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Outline

1) Dark matter/intro and review [~2hr]
    
       basics of cosmology 

       Dark matter properties

       Candidates, lifetime

       Thermal freeze-out production of  WIMPs

       Sterile neutrinos, freeze-in, entropy dilution

A history of Dark matter

[Kolb&Turner, Dodelson, Weinberg, Baumann, 
TASI lectures, PDG, Sec.21 BBCosmo]

[PDG, Sec. 26 DM]

[Bertone, Hooper ’16]



Outline

  

2) Phase transitions and gravitational waves [~2hr]
    
      effective potential/basics of thermal field theory

      first order phase transitions

       false vacuum decay

       energy budget of gravitational waves

       GW spectra and sensitivities



Basics of cosmology



Expansion - metric

FRW metric: 3D isotropic & homogeneous

ds2 = dt2 � a(t)2
�
dx2 + dy2 + dz2

�

= dt2 � a(t)2
✓

dr2

1� kr2
+ r2d⌦2

◆

<latexit sha1_base64="ND4Bfo2LcLLe7B7LDtb6k3mWRZA="></latexit>

k ' 0

<latexit sha1_base64="7EtkIj1+7H47eRhQQRvLO59gvjE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9sQ9lsJ+3SzSbuboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJb3ZpygH9GB5CFn1FjpYUS6mkf4SNxeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7OIJObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0fdLnCpkRY0soU9zeStiQKsqMDalkQ/AWX14mzbOqd169ujuv1K7zOIpwBMdwCh5cQA1uoQ4NYCDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AJ8ikEA=</latexit>

for a flat universe



a0 = 1

<latexit sha1_base64="2jjTn6A8rxiEqdzJ5auBNmX6HoY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoB6EohePFewHtKFMtpt26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqihr0ljEqhOgZoJL1jTcCNZJFMMoEKwdjO9mfvuJKc1j+WgmCfMjHEoecorGSm3su+SGeP1yxa26c5BV4uWkAjka/fJXbxDTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP5uVNyZpUBCWNlSxoyV39PZBhpPYkC2xmhGellbyb+53VTE175GZdJapiki0VhKoiJyex3MuCKUSMmliBV3N5K6AgVUmMTKtkQvOWXV0nrourVqtcPtUr9No+jCCdwCufgwSXU4R4a0AQKY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aiy+Oag==</latexit>

scale factor describing the expansion of 
space, z is redshift of (wave)lengths

today, a is 1 by definition

a(t) =
1

1 + z
. . .

<latexit sha1_base64="dF5BJkOBqtC23MUGgOgAsSWvvnU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqQkmkoC6EohuXFewDmlAmk0k7dPJg5kaooQs3/oobF4q49SPc+TdO2yy09cCFwzn3cu89XiK4Asv6NpaWV1bX1gsbxc2t7Z1dc2+/peJUUtaksYhlxyOKCR6xJnAQrJNIRkJPsLY3vJ747XsmFY+jOxglzA1JP+IBpwS01DNLpALH+BI7gSQ0s8eZffIwxo7wY1A9s2xVrSnwIrFzUkY5Gj3zy/FjmoYsAiqIUl3bSsDNiAROBRsXnVSxhNAh6bOuphEJmXKz6RNjfKQVHwex1BUBnqq/JzISKjUKPd0ZEhioeW8i/ud1UwjO3YxHSQosorNFQSowxHiSCPa5ZBTESBNCJde3YjogOg7QuRV1CPb8y4ukdVq1a9WL21q5fpXHUUAldIgqyEZnqI5uUAM1EUWP6Bm9ojfjyXgx3o2PWeuSkc8coD8wPn8A0LGW+Q==</latexit>

Expansion - metric

FRW metric: 3D isotropic & homogeneous

ds2 = dt2 � a(t)2
�
dx2 + dy2 + dz2

�

= dt2 � a(t)2
✓

dr2

1� kr2
+ r2d⌦2

◆

<latexit sha1_base64="ND4Bfo2LcLLe7B7LDtb6k3mWRZA="></latexit>

V / a3

<latexit sha1_base64="b+SJKPkTVAn51GjT4SCKn3hZeno=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KrtaUG9FLx4r2A9o15JNs21oNolJtlBKf4cXD4p49cd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb2V1bX1jM7eV397Z3dsvHBzWjUw1oTUiudTNCBvKmaA1yyynTaUpTiJOG9Hgduo3hlQbJsWDHSkaJrgnWMwItk4K66ittFRWIvx40SkU/ZI/A1omQUaKkKHaKXy1u5KkCRWWcGxMK/CVDcdYW0Y4neTbqaEKkwHu0ZajAifUhOPZ0RN06pQuiqV2JSyaqb8nxjgxZpRErjPBtm8Wvan4n9dKbXwVjplQqaWCzBfFKUfuyWkCqMs0JZaPHMFEM3crIn2sMbEup7wLIVh8eZnUz0tBuXR9Xy5WbrI4cnAMJ3AGAVxCBe6gCjUg8ATP8Apv3tB78d69j3nripfNHMEfeJ8/6a6RkA==</latexit>

k ' 0

<latexit sha1_base64="7EtkIj1+7H47eRhQQRvLO59gvjE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9sQ9lsJ+3SzSbuboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJb3ZpygH9GB5CFn1FjpYUS6mkf4SNxeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7OIJObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0fdLnCpkRY0soU9zeStiQKsqMDalkQ/AWX14mzbOqd169ujuv1K7zOIpwBMdwCh5cQA1uoQ4NYCDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AJ8ikEA=</latexit>

for a flat universe

a =
�0

�

<latexit sha1_base64="XxbCeQOd/D+10/HBGNdi7XtEcRQ=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK6KokUtAuh4MZlBfuAJpSbyaQdOnkwMxFKyMaNv+LGhSJu/Qd3/o3TNoK2Hhg4nHMPd+7xEs6ksqwvY2l5ZXVtvbRR3tza3tk19/bbMk4FoS0S81h0PZCUs4i2FFOcdhNBIfQ47Xij64nfuadCsji6U+OEuiEMIhYwAkpLffMI8BV2AgEkc7iO+XCa/7C8b1asqjUFXiR2QSqoQLNvfjp+TNKQRopwkLJnW4lyMxCKEU7zspNKmgAZwYD2NI0gpNLNplfk+EQrPg5ioV+k8FT9ncgglHIcenoyBDWU895E/M/rpSq4dDMWJamiEZktClKOVYwnlWCfCUoUH2sCRDD9V0yGoCtRuriyLsGeP3mRtM+rdq1av61VGvWijhI6RMfoDNnoAjXQDWqiFiLoAT2hF/RqPBrPxpvxPhtdMorMAfoD4+Mb2lCYLQ==</latexit>



Hubble parameter

H =
ȧ

a

<latexit sha1_base64="1PMK/goDIMyiLTHDNcC4sAYzJNE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIQV0IRTddVrAPaEOZTCft0MkkzNwINQR/xY0LRdz6H+78G6dtFtp6YOBwzj3cO8ePBdfgON9WYWV1bX2juFna2t7Z3bP3D1o6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHt1G8/MKV5JO9hEjMvJEPJA04JGKlvH9XxNe4FitC0N4gAkywlWd8uOxVnBrxM3JyUUY5G3/4yYZqETAIVROuu68TgpUQBp4JlpV6iWUzomAxZ11BJQqa9dHZ9hk+NMsBBpMyTgGfq70RKQq0noW8mQwIjvehNxf+8bgLBpZdyGSfAJJ0vChKBIcLTKvCAK0ZBTAwhVHFzK6YjYqoAU1jJlOAufnmZtM4rbrVydVct127yOoroGJ2gM+SiC1RDddRATUTRI3pGr+jNerJerHfrYz5asPLMIfoD6/MHkHaUsQ==</latexit>

velocity(redshift) 
proportional to the distance

v = H0D

<latexit sha1_base64="D+Bi0YtKbzWqGorDWTNt3hP+F6k=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnoQinrosYL9kHYp2TTbhibZJckWytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHR00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2gtHdzG+NqdIsko9mElNf4IFkISPYWOlpjG5Qreei+16x5JbdOdAq8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6bTQTTSNMRnhAe1YKrGg2k/nB0/RmVX6KIyULWnQXP09kWKh9UQEtlNgM9TL3kz8z+skJrzyUybjxFBJFovChCMTodn3qM8UJYZPLMFEMXsrIkOsMDE2o4INwVt+eZU0L8pepXz9UClVb7M48nACp3AOHlxCFWpQhwYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8AsuCPDg==</latexit>

[Hubble ’29]



Hubble parameter

H =
ȧ

a

<latexit sha1_base64="1PMK/goDIMyiLTHDNcC4sAYzJNE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIQV0IRTddVrAPaEOZTCft0MkkzNwINQR/xY0LRdz6H+78G6dtFtp6YOBwzj3cO8ePBdfgON9WYWV1bX2juFna2t7Z3bP3D1o6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHt1G8/MKV5JO9hEjMvJEPJA04JGKlvH9XxNe4FitC0N4gAkywlWd8uOxVnBrxM3JyUUY5G3/4yYZqETAIVROuu68TgpUQBp4JlpV6iWUzomAxZ11BJQqa9dHZ9hk+NMsBBpMyTgGfq70RKQq0noW8mQwIjvehNxf+8bgLBpZdyGSfAJJ0vChKBIcLTKvCAK0ZBTAwhVHFzK6YjYqoAU1jJlOAufnmZtM4rbrVydVct127yOoroGJ2gM+SiC1RDddRATUTRI3pGr+jNerJerHfrYz5asPLMIfoD6/MHkHaUsQ==</latexit>

velocity(redshift) 
proportional to the distance

measured today

v = H0D

<latexit sha1_base64="D+Bi0YtKbzWqGorDWTNt3hP+F6k=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnoQinrosYL9kHYp2TTbhibZJckWytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHR00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2gtHdzG+NqdIsko9mElNf4IFkISPYWOlpjG5Qreei+16x5JbdOdAq8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6bTQTTSNMRnhAe1YKrGg2k/nB0/RmVX6KIyULWnQXP09kWKh9UQEtlNgM9TL3kz8z+skJrzyUybjxFBJFovChCMTodn3qM8UJYZPLMFEMXsrIkOsMDE2o4INwVt+eZU0L8pepXz9UClVb7M48nACp3AOHlxCFWpQhwYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8AsuCPDg==</latexit>

[Hubble ’29]

H0 = [68� 74]
km

s

1

Mpc
= h⇥ 100

km

s

1

Mpc

<latexit sha1_base64="P/4C8zq5miDJ1p2bcxN7DZgj1n0="></latexit>



CMB

BAO+Lensing+BBN Sn1A + Cepheids

Time delays of quasars

BAO+Lensing+BBN

early universe

(indirect)

combined in 5.3 sigma

tension with Planck

Sn1A + Red giants

Carnegie-Chicago (Freedman et al. 2019)

69.8± 0.8

<latexit sha1_base64="Q7ChTSjVl47YbOYVXI7AB6Bznwo=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQtKmNdkV3bisYB/QhDKZTtqhM0mYmQgl9DfcuFDErT/jzr9x0lZQ0QMXzpxzL3PvCVNGpbKsD2NtfWNza7u0U97d2z84rBwdd2WSCUw6OGGJ6IdIEkZj0lFUMdJPBUE8ZKQXTq8Lv3dPhKRJfKdmKQk4Gsc0ohgpLflNz3Shn3Jome6wUrVMy2k4XlM/6w3H8dyC1OqWY0PbtBaoghXaw8q7P0pwxkmsMENSDmwrVUGOhKKYkXnZzyRJEZ6iMRloGiNOZJAvdp7Dc62MYJQIXbGCC/X7RI64lDMe6k6O1ET+9grxL2+QqcgNchqnmSIxXn4UZQyqBBYBwBEVBCs20wRhQfWuEE+QQFjpmMo6hK9L4f+kWzNtx/RunWrrahVHCZyCM3ABbHAJWuAGtEEHYJCCB/AEno3MeDRejNdl65qxmjkBP2C8fQKnnJAs</latexit>

z = 1100

<latexit sha1_base64="ZWYW10ku3VlvgIW4Xzy44d5gaok=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnoQil48VrDbQruUbJptY7PJkmSFuvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfynK89z3V654lbdGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFFkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXin1W9WvXyrlapX+dxFOEIjuEUPDiHOtxCA5pA4AGe4RXeHOm8OO/Ox7y14OQzh/AHzucPLM2OOw==</latexit>

late universe

(direct)

