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Nuclear charge dependence of the two-electron high-frequency photoionization cross section
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Using high-precision wave functions describing the ground and excited states of the H2 ion, He atom, and
heliumlike ions, the cross sections of single- and double-electron photoionization are calculated. The depen-
dence of the ratioR of the double- and single-ionization cross sections on the nuclear chargeZ and the
principal quantum number of excitationn is studied and compared with the predictions of the high-Z expansion
and the high-n shake-off mechanisms.
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I. INTRODUCTION

This paper presents the results of calculations of
photoionization cross sections with elimination of one
both electrons from the following two-electron atomic sy
tems: the H2 ion, the He atom, and the heliumlike two
electron ions. For the He atom and the heliumlike ions
also study a number of excited states that can be consid
roughly as monopole, i.e.,s excitations of one of the elec
trons. In the one-electron approach these states can be
scribed as 1s,ns configurations. We concentrate on hig
photon frequenciesv, v@I 11, where I 11 is the two-
electron ionization potential. The aim of this paper is
study the dependence of the ratios of different photoion
tion cross sections on the nuclear chargeZ and the principal
quantum numbern of the target excitation.

For two-electron systems in the high but nonrelativis
frequency1 limit, the cross-section of the two-electron ioniz
tion s11(v), the ionization with excitations1* (v), and
the one-electron ionizations1(v) are entirely determined
by the initial-state wave function~see, e.g.,@1#!. When using
very accurate and locally correct@2–5# initial-state wave
functions one can expect to obtain precise values for th
cross sections. By studying the cross-section dependenc
Z and n one can see how the variation of the mea
interelectron distance~measured in units of the 1s orbit ra-
dius! affects the probability of the two-electron ionization
ionization with excitation processes.

The two-electron ionization and ionization with excitatio
are of interest because their theoretical and experimenta
vestigation yields information on the corresponding initi
state wave function of the atomic system. The system of
electrons in the field of a nucleus seems to be quite sim
However, despite the progress in computational power
still an unsolved problem to find accurate enough continu
spectrum wave functions for this system. Accurate wa
functions can be obtained only for its ground and lo

1The atomic system of units is used in this paper:me5e5\51,
with me being the electron mass,e its charge and\ the Planck
constant.
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excited states. Therefore it is of particular interest to stu
the high-frequency cross sections, which are express
solely via bound-state wave functions that are reliably est
lished. It is also essential to note@1# that thev dependence
of the cross sections at highv is known and depends not o
the initial-state wave function but on the angular moment
of the eliminated electrons. Therefore a given initial-sta
wave function is able to describe the single and double i
ization and ionization with excitation cross-sections in
broad photon frequency regionv@I 11.

The first publications on two-electron ionization appear
at the end of the 1960s@6–8#. Afterwards, there was an
almost 20-year-long intermission in studies of this subject
kind of an exception was the publication of the paper@9#,
where theZ dependence of the ratio of double-to-sing
photoionization cross section was obtained. Then, in
nineties, there happened a burst of activity in this dom
~see@10–14#, and references therein!. The intense activity in
this field is summarized and a number of new results
presented in a recent book@15#. This development was, an
is still, stimulated by the progress in experimental possib
ties of measuring the double-charged ions yield a
s11(v), in particular at high energies. The ratio of th
yields of He21 and He1 was measured in a broad photo
frequency region, up to 20 keV@16#.

