degenerate doublets in the ground state.
The parameter J0 sets the overall scale of the interimpurity exchange coupling.
In the two-impurity Kondo model68 共i.e., ␤ = 1 limit兲,
there is a double Kondo screening regime for low interimpurity exchange interaction J = J0 and an interimpurity-singlet
regime for high J.67,69–77 These phases are separated by a
ⴱ
= cTK共1兲, where TK共1兲 is
quantum phase transition78,79 at J = J2IK
the Kondo temperature for a system of a single impurity
coupled to a single conduction channel with the same JK 共the
proportionality constant c is of order 1; often the quoted
value is ⬃2.2 obtained in the early NRG studies;70 however,
this particular value is not universal and true c depends on
the details of the model and on the chosen definition of the
Kondo temperature兲. Exactly at the transition point, the system has a non-Fermi-liquid ground state and exhibits quantum criticality. This state is, however, unstable and for J
ⴱ
⫽ 0, the systems flows to either of the two possible FL
− J2IK
fixed points. We denote this NFL fixed point by 2IK. Recently, the two-impurity models were reexamined and it was
shown that this fixed point is robust with respect to parity,
particle-hole symmetry breaking, and various other
asymmetries.74
The system of three impurities in series 共i.e., ␤ = 0 limit兲
has been studied in Ref. 80. This system has a non-Fermiliquid ground state of the same type as the two-channel
Kondo model 共2CK兲.34,40,50,67,81–91 For low interimpurity exchange interaction J, the local-moment screening occurs in
two stages: at the higher Kondo temperature TK共1兲, the local

245112-2

PHYSICAL REVIEW B 77, 245112 共2008兲

NUMERICAL RENORMALIZATION GROUP STUDY OF TWO-…

J13

FR

c)

S

DK

f)

g)

=J
1
J1

?
b)

3

S
Interimpurity =1
singlet
odd=even=0

3

e)

=J
2

LM

2

a)

2IK, phase
transition
J13~2TK

AFM

DK
Kondo
screening
phase
odd=even=/2

2CK

2CK
Two-channel
non-Fermi-liquid

J0


=0

J12=J23
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FIG. 2. 共Color online兲 Schematic representations of the possible
fixed points.

moments on impurities 1 and 3 are screened, while the local
moment on impurity 2 is screened at an exponentially reduced second Kondo temperature TK共2兲.80,92 For high J, the
three spins first lock into an antiferromagnetic spin chain at
T ⬃ J and the collective spin-1/2 undergoes Kondo screening
at some lower temperature T2CK, which depends nonmonotonically on J.80,93 The low-temperature 2CK fixed point is
stable with respect to particle-hole symmetry breaking,94 but
it is unstable with respect to parity breaking.40,67,80,95
For ␤ = 0.5 and sufficiently large J0, the three impurities
behave as a frustrated antiferromagnet with two degenerate
ground-state doublets at temperatures on the scale of J0. The
symmetry is broken by the coupling to the leads as there are
only two conduction channels. It should be noted that in the
more symmetric case of three conduction channels frustration induces a new type of non-Fermi-liquid behavior.23,24

III. EXPECTED REGIMES

The behavior of the system at various temperatures and
interimpurity coupling strengths is governed by the proximity to one of the following fixed points 共see schematic representations in Fig. 2兲:
共a兲 three independent local moments 共LM兲;
共b兲 interimpurity singlet 共plus a decoupled spin-1/2 local
moment兲 S;
共c兲 Kondo screening with  / 2 phase shifts 共plus a decoupled spin-1/2 local moment兲 共DK兲;
共d兲 two-impurity Kondo-model non-Fermi-liquid fixed
point 共plus a decoupled spin-1/2 local moment兲 共2IK兲;
共e兲 frustrated antiferromagnetic Heisenberg ring 共FR兲;
共f兲 antiferromagnetic 共AFM兲 spin chain with S = 1 / 2 共two
different fixed points exist, depending on J12 ⬎ J13 or J12
⬍ J13兲; and