Hubble parameter



Dynamics
Friedman equations

Gµ⌫ = 8⇡GN Tµ⌫

<latexit sha1_base64="gns4E/bo8WGz10Ejw52BmSW2620=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJJIwboQii7qSir0BU0Ik+mkHTqZhJmJUEK/wY2/4saFIm5dufNvnLQFtfXA5R7OuZeZe/yYUaks68vILS2vrK7l1wsbm1vbO+buXktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vA689v3REga8YYaxcQNUZ/TgGKktOSZJzUvdcIEOjwZw0tYgU5MoXMKa95t1ho/rmcWrZI1AVwk9owUwQx1z/x0ehFOQsIVZkjKrm3Fyk2RUBQzMi44iSQxwkPUJ11NOQqJdNPJSWN4pJUeDCKhiys4UX9vpCiUchT6ejJEaiDnvUz8z+smKqi4KeVxogjH04eChEEVwSwf2KOCYMVGmiAsqP4rxAMkEFY6xYIOwZ4/eZG0zkp2uXRxVy5Wr2Zx5MEBOATHwAbnoApuQB00AQYP4Am8gFfj0Xg23oz36WjOmO3sgz8wPr4BSpabYg==</latexit>

Einstein equations



Dynamics
Friedman equations

Gµ⌫ = 8⇡GN Tµ⌫

<latexit sha1_base64="gns4E/bo8WGz10Ejw52BmSW2620=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJJIwboQii7qSir0BU0Ik+mkHTqZhJmJUEK/wY2/4saFIm5dufNvnLQFtfXA5R7OuZeZe/yYUaks68vILS2vrK7l1wsbm1vbO+buXktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vA689v3REga8YYaxcQNUZ/TgGKktOSZJzUvdcIEOjwZw0tYgU5MoXMKa95t1ho/rmcWrZI1AVwk9owUwQx1z/x0ehFOQsIVZkjKrm3Fyk2RUBQzMi44iSQxwkPUJ11NOQqJdNPJSWN4pJUeDCKhiys4UX9vpCiUchT6ejJEaiDnvUz8z+smKqi4KeVxogjH04eChEEVwSwf2KOCYMVGmiAsqP4rxAMkEFY6xYIOwZ4/eZG0zkp2uXRxVy5Wr2Zx5MEBOATHwAbnoApuQB00AQYP4Am8gFfj0Xg23oz36WjOmO3sgz8wPr4BSpabYg==</latexit>

Einstein equations

geometry of the FRW universe

Gµ⌫ = Rµ⌫ � R

2
gµ⌫

<latexit sha1_base64="Uypp5GX4iznjuFjjeEuC/TJDkpw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwY0lqQV0oBRe6rMU+oAllMp20QyeTMDMRSsiHuPFX3LhQxI0Lwb9x2gasrQcunDnnXube40WMSmVZ30ZuaXlldS2/XtjY3NreMXf3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhtdjv/VAhKQhv1ejiLgB6nPqU4yUlrrm6U03cYIYOjxO4SWsz7xOoOMLhJN6mpRT2P91umbRKlkTwEViZ6QIMtS65qfTC3EcEK4wQ1J2bCtSboKEopiRtODEkkQID1GfdDTlKCDSTSbHpfBIKz3oh0IXV3Cizk4kKJByFHi6M0BqIOe9sfif14mVf+4mlEexIhxPP/JjBlUIx0nBHhUEKzbSBGFB9a4QD5BOROk8CzoEe/7kRdIsl+xK6eKuUqxeZXHkwQE4BMfABmegCm5BDTQABo/gGbyCN+PJeDHejY9pa87IZvbBHxhfP3N/oQM=</latexit>



Gµ⌫ = Rµ⌫ � R

2
gµ⌫

<latexit sha1_base64="Uypp5GX4iznjuFjjeEuC/TJDkpw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwY0lqQV0oBRe6rMU+oAllMp20QyeTMDMRSsiHuPFX3LhQxI0Lwb9x2gasrQcunDnnXube40WMSmVZ30ZuaXlldS2/XtjY3NreMXf3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhtdjv/VAhKQhv1ejiLgB6nPqU4yUlrrm6U03cYIYOjxO4SWsz7xOoOMLhJN6mpRT2P91umbRKlkTwEViZ6QIMtS65qfTC3EcEK4wQ1J2bCtSboKEopiRtODEkkQID1GfdDTlKCDSTSbHpfBIKz3oh0IXV3Cizk4kKJByFHi6M0BqIOe9sfif14mVf+4mlEexIhxPP/JjBlUIx0nBHhUEKzbSBGFB9a4QD5BOROk8CzoEe/7kRdIsl+xK6eKuUqxeZXHkwQE4BMfABmegCm5BDTQABo/gGbyCN+PJeDHejY9pa87IZvbBHxhfP3N/oQM=</latexit>

R00 = ��ii
@

@t

✓
ȧ

a

◆
�
✓
ȧ

a

◆
�ij�ij

= �3

✓
ä

a
� ȧ2

a2

◆✓
ȧ

a

◆2

= �3
ä

a

<latexit sha1_base64="f8dKn40TOu2mYUS3vp2b4wJ/vRE="></latexit>

Geometry

[see e.g. Dodelson p. 28-33]



Gµ⌫ = Rµ⌫ � R

2
gµ⌫

<latexit sha1_base64="Uypp5GX4iznjuFjjeEuC/TJDkpw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwY0lqQV0oBRe6rMU+oAllMp20QyeTMDMRSsiHuPFX3LhQxI0Lwb9x2gasrQcunDnnXube40WMSmVZ30ZuaXlldS2/XtjY3NreMXf3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhtdjv/VAhKQhv1ejiLgB6nPqU4yUlrrm6U03cYIYOjxO4SWsz7xOoOMLhJN6mpRT2P91umbRKlkTwEViZ6QIMtS65qfTC3EcEK4wQ1J2bCtSboKEopiRtODEkkQID1GfdDTlKCDSTSbHpfBIKz3oh0IXV3Cizk4kKJByFHi6M0BqIOe9sfif14mVf+4mlEexIhxPP/JjBlUIx0nBHhUEKzbSBGFB9a4QD5BOROk8CzoEe/7kRdIsl+xK6eKuUqxeZXHkwQE4BMfABmegCm5BDTQABo/gGbyCN+PJeDHejY9pa87IZvbBHxhfP3N/oQM=</latexit>

R00 = ��ii
@

@t

✓
ȧ

a

◆
�
✓
ȧ

a

◆
�ij�ij

= �3

✓
ä

a
� ȧ2

a2

◆✓
ȧ

a

◆2

= �3
ä

a

<latexit sha1_base64="f8dKn40TOu2mYUS3vp2b4wJ/vRE="></latexit>

Rij = �ij
�
2ȧ2 + aä

�

<latexit sha1_base64="QyONtjQj5UAR/ux1tvYADzxDK+s=">AAACI3icbVDJSgNBEO1xjXGLevTSGBRFCDNBcAEl4MWjilEhiaGmU5O09ix01whhyL948Ve8eFDEiwf/xc5ycCtoeEtVd9fzEyUNue6HMzY+MTk1nZvJz87NLywWlpYvTZxqgVURq1hf+2BQyQirJEnhdaIRQl/hlX933Pev7lEbGUcX1E2wEUI7koEUQFZqFg7Om5m87fGNQ15voSIY0rrCgDZ52Yoxcbgp820OlgxYXct2h7aahaJbcgfF/wJvBIpsVKfNwpu9TaQhRiQUGFPz3IQaGWiSQmEvX08NJiDuoI01CyMI0TSywY49vm6VFg9ibU9EfKB+n8ggNKYb+rYzBOqY315f/M+rpRTsNTIZJSlhJIYPBaniFPN+YLwlNQpSXQtAaGn/ykUHNAiyseZtCN7vlf+Cy3LJ2yntn+0UK0ejOHJsla2xTeaxXVZhJ+yUVZlgD+yJvbBX59F5dt6c92HrmDOaWWE/yvn8AkcDojI=</latexit>

Geometry



Gµ⌫ = Rµ⌫ � R

2
gµ⌫

<latexit sha1_base64="Uypp5GX4iznjuFjjeEuC/TJDkpw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwY0lqQV0oBRe6rMU+oAllMp20QyeTMDMRSsiHuPFX3LhQxI0Lwb9x2gasrQcunDnnXube40WMSmVZ30ZuaXlldS2/XtjY3NreMXf3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhtdjv/VAhKQhv1ejiLgB6nPqU4yUlrrm6U03cYIYOjxO4SWsz7xOoOMLhJN6mpRT2P91umbRKlkTwEViZ6QIMtS65qfTC3EcEK4wQ1J2bCtSboKEopiRtODEkkQID1GfdDTlKCDSTSbHpfBIKz3oh0IXV3Cizk4kKJByFHi6M0BqIOe9sfif14mVf+4mlEexIhxPP/JjBlUIx0nBHhUEKzbSBGFB9a4QD5BOROk8CzoEe/7kRdIsl+xK6eKuUqxeZXHkwQE4BMfABmegCm5BDTQABo/gGbyCN+PJeDHejY9pa87IZvbBHxhfP3N/oQM=</latexit>

R00 = ��ii
@

@t

✓
ȧ

a

◆
�
✓
ȧ

a

◆
�ij�ij

= �3

✓
ä

a
� ȧ2

a2

◆✓
ȧ

a

◆2

= �3
ä

a

<latexit sha1_base64="f8dKn40TOu2mYUS3vp2b4wJ/vRE="></latexit>

Rij = �ij
�
2ȧ2 + aä

�

<latexit sha1_base64="QyONtjQj5UAR/ux1tvYADzxDK+s=">AAACI3icbVDJSgNBEO1xjXGLevTSGBRFCDNBcAEl4MWjilEhiaGmU5O09ix01whhyL948Ve8eFDEiwf/xc5ycCtoeEtVd9fzEyUNue6HMzY+MTk1nZvJz87NLywWlpYvTZxqgVURq1hf+2BQyQirJEnhdaIRQl/hlX933Pev7lEbGUcX1E2wEUI7koEUQFZqFg7Om5m87fGNQ15voSIY0rrCgDZ52Yoxcbgp820OlgxYXct2h7aahaJbcgfF/wJvBIpsVKfNwpu9TaQhRiQUGFPz3IQaGWiSQmEvX08NJiDuoI01CyMI0TSywY49vm6VFg9ibU9EfKB+n8ggNKYb+rYzBOqY315f/M+rpRTsNTIZJSlhJIYPBaniFPN+YLwlNQpSXQtAaGn/ykUHNAiyseZtCN7vlf+Cy3LJ2yntn+0UK0ejOHJsla2xTeaxXVZhJ+yUVZlgD+yJvbBX59F5dt6c92HrmDOaWWE/yvn8AkcDojI=</latexit>

R = gµ⌫Rµ⌫ = �R00 +
1

a2
Rii = 6

 
ä

a
+

✓
ȧ

a

◆2
!

<latexit sha1_base64="NF+v71WaOBMbfEW2JZ8YfGSxgg0="></latexit>

Geometry



Gµ⌫ = Rµ⌫ � R

2
gµ⌫

<latexit sha1_base64="Uypp5GX4iznjuFjjeEuC/TJDkpw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwY0lqQV0oBRe6rMU+oAllMp20QyeTMDMRSsiHuPFX3LhQxI0Lwb9x2gasrQcunDnnXube40WMSmVZ30ZuaXlldS2/XtjY3NreMXf3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhtdjv/VAhKQhv1ejiLgB6nPqU4yUlrrm6U03cYIYOjxO4SWsz7xOoOMLhJN6mpRT2P91umbRKlkTwEViZ6QIMtS65qfTC3EcEK4wQ1J2bCtSboKEopiRtODEkkQID1GfdDTlKCDSTSbHpfBIKz3oh0IXV3Cizk4kKJByFHi6M0BqIOe9sfif14mVf+4mlEexIhxPP/JjBlUIx0nBHhUEKzbSBGFB9a4QD5BOROk8CzoEe/7kRdIsl+xK6eKuUqxeZXHkwQE4BMfABmegCm5BDTQABo/gGbyCN+PJeDHejY9pa87IZvbBHxhfP3N/oQM=</latexit>

R00 = ��ii
@

@t

✓
ȧ

a

◆
�
✓
ȧ

a

◆
�ij�ij

= �3

✓
ä

a
� ȧ2

a2

◆✓
ȧ

a

◆2

= �3
ä

a

<latexit sha1_base64="f8dKn40TOu2mYUS3vp2b4wJ/vRE="></latexit>

Rij = �ij
�
2ȧ2 + aä

�

<latexit sha1_base64="QyONtjQj5UAR/ux1tvYADzxDK+s=">AAACI3icbVDJSgNBEO1xjXGLevTSGBRFCDNBcAEl4MWjilEhiaGmU5O09ix01whhyL948Ve8eFDEiwf/xc5ycCtoeEtVd9fzEyUNue6HMzY+MTk1nZvJz87NLywWlpYvTZxqgVURq1hf+2BQyQirJEnhdaIRQl/hlX933Pev7lEbGUcX1E2wEUI7koEUQFZqFg7Om5m87fGNQ15voSIY0rrCgDZ52Yoxcbgp820OlgxYXct2h7aahaJbcgfF/wJvBIpsVKfNwpu9TaQhRiQUGFPz3IQaGWiSQmEvX08NJiDuoI01CyMI0TSywY49vm6VFg9ibU9EfKB+n8ggNKYb+rYzBOqY315f/M+rpRTsNTIZJSlhJIYPBaniFPN+YLwlNQpSXQtAaGn/ykUHNAiyseZtCN7vlf+Cy3LJ2yntn+0UK0ejOHJsla2xTeaxXVZhJ+yUVZlgD+yJvbBX59F5dt6c92HrmDOaWWE/yvn8AkcDojI=</latexit>

R = gµ⌫Rµ⌫ = �R00 +
1

a2
Rii = 6

 
ä

a
+

✓
ȧ

a

◆2
!