It appeared that it is possible purely experimentally
separate the contributions to two-electron ionization and i
ization with excitation caused by either photon absorption
by scattering~Compton effect! @17#. This is of great impor-
tance for investigations at highv since the cross sections o
the latter processes,sC

11(v), sC
1* (v), andsC

1(v), are al-
most independent ofv while the cross sections of photoion
ization are rapidly decreasing~asv27/2) with v. For the He
atom these cross sections become equal at approximate
keV @18#. Having in mind that several sources of hig
intensity and high-frequency continuous spectrum elec
magnetic radiation have been, or are being constructed
cently, a growing interest for more detailed studies of tw
electron processes can be anticipated. Not only the gro
but also excited states of two-electron systems, and not o
neutral systems but also positive and negative ions will
tract attention of researchers in this domain of atomic ph
ics. This is why we concentrate on H2, He atom, and heli-
©2001 The American Physical Society08-1
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umlike ions in their ground and excited states. Because thv
dependencies ofs11(v), s1* (v), and s1(v) at high v
are the same it is convenient to studyv-independent ratios

R5
s11~v!

s1~v!1s1* ~v!
U

v→`

, ~1!

R* 5
s1* ~v!

s1~v!
U

v→`

, ~2!

R05
s11~v!

s1~v!
U

v→`

5R~11R* !, ~3!

and

R15
s1~v!1s11~v!1s1* ~v!

s1~v!
U

v→`

5~11R!~11R* !.

~4!

Qualitatively, one can expect that the ratioR becomes
smaller and smaller with the increase ofZ, since the mean
inter-electron radius measured in units of the 1s electron
orbit increases, causing the relative role of the inter-elect

TABLE I. Values of the ratioI n0 /^d(r )& values for smalln for
the n 1S states of the helium atom.

n
n 1 2 3 4 5

1 0.9296 0.0493 0.0136 0.0055 0.0028
2 0.0446 0.5346 0.0702 0.0231 0.0106
3 0.0055 0.3992 0.1669 0.0533 0.0236
4 0.0018 0.0035 0.7319 0.0019 0.0062
5 0.0008 0.0017 0.0131 0.7762 0.0593
6 0.0005 0.0009 0.0001 0.1379 0.4991
7 0.0003 0.0005 0.0001 0.0003 0.3868
8 0.0002 0.0003 0.0001 0.0000 0.0106

TABLE II. R values for then 1S states in the helium isoelec
tronic sequence.

n
Z 1 2 3 4 5

1 0.01602
2 0.01644 0.00903 0.00369 0.00169 0.0008
3 0.00855 0.01204 0.00830 0.00546 0.0036
4 0.00508 0.00994 0.00849 0.00677 0.0053
5 0.00334 0.00768 0.00728 0.00643 0.0055
6 0.00235 0.00595 0.00599 0.00561 0.0051
7 0.00175 0.00469 0.00491 0.00479 0.0045
8 0.00135 0.00377 0.00406 0.00406 0.0039
9 0.00107 0.00309 0.00339 0.00346 0.0034
10 0.00087 0.00258 0.00287 0.00297 0.0029
05270
n

interaction that leads to double ionization to decrease wheZ
grows. On pure qualitative ground one can expect also
R* will increase whenn is growing, since the main mecha
nism leading to ionization with excitation is shake-off@1#.

The leading order of theZ dependence ofR for Z@1 is
very simple:R'0.094Z22 @9#. This result was obtained in
the first order in the interelectron interaction. However,
attempt to use this formula for the He atom, substitutingZ by
the Slater effective nuclear chargeZeff

He527/16'1.69, fails.
Indeed, instead of the very accurate valueR'0.016 44~see
@19#, and references therein! one obtains the valueR
50.033 that is by a factor of 2 too large. This discrepan
can be explained by the fact that the effective charges co
sponding to double ionization and the ionization with ex
tation processes are different. One is the screening or S
effective chargeZeff

Sl 5Z25/16, and the other is the interelec
tron interactionV1251/ur12r2u effective chargezeff

in . This
charge transforms 1/ur12r2u into zeff

in /ur12r2u thus permit-
ting one to take into account the higher-order corrections
V12. With zeff

in , theZ dependence ofR can be parametrized a
R'0.094(zeff

in )2/(Zeff
Sl )2. For the He atom, using the Slate

chargeZeff
He527/16 and the most reliable valueR'0.016 44,

one obtains the valuezeff
in,He'0.705.