共g兲 two-channel spin-1/2 Kondo-model non-Fermi-liquid
fixed point 共2CK兲.
It should be noted that we have restrained ourselves to the
fixed points, which occur in the mirror 共parity兲 and particlehole symmetric cases. In generic model, some of these fixed
points are extended into lines or planes of fixed points. In
particular, there appears a plane of Fermi-liquid fixed points
共plus a decoupled spin-1/2 local moment兲 parametrized by
two continuous quantities 共phase shifts in even and odd scattering channel兲, of which the fixed points S and DK are special cases. There is furthermore a new plane of Fermi-liquid
fixed points that is also parametrized by the two phase shifts
but this time there is no decoupled local moment. The first
plane 共P1兲 occurs for ␤ = 1 and the second one 共P2兲 for ␤
⫽ 1; for ␤ ⱗ 1, the crossover from P1 to P2 occurs by a
Kondo-type screening of the nearly decoupled local moment.
In Fig. 3 we present a schematic “phase diagram” of the
system in the 共J12 , J13兲 关or, equivalently, 共J0 , ␤兲兴 plane at
very low 共T → 0兲 temperatures. Along the ␤ = 1 line, we find
the S and DK Fermi-liquid fixed points, separated by the 2IK
quantum phase transition. Along the ␤ = 0 line as well as in
the rest of the plane, the system always ends up in the 2CK
fixed point. This is a special property of the parity-symmetric
case 共in the fully generic case, only P1 and P2 fixed points
are stable兲. For T ⬎ max共J12 , J13兲, the system is in the localmoment LM regime, while for T ⱗ min共J12 , J13兲, the system
is described by FR or one of the two AFM fixed points
depending on the values of J12 and J13. In the region of the
parameter plane in close vicinity of the 2IK fixed point, i.e.,
ⴱ
and ␤ ⬃ 1, the system first approaches the 2IK
for J0 ⬃ J2IK
fixed point then crosses over into the stable 2CK fixed point.
We emphasize that the 2CK fixed point dominates the
low-temperature phase diagram, i.e., it is the stable fixed
point for all ␤ ⫽ 1. The values of parameters J0 and ␤ affect
only the way in which this fixed point is approached. A similar reasoning as in the ␤ = 0 case80 can also be applied to the
general model. At some low enough energy scale, the impurity cluster and the nearby conduction-band electrons effectively form a spin-1/2 object. This object is very localized in
the large J0 limit 共when the three impurities align antiferromagnetically into a spin-1/2 state兲 or extended in the small J0
limit 共in which case the composite spin-1/2 object is formed
by the spin-1/2 of impurity 2 and two collective spin-singlet
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FIG. 4. 共Color online兲 NRG eigenvalue renormalization flow diagrams for even iteration numbers N. The states are indexed by the total
isospin, total spin, and parity quantum numbers.

states, each consisting of an impurity and electrons which
screen its spin兲. In both cases the coupling of this spin-1/2
object to the rest of the system 共conduction-band electrons at
still lower energies in each of the lead兲 is antiferromagnetic;
for large J0 this is explicit since JK terms in the Hamiltonian
describe an AFM exchange interaction, while for small J0,
this is expected by analogy with the two-stage Kondo effect
in side-coupled geometry.18,101,102 Thus, the effective model
takes the form of a single-impurity two-channel Kondo
model. Since we consider reflection-symmetric models in
this work, the exchange coupling to both channels is the
same, thus the effective model with flow to the stable 2CK
NFL fixed point. Of course, in the absence of reflection symmetry, the system would eventually end up in a Fermi-liquid
fixed point 共in the P2 plane兲. The presence of all the enumerated fixed points and the proposed features of the phase diagram are fully supported by the results of the numerical
renormalization group calculation, which are detailed in
Secs. IV and V.

IV. NUMERICAL RESULTS

Calculations have been performed using the “NRG LJUBLpackage.96 The impurity model 关Eq. 共1兲兴 is particlehole symmetric; in fact, it has a larger SU共2兲 isospin symmetry of which the particle-hole transformation symmetry is
merely a subgroup.25,67,70 We performed all calculations taking explicitly into account spin SU共2兲, isospin SU共2兲, and
mirror Z2 symmetry groups.7,12,20,25,97–99 We have used the
discretization scheme described in Ref. 99 with the discretization parameter ⌳ = 4. Averaging over four values of the
twist parameter z has been used.10 The NRG truncation cutoff was set at the cutoff energy Ecutoff = 9N, where N is the
characteristic energy scale at the Nth NRG iteration, or at
most 4000 states 共which corresponds to approximately
32 000 states taking into account the degeneracies兲. To prevent systematic errors, care is taken not to truncate within a
cluster of nearby almost degenerate states. In all calculations
presented in this paper, we have used JK = 0.2, which corresponds to the Kondo temperature TK共1兲 ⬇ 0.003D in the single-

