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High-energy limit of the double-electron photoionization cross section of the helium atom
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Using a particularly accurate and locally correct helium wave function, obtained by direct solution of the
three-body Schdinger equation, calculations were performed for double- and single-electron photoionization
cross sections of the helium atom in the limit of high but nonrelativistic photon frequencies. In the dipole
approximation, the cross-section ratio is frequency independent and equal to 0.016 45, which should be com-
pared with the values 0.016 44, 0.0167, and 0.0168 calculated recently in the literature using different varia-
tional wave functions.

PACS numbd(s): 32.80.Fb, 31.15.Ja

[. INTRODUCTION proach to this problem was develogéds], based on general
perturbation theory, which automatically led to gauge-
The aim of this paper is to calculate the doupde” *(w)]  invariant results. It is clear, however, that the perturbative
and singld o (w),0 " * (w)] ionization cross sections, with approach is not enough to describe the interelectron interac-
ejection of two and one e|ectr0nsi of the helium atom intion at least in the initial state. GIVIng SpeCial attention to
collision with a single photon of high but nonrelativistic fre- high @, namely, tol <w<c?, wherel is the double-electron
quencyw. In this case one can limit oneself to the dipole ionization potential, one can express the double-ionization
approximation in the photon-electron interaction. The value$Toss section directly via the initial-state wave functiér].
of ot *(w),0" (@), ando* (w) can be expressed directly Recently, due to rapid progress in experimental technology
via the initial-state atomic helium wave function, thus open-E_;’ﬂ _a?d c_(t)nstlructtlon of n(:,_w S?;’rfes (')tf r:ught-)energy and
ing an additional possibility of checking its quality by com- Igh-intensity electromagnetic radiation, [t has bécome pos-

; ++ ; ; ; _
parison of the theoretical predictions and the experimentrﬁ‘Ible {0 measure (C.')) atw<8.8keV with quite high ac
results. curacy[9]. This experimental progress was accompanied by

L . a burst of theoretical investigations of two-electron ioniza-
The problem of double-electron ionization by a single

) . . tion in a broad region ofo—from the very threshold up to
photon has a relatively long history, which goes back, as fa{he asymptotic valueb<w<c? [10-15.

as we know, to Ref1]. Interest in this process is motivated Although asw increases above>c the nondipole cor-
by the fact that, without taking into account the interaction sctions to o**(w) become more and more important
between atomic electrons, the ejection of two of them by g5,16,17, it is of great interest to learn the value of the
single photon is impossible. The simplest mechanism to exasymptotic ratio
plain double ionization by one photon is the shakefaff in
which one of the electrons absorbs the photon and therefore o' (w) ‘
leaves the atom. As a result, the atomic field is altered, caus- R= o (w)+o *(w)) (@)
ing another electrofor even electronsto be shaken off due @
to this field va_lriation. This me_chanism works best for highcgiculated in the dipole approximation, but with as good a
photon energies and nonequivalent electrons, namely, ongo-glectron initial-state wave function as possible. Usually
loosely and the other tightly bound. Obviously, this is not they mytiparameter variational wave function is used, which is
case for helium, and it was not a surprise that the shake-of{j,ie o reproduce the experimentally well-known helium
model gave results for it considerably different .from experi-ground-state energy with high accuracy. There exists a wide-
mental datd1]. Soon aftef1], two purely theoretical papers gpread belief that the wave function which gives the ground-
were published2,3] discussing double-electron photoioniza- siate energy accurately enough is equally good in reproduc-
tion. Most attention was given to high but nonrelativistic jny other measurable ground-state atomic characteristics. In
frequenciesw and important conditions on the radial depen-yinciple it is possible, however, that different wave func-
dence of the two-electron wave function were discové®8d  tjons which reproduce the ground state energy equally well
The gauge dependence of the cross section was demonstraiggh pe rather different in describing other atomic character-
as We_II, at least in the case when the interaction between twgyjcg (such as, for instance, the photoionization cross sec-
outgoing electrons was neglectd]. Soon a many-body ap- tjon), which are determined by quite specific space parts of
the atomic wave function. Despite the fact that several meth-
ods can now provide good values of most physical observ-
The atomic system of units is used in this papem,=e=# ables in these systems, the precision of their description of
=1, with m, being the electron massijts charge, and the Planck ~ wave functions, especially of their local properties, has not
constant. been properly addressed.
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Until recently by far the most accurate estimates of ob-wave function than the usual Ritz variational approach, is
servables were obtained in different variational calculationsoughly equivalent in precision to the CFHHM approach us-
[18—-22; see alsd23] and references therein. These, how-ing relatively smallk,,. That is, the CFHHM calculation in
ever, sophisticated and precise as they currently are, do n&ef.[33] was done foK, up to 56, wheré|e|) fell to 0.0003
reproduce the correct analytical structure of the three-bodyand E improved by two digits
wave functions, since the inclusion or omission of logarith- ~ Given this specific feature of the CFHHM wave function,
mic terms[22], or negative powers of interparticle distancesthat it is locally better than several of the above-mentioned
[24], has negligible effect on the value of the calculated envariational wave functions, our aim in this paper is to check
ergy. A variational function coincides with the precise onewhether this wave function can lead to results different from
only on the average, and could wildly or even infinitely de-those obtained in the previous calculations. In fact, the
viate from it locally [24]. These local discrepancies could asymptotic value ofR depends only on the ground-state
lead to wrong estimates of expectation values of differentvave function[2,12]. In Ref.[7], an old parametric corre-
operators that have significant contributions from the regionsated representation was used, giviRg=0.0168. In Ref.
of the configuration space where the deviations occur. Therd412], a seven-term multiconfiguration Hartree-FddkCHF)
fore a thorough analysis of the quality of the wave functionwave function, which gave energy with three-digit precision
is needed. Its necessity was first raised in the literature bgnly, was used, yieldingR=0.0167. In Ref[14], which uti-
Bartlett, Gibbons, and Duni®5,26 many years ago. It was lizes a finite-element approach, the resulting wave function
more recently discussed once agairj27,28. gave energy accurate to four digits, and the asymptotic ex-