The dependence ofR on Z and n was studied recently
@20#. In this paper we will calculateR and R* using the

TABLE III. As in Table II, but R* .

n
Z 1 2 3 4 5

1 0.66554
2 0.05838 19.105 72.411 179.97 361.0
3 0.02053 12.752 46.274 112.86 223.8
4 0.01037 10.951 39.015 94.475 186.7
5 0.00623 10.128 35.710 86.084 169.7
6 0.00415 9.6613 33.835 81.327 160.0
7 0.00297 9.3621 32.629 78.271 153.8
8 0.00222 9.1543 31.788 76.140 149.5
9 0.00173 9.0011 31.167 74.568 146.3
10 0.00138 8.8842 30.690 73.360 143.9

TABLE IV. As in Table II, but R0.

n
Z 1 2 3 4 5

1 0.02669
2 0.01740 0.18157 0.2708 0.3057 0.318
3 0.00873 0.16560 0.3924 0.6217 0.810
4 0.00513 0.11883 0.3396 0.6465 0.994
5 0.00336 0.08541 0.2671 0.5596 0.944
6 0.00236 0.06339 0.2086 0.4623 0.824
7 0.00175 0.04860 0.1651 0.3794 0.702
8 0.00135 0.03833 0.1331 0.3135 0.595
9 0.00107 0.03094 0.1091 0.2618 0.506
10 0.00087 0.02548 0.0909 0.2211 0.43
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recently obtained very accurate and locally correct@2–5#
initial-state wave function, calculated by the correlati
function hyperspherical harmonic method. In this meth
the wave functionC is decomposed as

C5eff, ~5!

wheref is the correlation function describing the singulariti
of C andf is a smooth remainder that can be expanded
fast converging hyperspherical harmonic~HH! expansion.
The functionf depends on interparticle distances, which
necessary and sufficient to take into account analytically
two- and three-body Coulomb singularities~cusps! in the
wave function, i.e., it satisfies the Kato cusp@21# conditions
exactly. Furthermore,C is obtained by a direct solution o
the three-body Schro¨dinger equation, which guarantees loc

TABLE V. Coefficients of the fitAZ221BZ23 for statesn 1S.
The first line for eachn, corresponding to the last four weights
largeZ set equal to 1 and the other weights set to the small valu
0.01, stresses the behavior at largeZ; the second line corresponds
all weights equal to 1.

n
or Ref. A B

1 0.091 20.037
0.098 20.078

@20# 0.09 20.03

2 0.323 20.652
0.309 20.568

@20# 0.32 20.66

3 0.394 21.072
0.339 20.708

4 0.442 21.454
0.340 20.757

5 0.476 21.776
0.330 20.765

TABLE VI. As in Table V, but for the fit AZ221BZ23

1CZ24.

n A B C

1 0.090 20.021 20.053
0.090 20.022 20.052

2 0.327 20.709 0.227
0.338 20.830 0.448

3 0.410 21.330 1.034
0.424 21.483 1.325

4 0.473 21.960 2.026
0.475 21.982 2.095

5 0.522 22.524 2.995
0.500 22.315 2.651
05270
,

a

e

l

correctness@2–5# of C because the convergence ofC across
the configurations space is uniform,

II. DETAILS OF CALCULATIONS

To obtain the expressions for the ratiosR andR* , we use
the rather general approach presented in Ref.@1#. Keeping in
mind that for high but nonrelativisticv the main contribu-
tion to s11(v) comes from the strongly asymmetric ener
sharing between the outgoing electrons of which one is
while the other is slow, the expression fors11(v) is sim-
plified considerably, and is given by the formula,

s11~v!'
32A2Z2p2

3cv7/2 H E uC~0,s!u2ds

2(
n lm

U E C~0,s!cn lm~s!dsU2J , ~6!

where C is the initial state three-body wave function an
cn lm(s) is the unperturbed single-particle wave function
the second electron in the field of the nucleus, after the fi
electron has left the atom. HereC depends on Jacobi coor
dinatesr ands, wherer connects the nucleus and one ele
tron, ands connects the center of mass of these two partic

FIG. 1. CalculatedR values~dimensionless! of the 11S state
and their least squares fits of the formsAZ221BZ23 ~two-term fit!
andAZ221BZ231CZ24 ~three-term fit!. W denotes the number o
weights at largeZ equal to 1; other weights are set to 0.01.