impurity Kondo model with the same parameter JK. 关Here,
we use Wilson’s definition of the Kondo temperature, i.e., for
S = 1 / 2 Kondo model one has kBTK共TK兲 / 共gB兲2 = 0.701 or
kBTK共0兲 / 共gB兲2 = 0.103. This definition is commonly, albeit
not exclusively, used in NRG literature.兴
We first ascertain the presence of the expected fixed
points by calculating the finite-size excitation spectra. These
spectra can be represented in the form of the “renormalization flow diagrams,” some of which are shown in Fig. 4.
Flow diagrams show the NRG eigenvalue spectrum in units
of the characteristic energy 共or, equivalently, temperature兲
scale N ⬀ ⌳−N/2 as a function of the NRG iteration number N
共see Refs. 7, 12, and 20兲. We join the points by lines for
easier visualization and interpretation. The colors 共shades of
gray兲 correspond to different sets of quantum numbers for
the total isospin 共I兲, total spin 共S兲, and parity 共P兲. The system
is said to be near some fixed point when the eigenvalues do
not change much between successive iterations 共i.e., the lines
are horizontal兲, while crossovers correspond to transitions
between such regions.
For ⌳ = 4, the single-particle eigenvalues which can be
combined to give the Fermi-liquid fixed point eigenspectra
of a single Wilson chain with no impurities are7,12

ⴱj = 0.8 589 029,3.99 452,⌳2,⌳3, . . . ,N odd,

JANA”

ˆ ⴱj = 1.983 281,7.999 996,⌳5/2,⌳7/2, . . . ,N even

共5兲

for odd and even iteration numbers N, respectively. In the
first row of Fig. 4, we show the NRG eigenvalue flow for
␤ = 1 for three values of J0. For J0 / D = 0.0154, we have J0
ⴱ
⬍ J2IK
and we expect a flow to the Fermi-liquid DK fixed
even
odd
= ␦q.p.
=  / 2 quasiparticle scattering phase
point with ␦q.p.
shifts. The  / 2 phase shifts in both channels imply that the
excitation spectrum of even-length Wilson chains correspond
to that of odd-length noninteracting chain. Indeed, the lowest
excitation energies are ⴱ0 , 2ⴱ0 , 3ⴱ0 , . . . to high accuracy. The
quantum numbers are, however, different from those of the
related two-impurity problem due to the presence of a decoupled spin-1/2 impurity 共which also implies an additional twofold degeneracy of all levels兲. For J0 / D = 0.0159, we have
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ⴱ
J0 ⬎ J2IK
, which corresponds to the flow to the Fermi-liquid
even
odd
= ␦q.p.
= 0 phase
interimpurity singlet 共S兲 phase with ␦q.p.
shifts. The excitation spectrum of even-length Wilson chains
corresponds to that of even-length noninteracting chain with
lowest excitation energy ˆ ⴱ0. Finally, the unstable fixed point
ⴱ
⬇ 0.0158D is the 2IK NFL
for N = 10, . . . , 20 at J0 ⬃ J2IK
fixed point with the energy spectrum 共after suitable rescaling兲 described by the fractions 3 / 8 , 1 / 2 , 7 / 8 , 1 , . . ..33,67
The second row in Fig. 4 shows the flow diagrams for
constant ␤ = 0.92 for a range of values of J0. In all cases, the
system ends up in the same stable fixed point, which is the
2CK NFL fixed point with energy spectrum 共after suitable
rescaling兲 1 / 8 , 1 / 2 , 5 / 8 , 1 , 1 + 1 / 8 , . . ., as predicted by the
boundary conformal field theory approach to the 2CK
problem.81 Note the similarities in the flow diagrams in the
first and second lines, especially at high and intermediate
temperatures 共up to N ⬃ 20兲. At lower temperatures, the coupling to impurity 2 eventually drives the system to the 2CK
fixed point for any value of ␤ ⫽ 1 and J0.
Basic information about the magnetic correlations within
the three impurity cluster may be obtained by considering the
spin-spin correlations cij = 具Si · S j典 at zero temperature. These
provide insight in the competition between the interimpurity
interactions Jij and the impurity-lead Kondo exchange interaction JK. In Fig. 5 we plot c13 and c12 both as a function of
the interaction strength J0 and as a function of the asymmetry
ratio ␤. Note that if the impurities were decoupled from the
conduction channels 共i.e., for JK / J0 ⬅ 0兲, the spin correlation
at zero temperature would depend only on the parameter ␤,
not on J0. The behavior of the decoupled cluster approximates the properties of the impurity system in the large J0
limit, see the J0 / D = 1 plots in Fig. 5共b兲. At ␤ = 1 / 2, the decoupled cluster has C3v symmetry, thus c12 = c13. The two
degenerate spin-doublets at this point are

β
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兩a典 = 1/冑2共兩↑, , ↓典 − 兩↓, , ↑典兲,