<latexit sha1_base64="NF+v71WaOBMbfEW2JZ8YfGSxgg0="></latexit>

G00 = R00 �
R

2
g00 = 3

✓
ȧ

a

◆2

= 3H2

<latexit sha1_base64="ny/BBfGv4AQTXily6r2lt0cx0qM="></latexit>

Geometry



Friedman equations

Gµ⌫ = 8⇡GN Tµ⌫

<latexit sha1_base64="gns4E/bo8WGz10Ejw52BmSW2620=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJJIwboQii7qSir0BU0Ik+mkHTqZhJmJUEK/wY2/4saFIm5dufNvnLQFtfXA5R7OuZeZe/yYUaks68vILS2vrK7l1wsbm1vbO+buXktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vA689v3REga8YYaxcQNUZ/TgGKktOSZJzUvdcIEOjwZw0tYgU5MoXMKa95t1ho/rmcWrZI1AVwk9owUwQx1z/x0ehFOQsIVZkjKrm3Fyk2RUBQzMi44iSQxwkPUJ11NOQqJdNPJSWN4pJUeDCKhiys4UX9vpCiUchT6ejJEaiDnvUz8z+smKqi4KeVxogjH04eChEEVwSwf2KOCYMVGmiAsqP4rxAMkEFY6xYIOwZ4/eZG0zkp2uXRxVy5Wr2Zx5MEBOATHwAbnoApuQB00AQYP4Am8gFfj0Xg23oz36WjOmO3sgz8wPr4BSpabYg==</latexit>

Tµ⌫ =

0

BB@

⇢ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

1

CCA

<latexit sha1_base64="0UOeC5OSO/efd71MVvSqMXUQKZQ="></latexit>

Einstein equations

Stress-energy tensor for a perfect fluid

⇢ . . .

<latexit sha1_base64="oZkVoHeAB3Mx+FyGxka0um3S50w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r2A9IQtlsNu3SzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5USa4Adf9dipr6xubW9Xt2s7u3v5B/fCoa1SuKetQJZTuR8QwwSXrAAfB+plmJI0E60Xju5nfe2LacCUfYZKxMCVDyRNOCVjJD/RI4UDECsyg3nCb7hx4lXglaaAS7UH9K4gVzVMmgQpijO+5GYQF0cCpYNNakBuWETomQ+ZbKknKTFjMT57iM6vEOFHalgQ8V39PFCQ1ZpJGtjMlMDLL3kz8z/NzSK7DgsssBybpYlGSCwwKz/7HMdeMgphYQqjm9lZMR0QTCjalmg3BW355lXQvmt5l8+bhstG6LeOoohN0is6Rh65QC92jNuogihR6Rq/ozQHnxXl3PhatFaecOUZ/4Hz+ADYskTs=</latexit>

p . . .

<latexit sha1_base64="c9QotigQO7rQAA8h9wZnVpU4des=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOinpyTBB0y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn83ik5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRlf+RKg0Q67YYlGUSYIJmT1PQqE5Qzm2hDIt7K2EDammDG1EJRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w/n/I/o</latexit>

energy density, depends on the content of the universe

pressure

Dynamics

[see e.g. Lifschitz-Landau]



Dynamics
Friedman equations

Gµ⌫ = 8⇡GN Tµ⌫

<latexit sha1_base64="gns4E/bo8WGz10Ejw52BmSW2620=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJJIwboQii7qSir0BU0Ik+mkHTqZhJmJUEK/wY2/4saFIm5dufNvnLQFtfXA5R7OuZeZe/yYUaks68vILS2vrK7l1wsbm1vbO+buXktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vA689v3REga8YYaxcQNUZ/TgGKktOSZJzUvdcIEOjwZw0tYgU5MoXMKa95t1ho/rmcWrZI1AVwk9owUwQx1z/x0ehFOQsIVZkjKrm3Fyk2RUBQzMi44iSQxwkPUJ11NOQqJdNPJSWN4pJUeDCKhiys4UX9vpCiUchT6ejJEaiDnvUz8z+smKqi4KeVxogjH04eChEEVwSwf2KOCYMVGmiAsqP4rxAMkEFY6xYIOwZ4/eZG0zkp2uXRxVy5Wr2Zx5MEBOATHwAbnoApuQB00AQYP4Am8gFfj0Xg23oz36WjOmO3sgz8wPr4BSpabYg==</latexit>

Tµ⌫ =

0

BB@

⇢ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

1

CCA

<latexit sha1_base64="0UOeC5OSO/efd71MVvSqMXUQKZQ="></latexit>

Einstein equations

Stress-energy tensor for a perfect fluid

expansion depends on the energy content

⇢ . . .

<latexit sha1_base64="oZkVoHeAB3Mx+FyGxka0um3S50w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r2A9IQtlsNu3SzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5USa4Adf9dipr6xubW9Xt2s7u3v5B/fCoa1SuKetQJZTuR8QwwSXrAAfB+plmJI0E60Xju5nfe2LacCUfYZKxMCVDyRNOCVjJD/RI4UDECsyg3nCb7hx4lXglaaAS7UH9K4gVzVMmgQpijO+5GYQF0cCpYNNakBuWETomQ+ZbKknKTFjMT57iM6vEOFHalgQ8V39PFCQ1ZpJGtjMlMDLL3kz8z/NzSK7DgsssBybpYlGSCwwKz/7HMdeMgphYQqjm9lZMR0QTCjalmg3BW355lXQvmt5l8+bhstG6LeOoohN0is6Rh65QC92jNuogihR6Rq/ozQHnxXl3PhatFaecOUZ/4Hz+ADYskTs=</latexit>

energy density, depends on the content of the universe

G00 = 3H2 = T00 = 8⇡GN⇢ = ⇢

M
2
Pl

<latexit sha1_base64="6lnAxoKolajr860RWyojZpt22Jk="></latexit>

p . . .

<latexit sha1_base64="c9QotigQO7rQAA8h9wZnVpU4des=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOinpyTBB0y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn83ik5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRlf+RKg0Q67YYlGUSYIJmT1PQqE5Qzm2hDIt7K2EDammDG1EJRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w/n/I/o</latexit>

pressure



Dynamics
Friedman equations

Gµ⌫ = 8⇡GN Tµ⌫

<latexit sha1_base64="gns4E/bo8WGz10Ejw52BmSW2620=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJJIwboQii7qSir0BU0Ik+mkHTqZhJmJUEK/wY2/4saFIm5dufNvnLQFtfXA5R7OuZeZe/yYUaks68vILS2vrK7l1wsbm1vbO+buXktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vA689v3REga8YYaxcQNUZ/TgGKktOSZJzUvdcIEOjwZw0tYgU5MoXMKa95t1ho/rmcWrZI1AVwk9owUwQx1z/x0ehFOQsIVZkjKrm3Fyk2RUBQzMi44iSQxwkPUJ11NOQqJdNPJSWN4pJUeDCKhiys4UX9vpCiUchT6ejJEaiDnvUz8z+smKqi4KeVxogjH04eChEEVwSwf2KOCYMVGmiAsqP4rxAMkEFY6xYIOwZ4/eZG0zkp2uXRxVy5Wr2Zx5MEBOATHwAbnoApuQB00AQYP4Am8gFfj0Xg23oz36WjOmO3sgz8wPr4BSpabYg==</latexit>

Tµ⌫ =

0

BB@

⇢ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

1

CCA

<latexit sha1_base64="0UOeC5OSO/efd71MVvSqMXUQKZQ="></latexit>

Einstein equations

Stress-energy tensor for a perfect fluid

expansion depends on the energy content

⇢ . . .

<latexit sha1_base64="oZkVoHeAB3Mx+FyGxka0um3S50w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r2A9IQtlsNu3SzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5USa4Adf9dipr6xubW9Xt2s7u3v5B/fCoa1SuKetQJZTuR8QwwSXrAAfB+plmJI0E60Xju5nfe2LacCUfYZKxMCVDyRNOCVjJD/RI4UDECsyg3nCb7hx4lXglaaAS7UH9K4gVzVMmgQpijO+5GYQF0cCpYNNakBuWETomQ+ZbKknKTFjMT57iM6vEOFHalgQ8V39PFCQ1ZpJGtjMlMDLL3kz8z/NzSK7DgsssBybpYlGSCwwKz/7HMdeMgphYQqjm9lZMR0QTCjalmg3BW355lXQvmt5l8+bhstG6LeOoohN0is6Rh65QC92jNuogihR6Rq/ozQHnxXl3PhatFaecOUZ/4Hz+ADYskTs=</latexit>

energy density, depends on the content of the universe

G00 = 3H2 = T00 = 8⇡GN⇢ = ⇢

M
2
Pl

<latexit sha1_base64="6lnAxoKolajr860RWyojZpt22Jk="></latexit>

⇢crit = 3H2
0 M

2
Pl

<latexit sha1_base64="q66rt8OvKkLjg9hUpOdPItVdAY4="></latexit>

p . . .

<latexit sha1_base64="c9QotigQO7rQAA8h9wZnVpU4des=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOinpyTBB0y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn83ik5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRlf+RKg0Q67YYlGUSYIJmT1PQqE5Qzm2hDIt7K2EDammDG1EJRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w/n/I/o</latexit>

pressure



Gravity is weak, much weaker than the weak force

MPl =
MPlp
8⇡

=
1p

8⇡GN
= 2.4⇥ 1018 GeV � v = 246 GeV

<latexit sha1_base64="MWNyyiGWRQVJDRRhtmaelybPJ70="></latexit>

Units and constants



Gravity is weak, much weaker than the weak force

The critical energy density is rather small

MPl =
MPlp
8⇡

=
1p

8⇡GN
= 2.4⇥ 1018 GeV � v = 246 GeV

<latexit sha1_base64="MWNyyiGWRQVJDRRhtmaelybPJ70="></latexit>

⇢crit =
3H2

0

8⇡GN
= 3H2

0 M
2
Pl = 10�5

h
2 GeV

cm3
' 4mp

1

m3

<latexit sha1_base64="I6VN/PvqAAZB0xGuQWUzp9UcTFk="></latexit>

Units and constants



Units and constants

Gravity is weak, much weaker than the weak force

All the energy content normalized to the critical density

MPl =
MPlp
8⇡

=
1p

8⇡GN
= 2.4⇥ 1018 GeV � v = 246 GeV

<latexit sha1_base64="MWNyyiGWRQVJDRRhtmaelybPJ70="></latexit>

⇢crit =
3H2

0

8⇡GN
= 3H2

0 M
2
Pl = 10�5

h
2 GeV

cm3
' 4mp

1

m3

<latexit sha1_base64="I6VN/PvqAAZB0xGuQWUzp9UcTFk="></latexit>

⌦x =
⇢x
⇢crit

<latexit sha1_base64="VyyO/9/891q9GlZUndhMBHmczAw=">AAACFXicbVDJSgNBFOxxjXGLevTSGAQPEmYkoB6UgBdvRjALZMLQ03mTNPYsdL+RhGF+wou/4sWDIl4Fb/6NneXgVtB0UfUejyo/kUKjbX9ac/MLi0vLhZXi6tr6xmZpa7up41RxaPBYxqrtMw1SRNBAgRLaiQIW+hJa/u3F2G/dgdIijm5wlEA3ZP1IBIIzNJJXOnSvQugzb0jPqBsoxjNXDWJvmE//zEUYYsaVwDzPvVLZrtgT0L/EmZEymaHulT7cXszTECLkkmndcewEuxlTKLiEvOimGhLGb1kfOoZGLATdzSapcrpvlB4NYmVehHSift/IWKj1KPTNZMhwoH97Y/E/r5NicNLNRJSkCBGfHgpSSTGm44poTyjgKEeGsHFywSkfMNMNmiKLpgTnd+S/pHlUcaqV0+tquXY+q6NAdskeOSAOOSY1cknqpEE4uSeP5Jm8WA/Wk/VqvU1H56zZzg75Aev9Cz6zoC8=</latexit>

⌦tot = ⌦⇤ + ⌦m + ⌦� + . . .