Recently[27], the local behavior of wave functions cal- tension ofR(w) was not computed. Referenf&5] is the
culated by two precise contemporary methods, the stochastnly work known to us utilizing rather accurate variational
variational methodSVM) [18] and the correlation function wave functions.
hyperspherical harmonic metho@CFHHM) [29,30 was
compared. Although the energies calculated by both methods
coincide to ten significant figures, it was found that the val- [l. APPROXIMATIONS

ues of the relative local deviation defined as In order to obtain an expression for the param&gethe

HWY approach of Ref[34] can be used. In the approximation
D=——1 2) where the energy of one of the electrons is high, the double-
EV excitation cross section is given by the formutrrecting

, , misprints in[34])
at and near the coalescence points were larger in the SVM by

five orders of magnitude than in the CFHHM. Thus consid-

erably more accurate expectation values of @ .p)) op- . 3222272 5

erators were given by the CFHHM, despite the fact that most o (o)~ T 3cw? f [W(0,9)[°ds

other SVM observables converge to significantly more digits

than CFHHM observables for the comparable number of ba- 2

sis functions. _%‘zn V(0,9 ‘/’nlm(s)ds‘ ] 3)

The local accuracy of the CFHHM wave function was
previously studied in Ref.28] for the ground and the 2S
state of the helium atom and for the ground state of thevhere WV is the three-body wave function obtained by the
positronium ion (PS). It was analyzed in more detail and for CFHHM, and ,,n(S) is the unperturbed single-particle
higher excitations as well in Ref31]. wave function of the second electron in the field of the

The necessity of proper description of local properties ofnucleus, after the first electron has left the atom. Hére
wave functions in variational calculations was stressed irdepends on Jacobi coordinateands, wherer connects the
Ref.[32] where a variational principle for the minimization nucleus and one electron, asd¢onnects the center of mass
of the local energye=HW¥ /¥ —E instead ofE was devel- of these two particles with the other electron. In the frame-
oped and realized within the quantum Monte Carlo methodwork of the present approximation, we set0; thens rep-

The two best calculations of the helium atom ground stateesents the distance of the second electron from the nucleus.
gaveE with errors of 0.004 and 2 10 6, respectively. The Thus¥(0,9 represents the three-body wave function at the
corresponding standard deviations of the local enetgy, coalescence, or cusp, region, in which, as one can see from
were 0.14 and 0.001, respectively, showing that the error ithe discussion in the Introduction and from references
energy was still decreasing faster thanAn example of a therein, local high accuracy of the wave function is espe-
CFHHM calculation with the same precisiork20 % in en-  cially difficult to obtain. Finally,n is the single-particle prin-
ergy is the CFHHM calculation of the 25 state withK, cipal qguantum numbet, and m are the angular momentum
=32[33]. HereK, is the maximum global angular momen- quantum numbers, andis the speed of light.

tum used in the expansion basis. The measure of local accu- The first integral is equal to the expectation va{u¥r))

racy analogous and comparabledpthe expectation value provided¥ is normalized in the six-dimensional space cor-
(|el)=E(|D[), was 0.0023. This is of the same order of responding to the volume elemethtds. Since we are using
magnitude as 0.001 of Rdf32], indicating that the proposed a wave function with total angular momentuns 0, Eq.(3)
variational principlg 32], while giving better accuracy of the simplifies, atw—«, to

064701-2



BRIEF REPORTS PHYSICAL REVIEW A 62 064701

7272 TABLE I. Convergence of ,o with state indexn. Numbers in
o (w)= Bea? ( (8(r))— > In0> , (4)  square brackets denote powers of 10.
n
Where n In0 2nI no n InO 2nI n0
. ) 1 0.1682+1] 1.68218 16 0.3946-4] 1.78010
| o= 4 f W(05)R,(qs)s2ds (5) 2 0807{-1] 176288 17 0.3278-4] 1.78014
0 3 0.9923-2] 177281 18 0.27974] 1.78017
) 4 0.3283-2] 1.77609 19 0.2341+4] 1.78019
g=2Zm,/(1+ mg), Z is the charge of the_nucleu;, aRry 5 01514-2] 177760 20 0.20054] 1.78021
are the two-particle bound Coulomb radial functions. Also 6 08291-3] 177843 21 01790-4] 1.78023
[34], 7 05054—-3] 1.77894 22 0.1504-4] 1.78024
3037272 8 0.3315-3] 177927 23 0.13154] 1.78025
ot (w)+o " (w)= WE lho» (6) 9 0.2296-3] 1.77950 24 0.11974] 1.78027
n