-3/4

J0/D

共6兲

For an equal mixture of these two states, we expect c12
= c13 = −1 / 2. For ␤ ⫽ 1 / 2, the degeneracy is lifted. For ␤
⬎ 1 / 2, the decoupled impurities are in state 兩a典, which corresponds to a local singlet state between impurities 1 and 3
共c13 = −3 / 4兲, while the impurity 2 is decoupled 共c12 = 0兲. For
␤ ⬍ 1 / 2, the decoupled impurities are in state 兩b典, which corresponds to a rigid antiferromagnetic spin chain 共c12 = −1 / 2
c13 = 1 / 4兲.
In the full model 共JK ⫽ 0兲, the degeneracy between the
doublets is lifted even at ␤ = 1 / 2 by the coupling to the channels. Curiously, in the limit J0 Ⰷ JK, the correlations c12 and
c13 are not only different but they even have opposite signs.
This is explained by Fig. 5共b兲: the point where c12 = c13 is
shifted from the value of ␤ = 1 / 2. We also note that at large
J0, the transition between 兩a典 and 兩b典 impurity ground
states becomes increasingly sharp, thus a small change in ␤
leads to an abrupt change in the spin correlations. The spinspin correlations curves at ␤ = 1 / 2 play the role of separatrix
between two different limiting regimes 关dashed curves in
Fig. 5共a兲兴. In the other limit of J0 Ⰶ JK, the spin correlations
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1
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FIG. 5. 共Color online兲 Spin-spin-correlation functions between
the impurities in the upper arm of the triangle 共S1 · S3兲 and between
the side-coupled impurity and one of the impurities in the upper
arm 共S1 · S2兲. Note that S1 · S2 = S3 · S2 due to reflection symmetry.
The correlations shown are those at T = 0; in the major part of the
parameter space, the final values are established on the scale
⬃min共J13 , J12兲, which is typically much higher than the Kondo temperature scales.
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tend to zero due to the magnetic screening by conduction
electrons. It may also be noted that the “side-coupled” impurity 2 is aligned antiferromagnetically with respect to the
“directly coupled” impurities 1 and 3 for any values of parameters J0 and ␤ ⫽ 1. Since antiferromagnetic exchange is a
relevant perturbation, this implies that the local moment on
impurity 2 will always be screened 共except for ␤ = 1兲.
At ␤ = 1, we have studied c13 = 具S1 · S3典 at the 2IK critical
ⴱ
, which is expected to be equal to −1 / 4 due to
point, J0 = J2IK
a degeneracy between one singlet and one triplet state.69,100
Two general remarks concerning NRG calculations are in
order at this point. The first concerns the value of the discretization parameter ⌳. While even very high values of ⌳
typically lead to results which are qualitatively correct 共in the
single-impurity Anderson model, one can obtain decent
magnetic-susceptibility curves even at surprisingly high ⌳
= 40兲, some details depend crucially on taking the ⌳ → 1
limit. The position of the quantum phase transition as a function of J and the value of 具S1 · S3典 in the two-impurity Kondo
ⴱ
/D
model are one such example. At ⌳ = 4, we find J2IK
ⴱ
/D
⬇ 0.01 585 and c13 ⬇ −0.255, while at ⌳ = 2 we find J2IK
⬇ 0.01 497 and c13 ⬇ −0.253. The convergence to the expected value of c13 = −1 / 4 is, thus, relatively slow. The second remark concerns the averaging over the twist parameter
z 共the “z trick”兲. We find that the precise value of the exchange parameter J at the critical point depends slightly on
the value of z at constant ⌳, the more so as ⌳ is increased.
To accurately study the detailed properties of the model in
the vicinity of critical points, the averaging over z is thus
better to be avoided and ⌳ should be kept small. Finally, it
ⴱ
= cTK共1兲 is here approximately
may also be noted that c in J2IK
equal to 5.0, not 2.2 共still using Wilson’s definition of the
Kondo temperature兲 共see Sec. II兲.
We now focus on the vicinity of the 2IK fixed point, i.e.,
ⴱ
. For ␤ = 1, the system crosses
to the region ␤ ⬃ 1, J0 ⬃ J2IK
over from LM to 2IK fixed point at the two-impurity Kondo
temperature TK共2IK兲. Since this fixed point is not stable, the
system then crosses over at some lower temperature T⌬共2IK兲
ⴱ
⬀ 共J − J2IK
兲2 / TK共2IK兲 to either S or DK fixed point, depending
ⴱ
ⴱ
or J0 ⬍ J2IK
. This can be observed in
on whether J0 ⬎ J2IK
Fig. 6 共black curve, ␤ = 1兲, where we plot two thermodynamic quantities, the impurity contribution to the magnetic
susceptibility kBTimp共T兲 / 共gB2 兲 = eff and the impurity contribution to the entropy simp共T兲 / kB = ln eff as a function of
the temperature. Note that the first quantity may be interpreted as the effective impurity cluster magnetic moment
eff, while the second one can be related to the effective
number of degrees of freedom of the cluster eff. At the
Kondo temperature TK共2IK兲, two local moments are screened,
while the third decoupled spin remains free; correspondingly,
eff is reduced from 3/4 to 1/4. In the two-impurity Kondo
effect, the NFL fixed point is associated with 1 / 2 ln 2 residual entropy; thus, the entropy goes from the LM value of
3 ln 2 to ln 2 + 1 / 2 ln 2. The residual entropy of 1 / 2 ln 2 is
released at T⌬共2IK兲, when the system crosses over to the FL
stable fixed point. Since impurity 2 is completely decoupled
at ␤ = 1, there is a residual spin-1/2 local moment with ln 2
entropy.
Keeping J0 constant and decreasing ␤, we weakly couple
impurity 2 to the rest of the system 共see Fig. 6兲. One effect is