<latexit sha1_base64="jHmT/qLjCt17a9WGYtJCxjqlU7U="></latexit>

The critical energy density is rather small



Energy budget today

⌦x =
⇢x
⇢crit

<latexit sha1_base64="VyyO/9/891q9GlZUndhMBHmczAw=">AAACFXicbVDJSgNBFOxxjXGLevTSGAQPEmYkoB6UgBdvRjALZMLQ03mTNPYsdL+RhGF+wou/4sWDIl4Fb/6NneXgVtB0UfUejyo/kUKjbX9ac/MLi0vLhZXi6tr6xmZpa7up41RxaPBYxqrtMw1SRNBAgRLaiQIW+hJa/u3F2G/dgdIijm5wlEA3ZP1IBIIzNJJXOnSvQugzb0jPqBsoxjNXDWJvmE//zEUYYsaVwDzPvVLZrtgT0L/EmZEymaHulT7cXszTECLkkmndcewEuxlTKLiEvOimGhLGb1kfOoZGLATdzSapcrpvlB4NYmVehHSift/IWKj1KPTNZMhwoH97Y/E/r5NicNLNRJSkCBGfHgpSSTGm44poTyjgKEeGsHFywSkfMNMNmiKLpgTnd+S/pHlUcaqV0+tquXY+q6NAdskeOSAOOSY1cknqpEE4uSeP5Jm8WA/Wk/VqvU1H56zZzg75Aev9Cz6zoC8=</latexit>

⌦tot = ⌦⇤ + ⌦m + ⌦� + . . .

<latexit sha1_base64="jHmT/qLjCt17a9WGYtJCxjqlU7U="></latexit>

⌦exp
tot ' 1

<latexit sha1_base64="SinVDScqOr4VYHoSgIYWdl1AicQ=">AAACEnicbVA9SwNBEN3z2/gVtbRZDII24U4CaiOCjZ0K5gNyMextJnFx9+7cnRPDcb/Bxr9iY6GIrZWd/8ZNcoUmPhh4+94MO/OCWAqDrvvtTE3PzM7NLywWlpZXVteK6xs1EyWaQ5VHMtKNgBmQIoQqCpTQiDUwFUioB7enA79+D9qIKLzCfgwtxXqh6ArO0Ert4p5/rqDH2qmP8IApRphl1/kDHuIso74RCu6o1y6W3LI7BJ0kXk5KJMdFu/jldyKeKAiRS2ZM03NjbKVMo+ASsoKfGIgZv2U9aFoaMgWmlQ5PyuiOVTq0G2lbIdKh+nsiZcqYvgpsp2J4Y8a9gfif10ywe9hKRRgnCCEffdRNJMWIDvKhHaGBo+xbwrgWdlfKb5hmHG2KBRuCN37yJKntl71K+eiyUjo5zuNYIFtkm+wSjxyQE3JGLkiVcPJInskreXOenBfn3fkYtU45+cwm+QPn8wcg458B</latexit>

for a flat 
universe with 
k=0



Energy budget today

⌦x =
⇢x
⇢crit

<latexit sha1_base64="VyyO/9/891q9GlZUndhMBHmczAw=">AAACFXicbVDJSgNBFOxxjXGLevTSGAQPEmYkoB6UgBdvRjALZMLQ03mTNPYsdL+RhGF+wou/4sWDIl4Fb/6NneXgVtB0UfUejyo/kUKjbX9ac/MLi0vLhZXi6tr6xmZpa7up41RxaPBYxqrtMw1SRNBAgRLaiQIW+hJa/u3F2G/dgdIijm5wlEA3ZP1IBIIzNJJXOnSvQugzb0jPqBsoxjNXDWJvmE//zEUYYsaVwDzPvVLZrtgT0L/EmZEymaHulT7cXszTECLkkmndcewEuxlTKLiEvOimGhLGb1kfOoZGLATdzSapcrpvlB4NYmVehHSift/IWKj1KPTNZMhwoH97Y/E/r5NicNLNRJSkCBGfHgpSSTGm44poTyjgKEeGsHFywSkfMNMNmiKLpgTnd+S/pHlUcaqV0+tquXY+q6NAdskeOSAOOSY1cknqpEE4uSeP5Jm8WA/Wk/VqvU1H56zZzg75Aev9Cz6zoC8=</latexit>

⌦tot = ⌦⇤ + ⌦m + ⌦� + . . .

<latexit sha1_base64="jHmT/qLjCt17a9WGYtJCxjqlU7U="></latexit>

⌦exp
tot ' 1

<latexit sha1_base64="SinVDScqOr4VYHoSgIYWdl1AicQ=">AAACEnicbVA9SwNBEN3z2/gVtbRZDII24U4CaiOCjZ0K5gNyMextJnFx9+7cnRPDcb/Bxr9iY6GIrZWd/8ZNcoUmPhh4+94MO/OCWAqDrvvtTE3PzM7NLywWlpZXVteK6xs1EyWaQ5VHMtKNgBmQIoQqCpTQiDUwFUioB7enA79+D9qIKLzCfgwtxXqh6ArO0Ert4p5/rqDH2qmP8IApRphl1/kDHuIso74RCu6o1y6W3LI7BJ0kXk5KJMdFu/jldyKeKAiRS2ZM03NjbKVMo+ASsoKfGIgZv2U9aFoaMgWmlQ5PyuiOVTq0G2lbIdKh+nsiZcqYvgpsp2J4Y8a9gfif10ywe9hKRRgnCCEffdRNJMWIDvKhHaGBo+xbwrgWdlfKb5hmHG2KBRuCN37yJKntl71K+eiyUjo5zuNYIFtkm+wSjxyQE3JGLkiVcPJInskreXOenBfn3fkYtU45+cwm+QPn8wcg458B</latexit>

⌦⇤

<latexit sha1_base64="tXAsz8Ik4TrUHML92mRzdaDqfb8=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNcyUSu1GCm5cCFawD+gMQyaTtqFJZkgyhTL0T9y4UMStf+LOvzF9CD4PBA7n3MO9OVHKqNKu+24VVlbX1jeKm6Wt7Z3dPXv/oK2STGLSwglLZDdCijAqSEtTzUg3lQTxiJFONLqc+Z0xkYom4k5PUhJwNBC0TzHSRgpt27/hZIDC3L82oRhNQ7vsOvV6xTurwd/Ec9w5ymCJZmi/+XGCM06Exgwp1fPcVAc5kppiRqYlP1MkRXiEBqRnqECcqCCfXz6FJ0aJYT+R5gkN5+rXRI64UhMemUmO9FD99GbiX14v0/3zIKcizTQReLGonzGoEzirAcZUEqzZxBCEJTW3QjxEEmFtyiqZEj5/Cv8n7YrjVZ36bbXcuFjWUQRH4BicAg/UQANcgSZoAQzG4B48gicrtx6sZ+tlMVqwlplD8A3W6wcBLZPv</latexit>

⌦DM

<latexit sha1_base64="3/+Nwytd8IiijKX4CXrKXacE0PM=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GmZCJOYiAT14ESOYBSZD6On0JE16Gbp7hDDkM7x4UMSrX+PNv7GzCK4PCh7vVVFVL0oY1cbz3p3c0vLK6lp+vbCxubW9U9zda2mZKkyaWDKpOhHShFFBmoYaRjqJIohHjLSj0fnUb98RpakUt2ackJCjgaAxxchYKeheczJAveziatIrljy3Viv7J1X4m/iuN0MJLNDoFd+6fYlTToTBDGkd+F5iwgwpQzEjk0I31SRBeIQGJLBUIE50mM1OnsAjq/RhLJUtYeBM/TqRIa71mEe2kyMz1D+9qfiXF6QmPg0zKpLUEIHni+KUQSPh9H/Yp4pgw8aWIKyovRXiIVIIG5tSwYbw+Sn8n7TKrl9xazeVUv1sEUceHIBDcAx8UAV1cAkaoAkwkOAePIInxzgPzrPzMm/NOYuZffANzusHnPiRgA==</latexit>

⌦� = 5⇥ 10�5

<latexit sha1_base64="V/oL5lLcdhOIyAW2YO0x/7TkyYM=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBxnAnCWqhBGzsjGA+IHeGuc0mWbJ7d+zuCeFIb+NfsbFQxNY/YOe/cZNcoYkPBh7vzTAzz484U9q2v63M0vLK6lp2PbexubW9k9/da6gwloTWSchD2fJBUc4CWtdMc9qKJAXhc9r0h1cTv/lApWJhcKdHEfUE9APWYwS0kTr5gnsjaB86idsHIWCML3AFu5oJqrBj3yfHlXEnX7RL9hR4kTgpKaIUtU7+y+2GJBY00ISDUm3HjrSXgNSMcDrOubGiEZAh9Gnb0ADMMi+Z/jLGh0bp4l4oTQUaT9XfEwkIpUbCN50C9EDNexPxP68d696Zl7AgijUNyGxRL+ZYh3gSDO4ySYnmI0OASGZuxWQAEog28eVMCM78y4ukcVJyyqXz23KxepnGkUUHqICOkINOURVdoxqqI4Ie0TN6RW/Wk/VivVsfs9aMlc7soz+wPn8Ar6SZiw==</latexit>

⌦GW . 10�11

<latexit sha1_base64="nqoHXi6sGt6eBycIn3VxrKQUmwE=">AAACBnicbVA9SwNBEN2LXzF+RS1FWAyCjeFWAmojAQvtjGA+IInH3maSLNm9O3b3hHCksvGv2FgoYutvsPPfuEmu0MQHA4/3ZpiZ50eCa+O6305mYXFpeSW7mltb39jcym/v1HQYKwZVFopQNXyqQfAAqoYbAY1IAZW+gLo/uBz79QdQmofBnRlG0Ja0F/AuZ9RYycvvt24k9KiXXNVHuCVAa80lJu59ckzIyMsX3KI7AZ4nJCUFlKLi5b9anZDFEgLDBNW6SdzItBOqDGcCRrlWrCGibEB70LQ0oBJ0O5m8McKHVungbqhsBQZP1N8TCZVaD6VvOyU1fT3rjcX/vGZsumfthAdRbCBg00XdWGAT4nEmuMMVMCOGllCmuL0Vsz5VlBmbXM6GQGZfnie1kyIpFc9vS4XyRRpHFu2hA3SECDpFZXSNKqiKGHpEz+gVvTlPzovz7nxMWzNOOrOL/sD5/AGg05fx</latexit>

⌦C⌫B ' 1.3⇥ 10�5

<latexit sha1_base64="KdVL7FYLxZS0MPr69dF1A34gLwQ=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIurDMaEXdSLEbd1awF+iMQyZN29AkMyYZoQzzDG58FTcuFHHryp1vY3pZaOsPgY//nMPJ+YOIUaVt+9vKzM0vLC5ll3Mrq2vrG/nNrboKY4lJDYcslM0AKcKoIDVNNSPNSBLEA0YaQb8yrDceiFQ0FLd6EBGPo66gHYqRNpafP3CvOekiP6m4IoaXKXQV5eQeOsVj6GqDCjr2XXJ4kvr5gl20R4Kz4EygACaq+vkvtx3imBOhMUNKtRw70l6CpKaYkTTnxopECPdRl7QMCmSWecnopBTuGacNO6E0T2g4cn9PJIgrNeCB6eRI99R0bWj+V2vFunPmJVREsSYCjxd1YgZ1CIf5wDaVBGs2MICwpOavEPeQRFibFHMmBGf65FmoHxWdUvH8plQoX0ziyIIdsAv2gQNOQRlcgSqoAQwewTN4BW/Wk/VivVsf49aMNZnZBn9kff4AQeqb8Q==</latexit>

radiation

neutrinos

GWs

for a flat 
universe with 
k=0



Expansion in matter/radiation universe

Number density

V / a3

<latexit sha1_base64="H8CmAllwaNag13ZihZpjrqY/D+Q=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KrtaUC9S8OKxgv2Adi3ZNG1Ds0lMsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5keLMWN//9lZW19Y3NnNb+e2d3b39wsFh3chEE1ojkkvdjLChnAlas8xy2lSa4jjitBENb6d+Y0S1YVI82LGiYYz7gvUYwdZJYR21lZbKSoQfLzqFol/yZ0DLJMhIETJUO4WvdleSJKbCEo6NaQW+smGKtWWE00m+nRiqMBniPm05KnBMTZjOjp6gU6d0UU9qV8Kimfp7IsWxMeM4cp0xtgOz6E3F/7xWYntXYcqESiwVZL6ol3DknpwmgLpMU2L52BFMNHO3IjLAGhPrcsq7EILFl5dJ/bwUlEvX9+Vi5SaLIwfHcAJnEMAlVOAOqlADAk/wDK/w5o28F+/d+5i3rnjZzBH8gff5A+h6kYw=</latexit>

n . . .