10 0.1657-3] 177967 25 0.1033-4] 1.78028
0.123$-3] 177979 30 05906-5] 1.78031
0.9461-4] 177988 40 0.2446-5] 1.78035
(8(r)) =Sl no 13 0.7409-4] 177996 50 0.12725] 1.78037
=TS0, (7)) 14 05911-4] 178002 60 0.7346-6] 1.78038
15 04798-4] 178007 63 0.6394-6] 1.78038

which is the quantity measured in experiments, so that finally E

We have also calculated the values of

o (@) (8(r))=alno error of the sum of the firstM terms being ey
Ro= o (o) I'og (8 =0.159/(2M?):€53=2x10"°. The increase of error due to
the calculation oR,,y at highn is compensated by the short
and range of the integrands. Further, we checked that for the less

converged wave function witK,=40 (121 hyperspherical

o (@)t (w)to () (&) statey, 2,10 and (5(r)) agree to five digits, so that the
1= o (w) ol ©) results stay the same to the quoted precision. The precision
of quadrature in the variable was much higher than the
number of quoted digits.

We getX,l,0=1.7804 and(5(r))=1.80967. From this

We used the nuclear mass,=7294.2996 from Ref.35],  we obtainR=0.016 45,R,=0.017 41, and®;=1.0758. The
giving g=3.99945. Use of infiniten, changed=,l,, and values ofR (or Ry) are slightly different from the values
(&(r)) in the fourth digit, and does not affeBtor Ry to the  calculated earlier in the literature, namely, 0.0168, or
quoted precision. 0.0167[12] calculated by using the so-called close-coupling

In the CFHHM, the wave function is decomposed¥as configuration method. The results are given in Table Il. The
=e'®, where the correlation functioincontains the physical experimental result is 0.01720.0012 atw=8 keV. In our
singularities (i.e., cusps and ® is a smooth function ex- units, wherec=137.02, one obtains the following values for
panded in the hyperspherical harmonic basis. The calculatioie photoionization cross sections:
was performed with a linear correlation function that satisfies

Ill. RESULTS

all three cusp conditions exactly: 0" (0)=0.1273""7,
3 mm; o " (w)=0.4268»" "7,
=2 (M m) o (0)=7.3110" "2
where Z; and m;, i=1,2,3, are the particle charges and

; . ; ; Note that, by using a¥(0,s) the pure hydrogenlike wave
masses, respectively, amg are the interparticle distances. . \
P y, ang P function of the HéE ion, one would haveo"(w)

Suchf gives very precise local behavior and precise observ-
ables of the helium ground state. We used the CFHHM he-
lium atom ground-state wave functioh with K,=80 (441
hyperspherical statefrom Ref.[31], where the local energy Reference

TABLE Il. Binding energy(in a.u) andR values.

and different expectation values are also computed. This Basis size E R
wave function gives the energy to 10 significant digits and itsThis work 121 2.9037243643 0.016 45
local accuracy is characterized bD[)=7.2x10"° or  This work 441 2.9037243765 0.016 45
(le])=E(|D|)=2.1x10"*. Furthermore, our entire calcula- [15] 2903724377034 0.01644
tion [31] is completely devoid of free parameters. [12] seven-term MCHF  2.901 81 0.0167
Table | shows the values df,, and the convergence of [7] 20 2.9037179 0.016 8

their sum. The series turns out to converge as h189the
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=11.07% """ which is larger than our value by a factor of high-photon-energy limit in the framework of the dipole ap-
1.51. If the Slater effective charg®=2; instead ofZ=2  proximation. The accurate and locally correct three-body he-
were used for the hydrogenlik@(0,s), we would have lium wave function.employed, obtained by direct solution of
0" (0)=6.650""2which is smaller than our value by a fac- the three-body Schdinger equation, gives for this ratio the
tor of 0.91. Note also that iZ.4=Z substitutes for alz in ~ Vvalue 0.016 45, which should be compared with the results of
the hydrogenic approximation, one obtains a value tfw)  Previous calculations, 0.016 44 of R¢15], 0.0167 of Ref.
that is only 65% of our value. [12], and 0.0168 of Ref[7], which used variational wave
functions. These differences with respect to results in the
literature reflect the small differences in wave functions at
the electron-nucleus cusp region in view of the fedtthat

In summary, the double- to single-electron photoioniza-the value ofR depends only on the wave-function contribu-
tion cross sections and their ratios were calculated in théion there[see Eqgs(5) and(7)].

IV. CONCLUSION
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