(2IK)

T∆
3/2 ln2

2IK

(2CK)

TK

ln2
1/2 ln2
0
-20

2CK
S or DK
-15

-10
log10(T/D)

-5

0

FIG. 6. 共Color online兲 Impurity cluster contribution to the magnetic susceptibility and entropy for a range of values of ␤ at fixed
J 0.

the increased crossover temperature T⌬共2IK兲. More importantly,
the local moment on impurity 2 is now screened at some
lower temperature TK2CK. This can be observed both in eff
curves, where the effective moment is reduced from 1/4 to 0,
and in the effective entropy that is reduced by 1 / 2 ln 2,
which is a characteristic value for the two-channel Kondo
effect. In our mirror-symmetric model, there is no further
crossover and the 2CK fixed point is stable. Furthermore, by
additional calculations we have checked that 2CK is the
stable fixed point throughout the phase diagram 共Fig. 3兲 for
any J0 and ␤ ⫽ 1, as expected.
By analogy with the two-stage Kondo effect in the case of
two impurities that are coupled to a single conduction channel in a side-coupled configuration,18,101,102 the two-channel
Kondo effect due to the side-coupled impurity is expected to
occur on a temperature scale that depends exponentially on
the effective exchange coupling of this impurity to the other
two impurities Jeff, i.e., we expect a function dependence of
the form

冉

TK共2兲 = TK共1兲 exp −

冊

1
,
effJeff

共7兲

where TK共1兲 and TK共2兲 are first-stage and second-stage Kondo
temperatures, while eff can be interpreted as the width of the
band of the effective local Fermi-liquid quasiparticles resulting from the first-stage Kondo effect, which is proportional
to TK共1兲. In the present situation, Jeff ⬀ cos共␤ / 2兲. From the
results of calculations of the magnetic susceptibility along
the line of values of ␤ 共from ␤ = 0.9 to ␤ = 0.94兲 at a fixed
value of the exchange coupling J0 / D = 0.0158, we extracted
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β=0.9

/D)

-10

linear fit
data

β=0.91

2

log10(TK

2CK

β=0.92

-12

1

β=0.93

-14

J0/D=0.0158
-16
6

0
0

β=0.94

8
1/cos(βπ/2)

TK2CK using the prescription eff共TK2CK兲 = 0.07. Linear regression 共see Fig. 7兲 then gives
TK2CK
1
= − 0.76 – 1.35
.
D
cos共␤/2兲

共8兲

The good agreement confirms our anticipation that Kondo
screening in multiple stages can occur whenever additional
impurities are 共indirectly兲 weakly coupled to the continuum
of electrons via other 共directly coupled兲 impurities. This occurs even in the case of more uncommon types of the Kondo
effect.
For J0 / D = 0.0158, the system is already in the Fermiliquid fixed point as the temperature begins to decrease toward the second-stage Kondo screening. We find, however,
that the second stage Kondo screening occurs even when
after the first stage of the Kondo screening the system cannot
be described in terms of the Fermi-liquid quasiparticles but is
rather in a non-Fermi-liquid regime. In other words, the continuum of NFL excitations may also serve as an impurity
bath in a 共second-stage兲 Kondo effect. By fine-tuning J0
ⴱ
around the critical value of J2IK
at fixed ␤ = 0.95, we have
共2IK兲
below TK共2CK兲 共see Fig. 8兲. This
managed to reduce T⌬
results in a direct crossover from 2IK to 2CK fixed-point on
the temperature scale of TC 共see the flow diagram in Fig. 9兲.
It appears that the crossover temperature TC cannot be reduced to lower values by further tuning of the parameter J0,
which implies that the phase diagram in the 共T , J兲 plane corresponds to that sketched in Fig. 10. The 2IK regime does
not extend down to zero temperature as would be the case at

Simp/kB

3ln2

0.0161
0.016155
0.01616
0.0161611
0.016162
0.016165
0.0162

10

20

30

40

50

60

FIG. 9. 共Color online兲 NRG flow diagram in the case of the
crossover from 2IK to 2CK regimes.