<latexit sha1_base64="47Iodh3wzLLIaItvvqbLN1m9N50=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL1IwIvHCOYhyRJmZ2eTIfNYZnqFEPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dUSq4Bd//9gpr6xubW8Xt0s7u3v5B+fCoZXVmKGtSLbTpRMQywRVrAgfBOqlhREaCtaPR7cxvPzFjuVYPME5ZKMlA8YRTAk56VLgnYg0W98sVv+rPgVdJkJMKytHol796saaZZAqoINZ2Az+FcEIMcCrYtNTLLEsJHZEB6zqqiGQ2nMwPnuIzp8Q40caVAjxXf09MiLR2LCPXKQkM7bI3E//zuhkkV+GEqzQDpuhiUZIJDBrPvscxN4yCGDtCqOHuVkyHxBAKLqOSCyFYfnmVtC6qQa16fV+r1G/yOIroBJ2icxSgS1RHd6iBmogiiZ7RK3rzjPfivXsfi9aCl88coz/wPn8APEOQDA==</latexit>

N . . .

<latexit sha1_base64="ojlTGweCCdt6V1HE+eyCyZHSdYE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MWTRDAPSZYwOzubDJnHMjMrhJCv8OJBEa9+jjf/xkmyB00saCiquunuilLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDP1W09UG6bkgx2lNBS4L1nCCLZOerxDXR4ra1CvXPGr/gxomQQ5qUCOeq/81Y0VyQSVlnBsTCfwUxuOsbaMcDopdTNDU0yGuE87jkosqAnHs4Mn6MQpMUqUdiUtmqm/J8ZYGDMSkesU2A7MojcV//M6mU0uwzGTaWapJPNFScaRVWj6PYqZpsTykSOYaOZuRWSANSbWZVRyIQSLLy+T5lk1OK9e3Z9Xatd5HEU4gmM4hQAuoAa3UIcGEBDwDK/w5mnvxXv3PuatBS+fOYQ/8D5/AArDj+w=</latexit>

no. of particles in a co-moving volume

number density

dN

dt
= 0

<latexit sha1_base64="+UxWR7pcBlTn3k2/A7vaXDnJ4K0=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlEUBdKwY0rqWAf0IYymUzaoZNJmJkIIcRfceNCEbd+iDv/xmmbhbYeuJfDOfcyd44Xc6a0bX9bpZXVtfWN8mZla3tnd6+6f9BRUSIJbZOIR7LnYUU5E7Stmea0F0uKQ4/Trje5mfrdRyoVi8SDTmPqhngkWMAI1kYaVmuDQGKS+eguN03n6ArZw2rdbtgzoGXiFKQOBVrD6tfAj0gSUqEJx0r1HTvWboalZoTTvDJIFI0xmeAR7RsqcEiVm82Oz9GxUXwURNKU0Gim/t7IcKhUGnpmMsR6rBa9qfif1090cOFmTMSJpoLMHwoSjnSEpkkgn0lKNE8NwUQycysiY2zS0CavignBWfzyMumcNpyzxuX9Wb15XcRRhkM4ghNw4ByacAstaAOBFJ7hFd6sJ+vFerc+5qMlq9ipwR9Ynz8s7JPQ</latexit>

ṅa3 + 3a2ȧn = 0

<latexit sha1_base64="66B0wumKAhzXxcx1Cp8e0yeF/bI=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEQSgzbUFdKAU3LivYB7S1ZNJMG5rJDElGKEOXbvwVNy4UcesnuPNvTKddaOuBkMM595Dc40WcKe0431ZmaXlldS27ntvY3NresXf36iqMJaE1EvJQNj2sKGeC1jTTnDYjSXHgcdrwhtcTv/FApWKhuNOjiHYC3BfMZwRrI3Xtw3Yv1EggfF9Cp6hk7iJKJWzES+R07bxTcFKgReLOSB5mqHbtLxMncUCFJhwr1XKdSHcSLDUjnI5z7VjRCJMh7tOWoQIHVHWSdJExOjZKD/mhNEdolKq/EwkOlBoFnpkMsB6oeW8i/ue1Yu2fdxImolhTQaYP+TFHOkSTVlCPSUo0HxmCiWTmr4gMsMREm+5ypgR3fuVFUi8W3HLh4racr1zN6sjCARzBCbhwBhW4gSrUgMAjPMMrvFlP1ov1bn1MRzPWLLMPf2B9/gBVmpZa</latexit>

ṅ

n
= �3

ȧ

a
) n / a�3

<latexit sha1_base64="jQbr2TQ+To6BYWYvqPUwmNkFiDQ="></latexit>



energy density per co-moving volume⇢ . . .

<latexit sha1_base64="LGBoEY4fx1eOs5IhpxfAD+9P5Hc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUC9S8OKxgv2AJJTNZtMu3eyG3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF2WCG3Ddb6eytr6xuVXdru3s7u0f1A+PukblmrIOVULpfkQME1yyDnAQrJ9pRtJIsF40vpv5vSemDVfyESYZC1MylDzhlICV/ECPFA5ErMAM6g236c6BV4lXkgYq0R7Uv4JY0TxlEqggxviem0FYEA2cCjatBblhGaFjMmS+pZKkzITF/OQpPrNKjBOlbUnAc/X3REFSYyZpZDtTAiOz7M3E/zw/h+Q6LLjMcmCSLhYlucCg8Ox/HHPNKIiJJYRqbm/FdEQ0oWBTqtkQvOWXV0n3ouldNm8eLhut2zKOKjpBp+gceegKtdA9aqMOokihZ/SK3hxwXpx352PRWnHKmWP0B87nDzT4kTc=</latexit>

⇢m = mn / a�3

<latexit sha1_base64="0J9pnb++94Kiai9Hx2ldv/Yo/cw=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQsuMFtSFUnDjsoJ9QGcsmTRtQ/MYkoxQhu7c+CtuXCji1l9w59+YtrPQ6oHA4Zx7uTknihnVxvO+nNzc/MLiUn65sLK6tr7hbm7VtUwUJjUsmVTNCGnCqCA1Qw0jzVgRxCNGGtHgauw37onSVIpbM4xJyFFP0C7FyFip7e4Gqi/bHF5ADoNDKGAQKxkbCdFdenQyartFr+RNAP8SPyNFkKHadj+DjsQJJ8JghrRu+V5swhQpQzEjo0KQaBIjPEA90rJUIE50mE5yjOC+VTqwK5V9wsCJ+nMjRVzrIY/sJEemr2e9sfif10pM9yxMqYgTQwSeHuomDNqc41JghyqCDRtagrCi9q8Q95FC2NjqCrYEfzbyX1I/Lvnl0vlNuVi5zOrIgx2wBw6AD05BBVyDKqgBDB7AE3gBr86j8+y8Oe/T0ZyT7WyDX3A+vgFwDJfH</latexit>

⇢� = E� n / 1

�
a�3 / a�4

<latexit sha1_base64="CdrzLyDFmD9vv24F3kJ+p6lZYkk="></latexit>

non-relativistic matter
scales with volume

light gets stretched and 
redshifts, energy 
depletes faster

Expansion in matter/radiation universe

Energy density



Expansion in matter/radiation universe

⇢̇+ 3
ȧ

a
(⇢+ p) = 0

<latexit sha1_base64="kL+nNgRlZNxkWzSmMINRvJzarmU=">AAACI3icbVDLSgMxFM3UV62vqks3wSJUhDKjBR+gFNy4rGAf0BlKJs20oZkHyR2hDP0XN/6KGxdKcePCfzGdjqCtBwKHc85Nco8bCa7AND+N3NLyyupafr2wsbm1vVPc3WuqMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Q5vp37rkUnFw+ABRhFzfNIPuMcpAS11i1d2LwRsy0GIT/AZtj1JaJJqZJyQMbYF86D8E4g04f0BHONrbHaLJbNipsCLxMpICWWod4sTfTGNfRYAFUSpjmVG4CREAqeCjQt2rFhE6JD0WUfTgPhMOUm64xgfaaWHvVDqEwBO1d8TCfGVGvmuTvoEBmrem4r/eZ0YvAsn4UEUAwvo7CEvFhhCPC0M97hkFMRIE0Il13/FdEB0TaBrLegSrPmVF0nztGJVK5f31VLtJqsjjw7QISojC52jGrpDddRAFD2hF/SG3o1n49WYGB+zaM7IZvbRHxhf39zHoek=</latexit>

)

<latexit sha1_base64="BiJWkIcYdgpvbpnBc91NcQvoYA0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxiv2ANJTNdtMu3WTD7kQppT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYWV1b3yhulra2d3b3yvsHTaMyzXiDKal0O6SGS5HwBgqUvJ1qTuNQ8lY4vJn6rUeujVDJA45SHsS0n4hIMIpW8jv3oj9AqrV66pYrbtWdgSwTLycVyFHvlr86PcWymCfIJDXG99wUgzHVKJjkk1InMzylbEj73Lc0oTE3wXh28oScWKVHIqVtJUhm6u+JMY2NGcWh7YwpDsyiNxX/8/wMo8tgLJI0Q56w+aIokwQVmf5PekJzhnJkCWVa2FsJG1BNGdqUSjYEb/HlZdI8q3rn1au780rtOo+jCEdwDKfgwQXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8weTx5F1</latexit>

a�3 d

dt

�
⇢a3

�
= �3

ȧ

a
p

<latexit sha1_base64="gjUo63UQfBJQGu+1q7wtTNv7ytE="></latexit>

More formally, using the 2nd Friedman equation

matter p = 0

<latexit sha1_base64="6q1HuSUk2X5EPN9OfCD/Gdodwxc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoB6UghePFUxbaEPZbCft0s0m7G6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKmTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDfzW0+oNE/koxmnGMR0IHnEGTVW8lNyQ9xeueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRVTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoerXq9UOtUr/N4yjCCZzCOXhwCXW4hwb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AXltjdE=</latexit>

d

dt

�
⇢ma3

�
= 0

<latexit sha1_base64="WGC6nz+WrItra67B4TptCNOGO6E=">AAACE3icbZC7SgNBFIZnvcZ4W7W0GQxCtAi7GlALJWBjGcFcILuG2dnZZMjshZmzQlj2HWx8FRsLRWxt7HwbJ5dCE38Y+PjPOZw5v5cIrsCyvo2FxaXlldXCWnF9Y3Nr29zZbao4lZQ1aCxi2faIYoJHrAEcBGsnkpHQE6zlDa5H9dYDk4rH0R0ME+aGpBfxgFMC2uqax04gCc38PPMx5I5gAZSxI/txN8Tk/lQj7/XhCF9iq2uWrIo1Fp4HewolNFW9a345fkzTkEVABVGqY1sJuBmRwKlgedFJFUsIHZAe62iMSMiUm41vyvGhdnwcxFK/CPDY/T2RkVCpYejpzpBAX83WRuZ/tU4Kwbmb8ShJgUV0sihIBYYYjwLCPpeMghhqIFRy/VdM+0SHBDrGog7Bnj15HponFbtaubitlmpX0zgKaB8doDKy0RmqoRtURw1E0SN6Rq/ozXgyXox342PSumBMZ/bQHxmfP+W9nN0=</latexit>

energy density per co-moving volume⇢ . . .