FIG. 2. As in Fig. 1, but for the 21S state.
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with the other electron. In the framework of the present
proximation, we setr50; then s represents the distance o
the second electron from the nucleus. ThusC(0,s) repre-
sents the three-body wave function at the coalescence
cusp, region, in which, as one can see from the discussio
the Introduction and from references therein, local high
curacy of the wave function is especially difficult to obtai
Finally, n is the single-particle principal quantum numberl
andm are the angular momentum quantum numbers, andc is
the speed of light.

As shown in@1# we have the following expressions for th
total angular momentumL50 andv→`:

s11~v!5
32A2Z2p2

3cv7/2 S ^d~r !&2(
n

I n0D , ~7!

where^d(r )& is the expectation value ofd(r ) and

I n054pU E
0

`

C~0,s!Rn0~qs!s2dsU2

, ~8!

where q52Zma /(11ma) and Rn l are the two-particle
bound state Coulomb radial functions~see Table I!. The
quantity measured in experiments@1# is

s1~v!1s11~v!5
32A2Z2p2

3cv7/2 (
n

I n0 ~9!

FIG. 3. As in Fig. 1, but for the 31S state.

FIG. 4. As in Fig. 1, but for the 41S state.
05270
-

or
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-

so that

R5

^d~r !&2(
n

I n0

(
n

I n0

~10!

and

R* 5
s1* ~v!

s1~v!
5

(
n

I n02I 10

I 10
5

(
n>2

I n0

I 10
. ~11!

III. RESULTS OF CALCULATIONS

The values of ratioR for the ground and excited state
n 1S, n51, . . . ,5 of thehelium isoelectron sequence from
Z51 to Z510 are presented in Table II. Most results can
obtained with a small hyperspherical harmonic basis w
Km540, for lower states even withKm532. HereKm is the
maximum global angular momentum used in the HH exp
sion. For H2, we also calculated withKm up to 64 and
different parametrizations of the correlation functionf in or-
der to make sure thatR is correct to the presented precisio
The exception is He (Z52) where the excited states, ifZ is
decreased from larger values, assume a true three-body

FIG. 5. As in Fig. 1, but for the 51S state.

FIG. 6. Dependence ofR* ~dimensionless! on Z for the n 1S
states.
8-4
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acter, become densely spaced and therefore not very di
ently extended in space, and can no longer be deduce
scaling inZ from largeZ; while Km540 is very good for the
ground state,Km5100 is necessary for the 21S– 5 1S states.
These results were taken from the recent work@5#.

The ratiosR for n51,2 calculated in Ref.@20# agree with
ours except atZ53 andZ56 for n51 and atZ54 andZ
58 for n52, where the rounded values differ by 131025.
This indicates that careful assessment of the quality of
three-body wave function input is needed.

We have used 200 single-particle states to calculate
cross-section ratios, so that the error of summation o
states is negligible and we do not have to resort to estima
the remainder as in Ref.@19#. While the carefully checked
values maintain small differences from Ref.@20#, the recal-
culation ofR for the ground state of He now gives the val
R50.016 44 that agrees with Ref.@20#, where the remainde
is apparently estimated forn.8. Adding our own estimated
remainder@19# would also make the values agree.