10

FIG. 7. 共Color online兲 The Kondo crossover temperature as a
function of the parameter ␤ for fixed J0 / D = 0.0158.

log10

J0 D0.0161611, Β0.92

J0/D

␤ = 1 and there is a single stable 2CK fixed point at T = 0. As
the temperature is reduced, we can either pass from 2IK to
2CK via an intermediate-temperature Fermi-liquid phase DK
or S 共path a in Fig. 10兲 or directly from 2IK to 2CK 共path b兲.
As ␤ is reduced, the region in 共T , J兲 plane that is governed
by the 2IK fixed point becomes smaller and eventually disappears.
It has been shown that in the single-impurity two-channel
Kondo model, the Kondo temperature is a nonmonotonic
function of the Kondo exchange interaction.93 In the weakcoupling g = 0JK Ⰶ 1 regime, we have
TK共wc兲 ⬇ De−1/2g+ln共2g兲+O共g兲 ,

共9兲

while in the strong-coupling g Ⰷ 1 regime
TK共sc兲 ⬇ De−␥g/2−ln共␥g/2兲+O共1/h兲 ,

共10兲

␥ = 30/ 46.93

By analogy, we expect that the temperature
with
at which our three-impurity system ultimately crosses over to
the 2CK fixed point will be a nonmonotonous function of J0
at any value of ␤, with maximum values occurring in the
parameter range where J0 ⬃ TK共1兲, with TK共1兲 being the Kondo
temperature of a single spin-1/2 Kondo impurity with JK
= 0.2. This is indeed the case. In Fig. 11, we show an overview diagram of the crossover scale as a function of ␤ and
J0. The numbers displayed are the integer parts of the decadic logarithm of the crossover temperature. For very small
and very large J0, T2CK is lower than the lowest temperature
in the NRG iteration, ⬃10−12D. It is worth emphasizing that
there is a relatively large section of the parameter space
where the crossover occurs at relatively high temperature.
This region is a continuation to the triangular impurity configuration of the intermediate regime found in the linear
three-impurity model discussed in Ref. 80.
We may note in conclusion to this section that the parity
breaking destabilizes the 2CK fixed point, while it is a marT

3ln2/2

DK

2IK

a

S

b

ln2
ln2/2
0
-16

ρJ=0.2, β=0.92

-12

-8
log10(T/D)

2CK

-4

FIG. 8. 共Color online兲 Impurity cluster contribution to the entropy for a range of values of J0 at fixed ␤. T2IK
⌬ is driven down until
it is made equal to T2CK
K .

Jc

J

FIG. 10. 共Color online兲 Schematic phase diagram in the 共T , J兲
plane for constant parameter ␤.
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FIG. 11. The crossover 共Kondo兲 temperatures T共2CK兲
at which
K
the system approaches the two-channel Kondo-model fixed point as
a function of J0 and ␤. The numbers shown are the integer parts of
the decadic logarithms, 兩log10共T共2CK兲
/ D兲兩. The omitted values for
K
intermediate values of J0 correspond to the situation where it is
difficult to determine T共2CK兲 since the crossover occurs at relatively
high temperature.

ginal perturbation for the 2IK fixed point. A small parity
breaking of the form JK,L ⫽ JK,R or J12 ⫽ J23 will thus lead to
another crossover from the now unstable 2CK fixed point to
a stable FL fixed point 共in plane P2兲, which corresponds to a
regular strong-coupling Kondo fixed point in which the sidecoupled impurity forms a Kondo state with electrons in either left or right channel, depending on which of the two
effective exchange constants is larger. The intermediate 2IK
fixed point, on the other hand, would be affected only little.

V. TRIANGULAR TRIPLE QUANTUM DOT

A triangular triple quantum dot 共TQD兲 model consists of
three Anderson-type impurities interconnected by electron
hopping and coupled to the conduction bands via hybridization 共see also Refs. 92 and 80兲. The geometry is still that
displayed in Fig. 1. Various physical properties of systems
with this kind of lattice connectivity have been previously
studied.52,57 In this work, we focus on the Hamiltonian
H = Hb + Himp + Hc ,
where Hb remains the same as in Eq. 共1兲, while the impurity
and coupling Hamiltonians become
Himp = 兺 共U/2兲共ni − 1兲2 + 兺 tijdi†d j + H.c.,
i