<latexit sha1_base64="LGBoEY4fx1eOs5IhpxfAD+9P5Hc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUC9S8OKxgv2AJJTNZtMu3eyG3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF2WCG3Ddb6eytr6xuVXdru3s7u0f1A+PukblmrIOVULpfkQME1yyDnAQrJ9pRtJIsF40vpv5vSemDVfyESYZC1MylDzhlICV/ECPFA5ErMAM6g236c6BV4lXkgYq0R7Uv4JY0TxlEqggxviem0FYEA2cCjatBblhGaFjMmS+pZKkzITF/OQpPrNKjBOlbUnAc/X3REFSYyZpZDtTAiOz7M3E/zw/h+Q6LLjMcmCSLhYlucCg8Ox/HHPNKIiJJYRqbm/FdEQ0oWBTqtkQvOWXV0n3ouldNm8eLhut2zKOKjpBp+gceegKtdA9aqMOokihZ/SK3hxwXpx352PRWnHKmWP0B87nDzT4kTc=</latexit>

Energy density

v ⌧ c

<latexit sha1_base64="z+dPfsn1/cg9Ud8GboM3gY6xQt4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUG8FLx4r2A9oQ9lsN+3SzSbsTgol9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkobm1vbO+Xdyt7+weFR9fikZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38/99oRrIxL1hNOUBzEdKhEJRtFK7QnpSUlYv1rzXG8Bsk78gtSgQKNf/eoNEpbFXCGT1Jiu76UY5FSjYJLPKr3M8JSyMR3yrqWKxtwE+eLcGbmwyoBEibalkCzU3xM5jY2ZxqHtjCmOzKo3F//zuhlGt0EuVJohV2y5KMokwYTMfycDoTlDObWEMi3srYSNqKYMbUIVG4K/+vI6aV25/rV793hdq7tFHGU4g3O4BB9uoA4P0IAmMBjDM7zCm5M6L86787FsLTnFzCn8gfP5A4+rjwU=</latexit>



Expansion in matter/radiation universe

⇢̇+ 3
ȧ

a
(⇢+ p) = 0

<latexit sha1_base64="kL+nNgRlZNxkWzSmMINRvJzarmU=">AAACI3icbVDLSgMxFM3UV62vqks3wSJUhDKjBR+gFNy4rGAf0BlKJs20oZkHyR2hDP0XN/6KGxdKcePCfzGdjqCtBwKHc85Nco8bCa7AND+N3NLyyupafr2wsbm1vVPc3WuqMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Q5vp37rkUnFw+ABRhFzfNIPuMcpAS11i1d2LwRsy0GIT/AZtj1JaJJqZJyQMbYF86D8E4g04f0BHONrbHaLJbNipsCLxMpICWWod4sTfTGNfRYAFUSpjmVG4CREAqeCjQt2rFhE6JD0WUfTgPhMOUm64xgfaaWHvVDqEwBO1d8TCfGVGvmuTvoEBmrem4r/eZ0YvAsn4UEUAwvo7CEvFhhCPC0M97hkFMRIE0Il13/FdEB0TaBrLegSrPmVF0nztGJVK5f31VLtJqsjjw7QISojC52jGrpDddRAFD2hF/SG3o1n49WYGB+zaM7IZvbRHxhf39zHoek=</latexit>

)

<latexit sha1_base64="BiJWkIcYdgpvbpnBc91NcQvoYA0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxiv2ANJTNdtMu3WTD7kQppT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYWV1b3yhulra2d3b3yvsHTaMyzXiDKal0O6SGS5HwBgqUvJ1qTuNQ8lY4vJn6rUeujVDJA45SHsS0n4hIMIpW8jv3oj9AqrV66pYrbtWdgSwTLycVyFHvlr86PcWymCfIJDXG99wUgzHVKJjkk1InMzylbEj73Lc0oTE3wXh28oScWKVHIqVtJUhm6u+JMY2NGcWh7YwpDsyiNxX/8/wMo8tgLJI0Q56w+aIokwQVmf5PekJzhnJkCWVa2FsJG1BNGdqUSjYEb/HlZdI8q3rn1au780rtOo+jCEdwDKfgwQXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8weTx5F1</latexit>

a�3 d

dt

�
⇢a3

�
= �3

ȧ

a
p

<latexit sha1_base64="gjUo63UQfBJQGu+1q7wtTNv7ytE="></latexit>

More formally, using the 2nd Friedman equation

matter

radiation p =
⇢

3

<latexit sha1_base64="+ebRlrGj1WATybIz6gDxg66dO6s=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5JoQT0oBS8eK9gPaELZbDft0s0m7G7EEvJXvHhQxKt/xJv/xm2bg1YfDDzem2FmXpBwprTjfFmlldW19Y3yZmVre2d3z96vdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG5mfveBSsVica+nCfUjPBIsZARrIw3saoKukBdKTDJPjuM8O8sHds2pO3Ogv8QtSA0KtAb2pzeMSRpRoQnHSvVdJ9F+hqVmhNO84qWKJphM8Ij2DRU4osrP5rfn6NgoQxTG0pTQaK7+nMhwpNQ0CkxnhPVYLXsz8T+vn+rwws+YSFJNBVksClOOdIxmQaAhk5RoPjUEE8nMrYiMsQlCm7gqJgR3+eW/pHNadxv1y7tGrXldxFGGQziCE3DhHJpwCy1oA4FHeIIXeLVy69l6s94XrSWrmDmAX7A+vgFyEJQU</latexit>

d

dt

�
⇢ma3

�
= 0

<latexit sha1_base64="WGC6nz+WrItra67B4TptCNOGO6E=">AAACE3icbZC7SgNBFIZnvcZ4W7W0GQxCtAi7GlALJWBjGcFcILuG2dnZZMjshZmzQlj2HWx8FRsLRWxt7HwbJ5dCE38Y+PjPOZw5v5cIrsCyvo2FxaXlldXCWnF9Y3Nr29zZbao4lZQ1aCxi2faIYoJHrAEcBGsnkpHQE6zlDa5H9dYDk4rH0R0ME+aGpBfxgFMC2uqax04gCc38PPMx5I5gAZSxI/txN8Tk/lQj7/XhCF9iq2uWrIo1Fp4HewolNFW9a345fkzTkEVABVGqY1sJuBmRwKlgedFJFUsIHZAe62iMSMiUm41vyvGhdnwcxFK/CPDY/T2RkVCpYejpzpBAX83WRuZ/tU4Kwbmb8ShJgUV0sihIBYYYjwLCPpeMghhqIFRy/VdM+0SHBDrGog7Bnj15HponFbtaubitlmpX0zgKaB8doDKy0RmqoRtURw1E0SN6Rq/ozXgyXox342PSumBMZ/bQHxmfP+W9nN0=</latexit>

d⇢�
dt

+
ȧ

a
4⇢� = a�4 d(⇢�a

4)

dt
= 0

<latexit sha1_base64="aXmH7fsjE7Kc5VrBT5DxPJhVCJ4="></latexit>

energy density per co-moving volume⇢ . . .

<latexit sha1_base64="LGBoEY4fx1eOs5IhpxfAD+9P5Hc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUC9S8OKxgv2AJJTNZtMu3eyG3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF2WCG3Ddb6eytr6xuVXdru3s7u0f1A+PukblmrIOVULpfkQME1yyDnAQrJ9pRtJIsF40vpv5vSemDVfyESYZC1MylDzhlICV/ECPFA5ErMAM6g236c6BV4lXkgYq0R7Uv4JY0TxlEqggxviem0FYEA2cCjatBblhGaFjMmS+pZKkzITF/OQpPrNKjBOlbUnAc/X3REFSYyZpZDtTAiOz7M3E/zw/h+Q6LLjMcmCSLhYlucCg8Ox/HHPNKIiJJYRqbm/FdEQ0oWBTqtkQvOWXV0n3ouldNm8eLhut2zKOKjpBp+gceegKtdA9aqMOokihZ/SK3hxwXpx352PRWnHKmWP0B87nDzT4kTc=</latexit>

Energy density

p = 0

<latexit sha1_base64="6q1HuSUk2X5EPN9OfCD/Gdodwxc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoB6UghePFUxbaEPZbCft0s0m7G6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKmTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDfzW0+oNE/koxmnGMR0IHnEGTVW8lNyQ9xeueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRVTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoerXq9UOtUr/N4yjCCZzCOXhwCXW4hwb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AXltjdE=</latexit>

v ⌧ c

<latexit sha1_base64="z+dPfsn1/cg9Ud8GboM3gY6xQt4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUG8FLx4r2A9oQ9lsN+3SzSbsTgol9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkobm1vbO+Xdyt7+weFR9fikZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38/99oRrIxL1hNOUBzEdKhEJRtFK7QnpSUlYv1rzXG8Bsk78gtSgQKNf/eoNEpbFXCGT1Jiu76UY5FSjYJLPKr3M8JSyMR3yrqWKxtwE+eLcGbmwyoBEibalkCzU3xM5jY2ZxqHtjCmOzKo3F//zuhlGt0EuVJohV2y5KMokwYTMfycDoTlDObWEMi3srYSNqKYMbUIVG4K/+vI6aV25/rV793hdq7tFHGU4g3O4BB9uoA4P0IAmMBjDM7zCm5M6L86787FsLTnFzCn8gfP5A4+rjwU=</latexit>



Thermodynamics

Particles meet & thermalize to equilibrium

� � H

<latexit sha1_base64="VMZfjB+dypBPxukHDg4P+gD8+mY=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUC9S8GCPFewHNKFMtpt06e4m7G6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKa+sbm1vl7crO7t7+QfXwqKOTTBHaJglPVC8ETTmTtG2Y4bSXKgoi5LQbju9mfveJKs0S+WgmKQ0ExJJFjICxku/fgxCA/TjGzUG15tbdOfAq8QpSQwVag+qXP0xIJqg0hIPWfc9NTZCDMoxwOq34maYpkDHEtG+pBEF1kM9vnuIzqwxxlChb0uC5+nsiB6H1RIS2U4AZ6WVvJv7n9TMTXQc5k2lmqCSLRVHGsUnwLAA8ZIoSwyeWAFHM3orJCBQQY2Oq2BC85ZdXSeei7l3Wbx4ua43bIo4yOkGn6Bx56Ao1UBO1UBsRlKJn9IrenMx5cd6dj0VrySlmjtEfOJ8/2euQ6w==</latexit>

interaction rate expansion rate

Box of 
particles in 
phase space

dx

<latexit sha1_base64="cDJ3p2bc2jLa3+Die0MV8Uz09U0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxov2ANpTNZtIu3WzC7kYspT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjrJFMMGS0Si2gHVKLjEhuFGYDtVSONAYCsY3kz91iMqzRP5YEYp+jHtSx5xRo2V7kPy1CtX3Ko7A1kmXk4qkKPeK391w4RlMUrDBNW647mp8cdUGc4ETkrdTGNK2ZD2sWOppDFqfzw7dUJOrBKSKFG2pCEz9ffEmMZaj+LAdsbUDPSiNxX/8zqZiS79MZdpZlCy+aIoE8QkZPo3CblCZsTIEsoUt7cSNqCKMmPTKdkQvMWXl0nzrOqdV6/uziu16zyOIhzBMZyCBxdQg1uoQwMY9OEZXuHNEc6L8+58zFsLTj5zCH/gfP4A+7aNnA==</latexit>

2⇡~

<latexit sha1_base64="sBxfyF4h2YIe03uzHWqbKeQA0n4=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb1IwYvHCvYDklA22027dLMbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpRypo3rfjuljc2t7Z3ybmVv/+DwqHp80tUyU4R2iORS9SOsKWeCdgwznPZTRXEScdqLJndzv/dElWZSPJppSsMEjwSLGcHGSn4DBSlDwTjCalCtuXV3AbROvILUoEB7UP0KhpJkCRWGcKy177mpCXOsDCOczipBpmmKyQSPqG+pwAnVYb44eYYurDJEsVS2hEEL9fdEjhOtp0lkOxNsxnrVm4v/eX5m4uswZyLNDBVkuSjOODISzf9HQ6YoMXxqCSaK2VsRGWOFibEpVWwI3urL66TbqHvN+s1Ds9a6LeIowxmcwyV4cAUtuIc2dICAhGd4hTfHOC/Ou/OxbC05xcwp/IHz+QMzF5CQ</latexit>

!