The values of the ratiosR* and R0 for the ground and
excited statesn 1S, n51, . . . ,5 of thehelium isoelectronic
sequence fromZ51 to Z510 are presented in Tables III an
IV, respectively. Particularly interesting is the behavior
R* . While at n51 the ratioR* decreases forZ.4 slightly
faster thanZ22, the situation is completely different forn
>2: there theR* values decrease very slowly withZ. As it
was expectedR* increases withn. However the rapidity of
this increase when going fromn51 to n52 is really impres-
sive and unexpected. Indeed, the ratiohn5Rn11* /Rn* , where
the indexn denotes the state, really jumps forn51, from
327 forZ52 to 6440 forZ510. With subsequent growth o
n, already forn52, hn becomes almostZ independent and
slowly decreasing withn—from hn'3.5 for n52 to hn
'2 for n54. From the behavior ofR0 it is seen that the
excitation of one of the electrons in helium or in heliumlik
ions increases the relative probability of double ionizatio
but by far not so strongly as that of the ionization with e
citation. Note that forn>3 bothR* andR0 depend weakly
on Z andn.

In Refs.@9,20# the leading term of theZ dependence ofR
was estimated and shown to be 1/Z2. Our calculations show
that for R with n.1, Rn , the Z22 dependence appears fo
higher Z only: the bigger then, the higher theZ value at
which theZ22 dependence starts.

We use here two- and three-term fits in inverse power
Z. In addition in each case we use two different least squ
fits, one with all weights equal to one~which favors equally
small and largeZ), and another with a very small weigh
,

t.

A

05270
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~0.01! for Z<6 and the weights equal to one forZ>7 ~that
favors strongly a better description at largeZ). Our results
are displayed in Tables V and VI and in Figs. 1–5, whereW
denotes the number of weights at largeZ that are equal to 1.
One can see that the two-term fits are reasonable sta
from Z5324 for all weights for n51,2 and fromZ56
27 for n5325. The three-term fits are generally bett
than the two-term fits that, of course, is what one expe
since three-parameter curves are always easier to fit to
than two-parameter curves. They are good even fromZ52
23 for n51,2 and fromZ5425 for n5325. The coeffi-
cients of inverse powers ofZ in two- and three-term fits,
however, are somewhat different, so the question whether
coefficient of the 1/Z4 term theoretically equals zero has
direct consequence for the value of the coefficients of
first and the second terms. Figure 6 gives the dependenc
R* on n andZ in logarithmic scale.

It is essential to note that theZ dependence ofR changes
considerably withn growth: already forn52 it decreases
much slower thanZ22.

IV. CONCLUSION

The cross section ratiosR, R* , andR0 have been calcu-
lated for then 1S states,n51,2, . . . ,5, of thehelium isoelec-
tronic sequence forZ51 to Z510. According to qualitative
estimates,R for the ground state decreases very fast withZ.
But already starting fromR2, i.e.,R at n52, this ratio at first
increases withZ and only after reaching a maximum starts
decrease. As toR* , it dramatically increases withn for any
Z. TheZ dependence ofR* for n51 andn>2 proved to be
qualitatively different: extremely rapid decrease forn51
contrasts with very slow decrease atn>2.

To calculate the cross sections and the corresponding
tios, in the H2 case it was necessary to employ a nonline
correlation functionf in Eq. ~5!, but for Z>2 a simple linear
f and a rather small value ofKm532 ~81 HH states! was
sufficient for most states, except for the higher excited sta
where it was prudent to useKm540 ~121 HH states! al-
though some value 32,Km,40 could be sufficient, and fo
the higher excited states of He whereKm up to 100 was
needed because of their close spacing and consequently
ferent structure than forZ.2. In all cases the three cus
conditions were fulfilled exactly.

To achieve stability of the coefficientB of the termBZ23

in the fit of theZ dependence one has to either~i! discardR
values for smallZ, or ~ii ! add the termCZ24 to the fitting
function, which may indicate an open theoretical problem
.
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