ij,

†
†
Hc = V 兺 cLk
d1 + H.c. + V 兺 cRkd3 + H.c.
k

k

共11兲

Here U is the on-site electron-electron repulsion, tij are hopping matrix elements, di† is the spin- electron creation operator on site i, and ni = 兺di†di is the occupancy operator
on site i. Finally, V is the hybridization matrix element,
which is assumed to be a constant independent of k. The
hybridization strength is then ⌫ = V2, with the conductionband density of states  = 1 / 共2D兲. There are no terms of the
form ⑀ini, which are typically included to describe the effect

of gate voltages. We instead assumed that the occupancy is
near half filling, as implied by 共U / 2兲共ni − 1兲2 terms. The
particle-hole symmetry is broken by any finite hopping,
which makes the lattice connectivity nonbipartite and it
should be noted that the deviation from half-filling may become significant if hopping matrix elements are large, tij
⬃ U. We are, however, more interested in the limit of small
tij Ⰶ U. If the model parameters are chosen so that Jij
= 4t2ij / U and JK = 8⌫ / U, models 共1兲 and 共11兲 have namely
very similar properties as long as tij Ⰶ U. The essential difference, however, is that in model 共11兲 the electrons are allowed to tunnel from left to right conduction leads. It is
known that interchannel charge transfer destabilizes both the
two-impurity and the two-channel Kondo-model fixed
points;74,80 therefore, we expect that the ground state of the
TQD system will be Fermi liquid for any choice of parameters. We parametrize the tunneling matrix elements using a
new quantity ␣ as
t13 = t0 sin共␣/2兲,
t12 = t23 = t0 cos共␣/2兲.

共12兲

Hoppings tij can be related to exchange constants Jij only in
the limit tij Ⰶ U: then the relation between ␣ and ␤ is given
by sin共␤ / 2兲 ⬀ sin2共␣ / 2兲.
The zero-temperature conductance through the TQD can
be related to the quasiparticle phase shifts as22,27,28,103–105
even
odd
G = G0 sin2共␦q.p.
− ␦q.p.
兲,

共13兲

where G0 = 2e / h is the conductance quantum. The phase
shifts can be easily extracted from the renormalization flow
diagrams when the system reaches the low-temperature
stable Fermi-liquid fixed point.27–29,73,77,104–108 Phase shifts
may be constrained in the presence of the particle-hole symmetry of certain kinds.67 For ␣ = 1, model 共11兲 is particlehole symmetric; however, the quasiparticle scattering phase
shifts are not fixed to any particular value; the stable fixed
point therefore belongs to the plane P1 共see Sec. III兲. For
generic ␣, i.e., ␣ ⫽ 1 and ␣ ⫽ 0, the lattice on which Hamiltonian 共11兲 is defined is not bipartite, which immediately
precludes any kind of particle-hole symmetry; the stable
fixed point must thus belong to the plane P2. Finally, the case
␣ = 0 was discussed in Refs. 28, 80, and 92: the phase shift in
odd channel is constrained to  / 2, while there is zero phase
shift in the even channel 共this fixed point also belongs to the
plane P2兲.
Properties of the double quantum dot 共DQD兲 systems
共i.e., ␣ = 1 limit兲 have been studied in a number of works
using various methods.74,103,109–117 These calculations show
that the conductance of DQD goes to zero in the limit of
small t 共as the dots become decoupled兲 as well as in the limit
of large t 共as the electrons occupy the bonding molecular
orbital兲; the conductance peaks at the unitary conductance
limit for t = tⴱ such that Jeff ⬃ cTK共1兲, where Jeff = 4t2 / U. The
even
odd
− ␦q.p.
varies continuously
difference of phase shifts ⌬ = ␦q.p.
and smoothly from 0 to  at t goes from 0 to ⬁ 共it should be
noted that scattering phase shifts are defined modulo 兲. The
fact that conductance becomes unitary at some value of t is a
simple consequence of ⌬ going through  / 2; what is less
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FIG. 13. 共Color online兲 Zero-temperature linear conductance
through the upper edge of the triangular cluster as a function of the
interdot tunneling t0 for a range of tunneling-asymmetry factors ␣.
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FIG. 12. 共Color online兲 Zero-temperature linear conductance
through the upper edge of the triangular cluster and the quasiparticle scattering phase shifts as a function of the interdot-tunnelingasymmetry factors ␣ for a range of tunneling parameters t0. In the
shaded box, the spectrum at the last NRG iteration does not correspond to that of a Fermi-liquid fixed point. The critical tⴱ corresponding to the maximal conduction in the DQD model is approximately tⴱ = 0.028U.