<latexit sha1_base64="LrSCjyhzvgccRP/JBM/XsmDWn2s=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBaSib7aZdusmG3YlSSn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWkZlmvEmU1LpTkgNlyLhTRQoeSfVnMah5O1wdDvz249cG6GSBxynPIjpIBGRYBSt5He1GAyRaq2eeuWKW3XnIKvEy0kFcjR65a9uX7Es5gkySY3xPTfFYEI1Cib5tNTNDE8pG9EB9y1NaMxNMJmfPCVnVumTSGlbCZK5+ntiQmNjxnFoO2OKQ7PszcT/PD/D6CqYiCTNkCdssSjKJEFFZv+TvtCcoRxbQpkW9lbChlRThjalkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWCg4Ble4c1B58V5dz4WrQUnnzmGP3A+fwDFZ5GV</latexit>

dk

<latexit sha1_base64="HMWNgm8g/6VqxU7xNQmKG+iR1eg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjRfsBbSibzaRdutmE3Y1QSn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZF6SCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKYZNlohEdQKqUXCJTcONwE6qkMaBwHYwup357SdUmify0YxT9GM6kDzijBorPYRk1C9X3Ko7B1klXk4qkKPRL3/1woRlMUrDBNW667mp8SdUGc4ETku9TGNK2YgOsGuppDFqfzI/dUrOrBKSKFG2pCFz9ffEhMZaj+PAdsbUDPWyNxP/87qZia78CZdpZlCyxaIoE8QkZPY3CblCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nrourVqtf3tUr9Jo+jCCdwCufgwSXU4Q4a0AQGA3iGV3hzhPPivDsfi9aCk88cwx84nz/oAo2P</latexit>

Z
d3xd3k

2⇡~

<latexit sha1_base64="lm4KxDl8wbmqLMbLG9/deeMrQ90=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVUmpBCyoEgtjkehDakLlOE5r1XEi20FUUX6AhV9hYQAhVnY2/ganzQAtR7J1dM69uvceL2ZUKsv6NkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yFJGOWkrahipBcLgkKPka43vsr97j0Rkkb8Vk1i4oZoyGlAMVJaGphHDuUKOoFAOPXvTuEDzP9xltahE1PojDwksoFZtWrWFHCR2AWpggKtgfnl+BFOQsIVZkjKvm3Fyk2RUBQzklWcRJIY4TEakr6mHIVEuun0mgwea8WHQST007tN1d8dKQqlnISergyRGsl5Lxf/8/qJCs7dlPI4UYTj2aAgYVBFMI8G+lQQrNhEE4QF1btCPEI6GaUDrOgQ7PmTF0mnXrMbtYubRrV5WcRRBgfgEJwAG5yBJrgGLdAGGDyCZ/AK3own48V4Nz5mpSWj6NkHf2B8/gCFFJqX</latexit>

k ... proper
momentum
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<latexit sha1_base64="VMZfjB+dypBPxukHDg4P+gD8+mY=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUC9S8GCPFewHNKFMtpt06e4m7G6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKa+sbm1vl7crO7t7+QfXwqKOTTBHaJglPVC8ETTmTtG2Y4bSXKgoi5LQbju9mfveJKs0S+WgmKQ0ExJJFjICxku/fgxCA/TjGzUG15tbdOfAq8QpSQwVag+qXP0xIJqg0hIPWfc9NTZCDMoxwOq34maYpkDHEtG+pBEF1kM9vnuIzqwxxlChb0uC5+nsiB6H1RIS2U4AZ6WVvJv7n9TMTXQc5k2lmqCSLRVHGsUnwLAA8ZIoSwyeWAFHM3orJCBQQY2Oq2BC85ZdXSeei7l3Wbx4ua43bIo4yOkGn6Bx56Ao1UBO1UBsRlKJn9IrenMx5cd6dj0VrySlmjtEfOJ8/2euQ6w==</latexit>

interaction rate expansion rate

Box of 
particles in 
phase space

dx

<latexit sha1_base64="cDJ3p2bc2jLa3+Die0MV8Uz09U0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxov2ANpTNZtIu3WzC7kYspT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjrJFMMGS0Si2gHVKLjEhuFGYDtVSONAYCsY3kz91iMqzRP5YEYp+jHtSx5xRo2V7kPy1CtX3Ko7A1kmXk4qkKPeK391w4RlMUrDBNW647mp8cdUGc4ETkrdTGNK2ZD2sWOppDFqfzw7dUJOrBKSKFG2pCEz9ffEmMZaj+LAdsbUDPSiNxX/8zqZiS79MZdpZlCy+aIoE8QkZPo3CblCZsTIEsoUt7cSNqCKMmPTKdkQvMWXl0nzrOqdV6/uziu16zyOIhzBMZyCBxdQg1uoQwMY9OEZXuHNEc6L8+58zFsLTj5zCH/gfP4A+7aNnA==</latexit>

2⇡~

<latexit sha1_base64="sBxfyF4h2YIe03uzHWqbKeQA0n4=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb1IwYvHCvYDklA22027dLMbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpRypo3rfjuljc2t7Z3ybmVv/+DwqHp80tUyU4R2iORS9SOsKWeCdgwznPZTRXEScdqLJndzv/dElWZSPJppSsMEjwSLGcHGSn4DBSlDwTjCalCtuXV3AbROvILUoEB7UP0KhpJkCRWGcKy177mpCXOsDCOczipBpmmKyQSPqG+pwAnVYb44eYYurDJEsVS2hEEL9fdEjhOtp0lkOxNsxnrVm4v/eX5m4uswZyLNDBVkuSjOODISzf9HQ6YoMXxqCSaK2VsRGWOFibEpVWwI3urL66TbqHvN+s1Ds9a6LeIowxmcwyV4cAUtuIc2dICAhGd4hTfHOC/Ou/OxbC05xcwp/IHz+QMzF5CQ</latexit>

!

<latexit sha1_base64="LrSCjyhzvgccRP/JBM/XsmDWn2s=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBaSib7aZdusmG3YlSSn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWkZlmvEmU1LpTkgNlyLhTRQoeSfVnMah5O1wdDvz249cG6GSBxynPIjpIBGRYBSt5He1GAyRaq2eeuWKW3XnIKvEy0kFcjR65a9uX7Es5gkySY3xPTfFYEI1Cib5tNTNDE8pG9EB9y1NaMxNMJmfPCVnVumTSGlbCZK5+ntiQmNjxnFoO2OKQ7PszcT/PD/D6CqYiCTNkCdssSjKJEFFZv+TvtCcoRxbQpkW9lbChlRThjalkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWCg4Ble4c1B58V5dz4WrQUnnzmGP3A+fwDFZ5GV</latexit>

on-shell
distribution 

function
degrees of 
freedom

dk

<latexit sha1_base64="HMWNgm8g/6VqxU7xNQmKG+iR1eg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjRfsBbSibzaRdutmE3Y1QSn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZF6SCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKYZNlohEdQKqUXCJTcONwE6qkMaBwHYwup357SdUmify0YxT9GM6kDzijBorPYRk1C9X3Ko7B1klXk4qkKPRL3/1woRlMUrDBNW667mp8SdUGc4ETku9TGNK2YgOsGuppDFqfzI/dUrOrBKSKFG2pCFz9ffEhMZaj+PAdsbUDPWyNxP/87qZia78CZdpZlCyxaIoE8QkZPY3CblCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nrourVqtf3tUr9Jo+jCCdwCufgwSXU4Q4a0AQGA3iGV3hzhPPivDsfi9aCk88cwx84nz/oAo2P</latexit>

Z
d3xd3k

2⇡~

<latexit sha1_base64="lm4KxDl8wbmqLMbLG9/deeMrQ90=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVUmpBCyoEgtjkehDakLlOE5r1XEi20FUUX6AhV9hYQAhVnY2/ganzQAtR7J1dM69uvceL2ZUKsv6NkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yFJGOWkrahipBcLgkKPka43vsr97j0Rkkb8Vk1i4oZoyGlAMVJaGphHDuUKOoFAOPXvTuEDzP9xltahE1PojDwksoFZtWrWFHCR2AWpggKtgfnl+BFOQsIVZkjKvm3Fyk2RUBQzklWcRJIY4TEakr6mHIVEuun0mgwea8WHQST007tN1d8dKQqlnISergyRGsl5Lxf/8/qJCs7dlPI4UYTj2aAgYVBFMI8G+lQQrNhEE4QF1btCPEI6GaUDrOgQ7PmTF0mnXrMbtYubRrV5WcRRBgfgEJwAG5yBJrgGLdAGGDyCZ/AK3own48V4Nz5mpSWj6NkHf2B8/gCFFJqX</latexit>

⇢i = gi

Z
d3k

(2⇡)3
fi(x, k)Ei(k)

<latexit sha1_base64="duhr++xS9QDUeR8D7UVAqUVRa7s="></latexit>

Ei(k)
2 = k2 +m2

i

<latexit sha1_base64="hWED2K+0PjIQOaUeSpPJFFs//A8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJSkFdKAURXFawD2jTMJlO2iEzSZiZCCV24a+4caGIW3/DnX/jtM1CWw/cy+Gce5k7x4sZlcqyvo3c0vLK6lp+vbCxubW9Y+7uNWWUCEwaOGKRaHtIEkZD0lBUMdKOBUHcY6TlBdcTv/VAhKRReK9GMXE4GoTUpxgpLbnmwY1LS8FJrwIvYaD7KeQu7VVcs2iVrSngIrEzUgQZ6q751e1HOOEkVJghKTu2FSsnRUJRzMi40E0kiREO0IB0NA0RJ9JJp/eP4bFW+tCPhK5Qwan6eyNFXMoR9/QkR2oo572J+J/XSZR/7qQ0jBNFQjx7yE8YVBGchAH7VBCs2EgThAXVt0I8RAJhpSMr6BDs+S8vkmalbFfLF3fVYu0qiyMPDsERKAEbnIEauAV10AAYPIJn8ArejCfjxXg3PmajOSPb2Qd/YHz+AA02k5A=</latexit>

k ... proper
momentum

ni = gi

Z
d3k

(2⇡)3
fi(x, k)

<latexit sha1_base64="RGa0Q0KVi/eqGp5BGAHxikhZBcA="></latexit>



distribution 
function

Fermions/Bosons

Boltzmann suppression

Presence of particles heavier than T is exponentially suppressed

⇢i = gi

Z
d3k

(2⇡)3
fi(x, k)Ei(k)

<latexit sha1_base64="duhr++xS9QDUeR8D7UVAqUVRa7s="></latexit>

E ' m

<latexit sha1_base64="Q6CCnOgLQg+ibspmAccC4qmpq1Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL1IQASPEcwDkxBmJ51kyMzsOjMrhCV/4cWDIl79G2/+jZPHQRMLGoqqbrq7wlhwY33/28usrK6tb2Q3c1vbO7t7+f2DmokSzbDKIhHpRkgNCq6warkV2Ig1UhkKrIfD64lff0JteKTu7SjGtqR9xXucUeukhxvSMlziI5GdfMEv+lOQZRLMSQHmqHTyX61uxBKJyjJBjWkGfmzbKdWWM4HjXCsxGFM2pH1sOqqoRNNOpxePyYlTuqQXaVfKkqn6eyKl0piRDF2npHZgFr2J+J/XTGzvop1yFScWFZst6iWC2IhM3iddrpFZMXKEMs3drYQNqKbMupByLoRg8eVlUjsrBqXi5V2pUL6ax5GFIziGUwjgHMpwCxWoAgMFz/AKb57xXrx372PWmvHmM4fwB97nD790kFM=</latexit>

f / e�
m
T

<latexit sha1_base64="z0tha8PbQTs3gFzbm/PZQcq0PLQ=">AAACA3icbVDLSgMxFM34rPU16k43wSK4scxIQd1IwY3LCn1BZyyZNNOG5jEkGaEMA278FTcuFHHrT7jzb0wfC209EDiccy8350QJo9p43reztLyyurZe2Chubm3v7Lp7+00tU4VJA0smVTtCmjAqSMNQw0g7UQTxiJFWNLwZ+60HojSVom5GCQk56gsaU4yMlbruYQyDRMnESEjus7MgVghnPM/qed51S17ZmwAuEn9GSmCGWtf9CnoSp5wIgxnSuuN7iQkzpAzFjOTFINUkQXiI+qRjqUCc6DCbZMjhiVV6MJbKPmHgRP29kSGu9YhHdpIjM9Dz3lj8z+ukJr4MMyqS1BCBp4filEGbeFwI7FFFsGEjSxBW1P4V4gGyNRhbW9GW4M9HXiTN87JfKV/dVUrV61kdBXAEjsEp8MEFqIJbUAMNgMEjeAav4M15cl6cd+djOrrkzHYOwB84nz8+kJfu</latexit>

k ⌧ m

<latexit sha1_base64="ZESF28qIAH2qwZpjOkKaBTf1VC8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb1IwYvHCvYD2qVk02wbNsmGJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMixRnxvr+t1daW9/Y3CpvV3Z29/YPqodHbZNmmtAWSXmquxE2lDNJW5ZZTrtKUywiTjtRcjfzO09UG5bKRztRNBR4JFnMCLZO6iSozzkSg2rNr/tzoFUSFKQGBZqD6ld/mJJMUGkJx8b0Al/ZMMfaMsLptNLPDFWYJHhEe45KLKgJ8/m5U3TmlCGKU+1KWjRXf0/kWBgzEZHrFNiOzbI3E//zepmNr8OcSZVZKsliUZxxZFM0+x0NmabE8okjmGjmbkVkjDUm1iVUcSEEyy+vkvZFPbis3zxc1hq3RRxlOIFTOIcArqAB99CEFhBI4Ble4c1T3ov37n0sWkteMXMMf+B9/gCStY8U</latexit>