trivial, but not unexpected, is that this occurs when Jeff
⬃ cTK共1兲. The conductance of TQD in series, on the other
hand, was found to be unitary for all values of t, which is a
odd
=/2
direct consequence of the phase-shift pinning at ␦q.p.
even
27,28,80,92
and ␦q.p. = 0.
At zero temperature, the variation of the phase shifts as a
function of t0 and ␣ might be expected to be continuous and
smooth throughout the entire parameter plane. Based on the
considerations of the variation of phase shifts as a function
of t in serial DQD and TQD problems, we can make qualitative predictions about the dependence of the conductance
on t0 and ␣. For t0 Ⰶ tⴱ, we expect the conductance to drop
monotonously from G0 to 0 as ␣ goes from 0 to 1. For t0
⬃ tⴱ, the conductance is G0 for ␣ = 0 and ⬃G0 for ␣ = 1; it is
reasonable to assume that the conductance drops to zero for
some intermediate value of ␣. Finally, for t0 Ⰷ tⴱ, we expect
both a conductance zero and a conductance peak for some
intermediate values of ␣.
The results of a NRG calculation of the “zerotemperature” conductance are shown in Fig. 12. We have
taken into account the spin SU共2兲 symmetry and parity Z2
symmetry. In these computations, a large value of the discretization parameter has been used, ⌳ = 8; up to 150 NRG
iterations were performed, which corresponds to an extremely low temperature of T ⬃ 10−68D. Nevertheless, in
some parameter ranges the stable Fermi-liquid fixed point
has not been reached at this temperature. In the shaded box

in Fig. 12, the excitation spectra at the last NRG iteration for
some values of t0 were not those of Fermi-liquid fixed points.
Furthermore, to the right of the shaded box, in the immediate
vicinity of ␣ = 1, the spectra obtained at the last NRG iteration correspond to Fermi-liquid fixed point in the P1 plane
共see Sec. III兲, while it is known that the system should eventually cross over to a stable Fermi-liquid fixed point in the P2
plane. These findings can be explained by the presence of the
exponentially low energy scales when impurity 2 is nearly
decoupled 关see Eqs. 共7兲 and 共8兲 for the equivalent behavior in
the Kondo-type model兴. As ␣ goes to 1, the crossover temperature scale T⌬ becomes arbitrarily low, thus, the zerotemperature conductance is experimentally irrelevant.
Transport experiments are decidedly performed at some
finite temperature Texp. As ␣ is increased, at some value ␣D
the crossover temperature T⌬ will suddenly decrease 共exponentially兲 below Texp. For all practical purposes, the quantum
dot 2 will then be effectively decoupled from the rest of the
system and its local moment will not be screened. It should
be emphasized that ␣D is less than 1; at finite temperature,
the local moment effectively decouples from the rest of the
system at ␣ = ␣D even though electrons are still able to hop
on the quantum dot. Interestingly, this behavior also implies
that the conductance can be abruptly changed by driving the
crossover temperature below the experimental temperature
by relatively small variation of the gate voltages that control
␣.18 To our knowledge, this type of abrupt conductance
change has not yet been experimentally observed.
In Fig. 13, we show the low-temperature conductance
through the triangular TQD for a range of ␣ as a function of
t0. Particularly interesting is how the deviation from the unitary conductance in the linear TQD 共␣ = 0 limit兲 develops
when hopping between the first and the third impurities is
allowed 共␣ ⫽ 0兲. The differences are most significant for
large values of t0; this coincides with the regime of tij ⬃ U
where the quantum dots are no longer restrained to halffilling for ␣ ⫽ 0. The change in scattering phase shifts can
thus be related to a change in the occupancy 共Friedel sum
rule兲. For larger values of ␣, the conductance may become
zero at some value of t0 共see the ␣ = 0.75 plot in Fig. 13兲. For
␣ = 1 we recover the known results for the conductance of the
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DQD system, but we must keep in mind that for ␣ ⱗ 1, these
results correspond to a finite temperature, Texp Ⰷ T⌬.
VI. CONCLUSION

The very rich phase diagram of the three-impurity twochannel system makes this a very useful toy model to study
the possible behavior of generic two-channel quantum impurity models. We find all the fixed points familiar from simpler impurity models and we find interesting crossovers, such
as that between the two-impurity and the two-channel
Kondo-model non-Fermi-liquid fixed points. In a related triangular triple quantum dot problem, we have demonstrated
that the presence of energy scales, which are extremely 共exponentially兲 low, implies that the zero-temperature conductance is experimentally irrelevant. In theoretical studies of
impurity clusters, it is thus imperative to consider the thermal effects and to determine the temperature scale, below
which the transport properties of the system are determined
by its ground state.
It would be interesting to extend these studies to threeimpurity three-channel models. Triple quantum dot systems
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