Fermi blocking

BE condensation�1

<latexit sha1_base64="RYnAN6u3RyZWWtjFz0Dv8n6Y70o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRSUC9S8OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPZx7vVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mlE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtO0YbgLb68TJoXFa9aub6vlms3eRwFOIYTOAMPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxb11x8pkj+APn8wfmjoz0</latexit>

fF/B =
1

e
Ei
T ± 1

<latexit sha1_base64="UCdGu8xyZOqL7PHCruY79lhmDBs=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyyCINQZKagLpSiKywq9QWccMmmmDc1cSDJCCfMQbnwVNy4UcevCnW9j2s5CW38IfPznHE7O7yeMCmlZ38bc/MLi0nJhpbi6tr6xaW5tN0WcckwaOGYxb/tIEEYj0pBUMtJOOEGhz0jLH1yN6q0HwgWNo7ocJsQNUS+iAcVIasszDwNP3RxdZvAcOgFHWNmZIvdqwtcezVQ9y6CThNDOPLNkla2x4CzYOZRArppnfjndGKchiSRmSIiObSXSVYhLihnJik4qSILwAPVIR2OEQiJcNT4qg/va6cIg5vpFEo7d3xMKhUIMQ193hkj2xXRtZP5X66QyOHUVjZJUkghPFgUpgzKGo4Rgl3KCJRtqQJhT/VeI+0jnIXWORR2CPX3yLDSPy3alfHZXKVUv8jgKYBfsgQNggxNQBbegBhoAg0fwDF7Bm/FkvBjvxsekdc7IZ3bAHxmfP9oGnhk=</latexit>

+1

<latexit sha1_base64="fEuK2mVrpIJztBcunrmX7SfXjUA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQkmkoF6k4MVjFfsBbSib7aRdutmE3Y1QQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/loxkn6Ed0IHnIGTVWejj3eqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NLJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm07dJnytkRowtoUxxeythQ6ooMzacog3BW3x5mTQvKl61cn1fLddu8jgKcAwncAYeXEIN7qAODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w/jhIzy</latexit>

here we neglect the chemical potential/number 
changing interactions, more about that later on



distribution 
function

⇢i = gi

Z
d3k

(2⇡)3
fi(x, k)Ei(k)

<latexit sha1_base64="duhr++xS9QDUeR8D7UVAqUVRa7s="></latexit>

Fermions/Bosons

Fermi blocking

BE condensation�1

<latexit sha1_base64="RYnAN6u3RyZWWtjFz0Dv8n6Y70o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRSUC9S8OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPZx7vVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mlE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtO0YbgLb68TJoXFa9aub6vlms3eRwFOIYTOAMPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxb11x8pkj+APn8wfmjoz0</latexit>

Boltzmann suppression E ' m

<latexit sha1_base64="Q6CCnOgLQg+ibspmAccC4qmpq1Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL1IQASPEcwDkxBmJ51kyMzsOjMrhCV/4cWDIl79G2/+jZPHQRMLGoqqbrq7wlhwY33/28usrK6tb2Q3c1vbO7t7+f2DmokSzbDKIhHpRkgNCq6warkV2Ig1UhkKrIfD64lff0JteKTu7SjGtqR9xXucUeukhxvSMlziI5GdfMEv+lOQZRLMSQHmqHTyX61uxBKJyjJBjWkGfmzbKdWWM4HjXCsxGFM2pH1sOqqoRNNOpxePyYlTuqQXaVfKkqn6eyKl0piRDF2npHZgFr2J+J/XTGzvop1yFScWFZst6iWC2IhM3iddrpFZMXKEMs3drYQNqKbMupByLoRg8eVlUjsrBqXi5V2pUL6ax5GFIziGUwjgHMpwCxWoAgMFz/AKb57xXrx372PWmvHmM4fwB97nD790kFM=</latexit>

f / e�
m
T

<latexit sha1_base64="z0tha8PbQTs3gFzbm/PZQcq0PLQ=">AAACA3icbVDLSgMxFM34rPU16k43wSK4scxIQd1IwY3LCn1BZyyZNNOG5jEkGaEMA278FTcuFHHrT7jzb0wfC209EDiccy8350QJo9p43reztLyyurZe2Chubm3v7Lp7+00tU4VJA0smVTtCmjAqSMNQw0g7UQTxiJFWNLwZ+60HojSVom5GCQk56gsaU4yMlbruYQyDRMnESEjus7MgVghnPM/qed51S17ZmwAuEn9GSmCGWtf9CnoSp5wIgxnSuuN7iQkzpAzFjOTFINUkQXiI+qRjqUCc6DCbZMjhiVV6MJbKPmHgRP29kSGu9YhHdpIjM9Dz3lj8z+ukJr4MMyqS1BCBp4filEGbeFwI7FFFsGEjSxBW1P4V4gGyNRhbW9GW4M9HXiTN87JfKV/dVUrV61kdBXAEjsEp8MEFqIJbUAMNgMEjeAav4M15cl6cd+djOrrkzHYOwB84nz8+kJfu</latexit>

Presence of particles heavier than T is exponentially suppressed

degrees of 
freedom

two polarizationsgi(�) = 2

<latexit sha1_base64="e8Wqa6msVAERt+CzU9Zqcuzi19o=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VKSUlAPSsGLxwq2FtoQJttNu3Q3CbsboYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wMy9IOFPacb6twtr6xuZWcbu0s7u3X7YPDjsqTiWhbRLzWHYDUJSziLY105x2E0lBBJw+BOObmf/wSKVicXSvJwn1BAwjFjIC2ki+XR76rNofghBwhq9w3bcrTs2ZA68SNycVlKPl21/9QUxSQSNNOCjVc51EexlIzQin01I/VTQBMoYh7RkagaDKy+aHT/GpUQY4jKWpSOO5+nsiA6HURASmU4AeqWVvJv7n9VIdXngZi5JU04gsFoUpxzrGsxTwgElKNJ8YAkQycysmI5BAtMmqZEJwl19eJZ16zW3ULu8aleZ1HkcRHaMTVEUuOkdNdItaqI0IStEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/ALwLkdc=</latexit>

more on this later

k ⌧ m

<latexit sha1_base64="ZESF28qIAH2qwZpjOkKaBTf1VC8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb1IwYvHCvYD2qVk02wbNsmGJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMixRnxvr+t1daW9/Y3CpvV3Z29/YPqodHbZNmmtAWSXmquxE2lDNJW5ZZTrtKUywiTjtRcjfzO09UG5bKRztRNBR4JFnMCLZO6iSozzkSg2rNr/tzoFUSFKQGBZqD6ld/mJJMUGkJx8b0Al/ZMMfaMsLptNLPDFWYJHhEe45KLKgJ8/m5U3TmlCGKU+1KWjRXf0/kWBgzEZHrFNiOzbI3E//zepmNr8OcSZVZKsliUZxxZFM0+x0NmabE8okjmGjmbkVkjDUm1iVUcSEEyy+vkvZFPbis3zxc1hq3RRxlOIFTOIcArqAB99CEFhBI4Ble4c1T3ov37n0sWkteMXMMf+B9/gCStY8U</latexit>

fF/B =
1

e
Ei
T ± 1

<latexit sha1_base64="UCdGu8xyZOqL7PHCruY79lhmDBs=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyyCINQZKagLpSiKywq9QWccMmmmDc1cSDJCCfMQbnwVNy4UcevCnW9j2s5CW38IfPznHE7O7yeMCmlZ38bc/MLi0nJhpbi6tr6xaW5tN0WcckwaOGYxb/tIEEYj0pBUMtJOOEGhz0jLH1yN6q0HwgWNo7ocJsQNUS+iAcVIasszDwNP3RxdZvAcOgFHWNmZIvdqwtcezVQ9y6CThNDOPLNkla2x4CzYOZRArppnfjndGKchiSRmSIiObSXSVYhLihnJik4qSILwAPVIR2OEQiJcNT4qg/va6cIg5vpFEo7d3xMKhUIMQ193hkj2xXRtZP5X66QyOHUVjZJUkghPFgUpgzKGo4Rgl3KCJRtqQJhT/VeI+0jnIXWORR2CPX3yLDSPy3alfHZXKVUv8jgKYBfsgQNggxNQBbegBhoAg0fwDF7Bm/FkvBjvxsekdc7IZ3bAHxmfP9oGnhk=</latexit>

+1

<latexit sha1_base64="fEuK2mVrpIJztBcunrmX7SfXjUA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQkmkoF6k4MVjFfsBbSib7aRdutmE3Y1QQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/loxkn6Ed0IHnIGTVWejj3eqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NLJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm07dJnytkRowtoUxxeythQ6ooMzacog3BW3x5mTQvKl61cn1fLddu8jgKcAwncAYeXEIN7qAODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w/jhIzy</latexit>



Adiabatics

Pressure and conservation of entropy

Pressure pi = gi

Z
d3k

(2⇡)3
fi(x, p)

k2

3Ei

<latexit sha1_base64="eGQYQ+u3WNUNyDJP6cbXq60PCos="></latexit>

Entropy density conserved with expansion

dp

dT
=

⇢+ p

T
⌘ s

<latexit sha1_base64="URsD6/SQvpi2632UZsyR0yTenhA=">AAACFnicbZBNS8MwGMdTX+d8q3r0EhyCII5WBupBGXjxOGFvsJaRpukWlqY1SQej9FN48at48aCIV/HmtzHdetDNBxL+/P7PQ/L8vZhRqSzr21haXlldWy9tlDe3tnd2zb39towSgUkLRywSXQ9JwignLUUVI91YEBR6jHS80W3ud8ZESBrxpprExA3RgNOAYqQ06ptnTiAQTn0YZ/pqZvAazogjhhE8zbGGDnlI6BjKvlmxqta04KKwC1EBRTX65pfjRzgJCVeYISl7thUrN0VCUcxIVnYSSWKER2hAelpyFBLpptO1MnisiQ+DSOjDFZzS3xMpCqWchJ7uDJEaynkvh/95vUQFl25KeZwowvHsoSBhUEUwzwj6VBCs2EQLhAXVf4V4iHQqSidZ1iHY8ysvivZ51a5Vr+5rlfpNEUcJHIIjcAJscAHq4A40QAtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD+xvnps=</latexit>

s / a3

<latexit sha1_base64="FHfV6XLZuiAWYZ/I/52JXcBjklU=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KrtaUC9S8OKxgv2Adi3ZNG1Ds0lMsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5keLMWN//9lZW19Y3NnNb+e2d3b39wsFh3chEE1ojkkvdjLChnAlas8xy2lSa4jjitBENb6d+Y0S1YVI82LGiYYz7gvUYwdZJoUFtpaWyEuHHi06h6Jf8GdAyCTJShAzVTuGr3ZUkiamwhGNjWoGvbJhibRnhdJJvJ4YqTIa4T1uOChxTE6azoyfo1Cld1JPalbBopv6eSHFszDiOXGeM7cAselPxP6+V2N5VmDKhEksFmS/qJRy5J6cJoC7TlFg+dgQTzdytiAywxsS6nPIuhGDx5WVSPy8F5dL1fblYucniyMExnMAZBHAJFbiDKtSAwBM8wyu8eSPvxXv3PuatK142cwR/4H3+ABXZkak=</latexit>

a�3 d(⇢+ p)a3

dt
� dp

dt
= 0

<latexit sha1_base64="gWUyKYt3WDw7qTnAnNPNUo+omEk=">AAACIHicbVDLSsNAFJ34rPUVdelmsAgVaUlsoXYhFNy4rGAf0KRlMpm0QycPZiZCCfkUN/6KGxeK6E6/xmkbQVsPXDiccy/33uNEjAppGJ/ayura+sZmbiu/vbO7t68fHLZFGHNMWjhkIe86SBBGA9KSVDLSjThBvsNIxxlfT/3OPeGChsGdnETE9tEwoB7FSCppoNdQPylVUmh5HOHELVp8FMJzGJ2hfiVNXChTWPoxYZQpV9AY6AWjbMwAl4mZkQLI0BzoH5Yb4tgngcQMCdEzjUjaCeKSYkbSvBULEiE8RkPSUzRAPhF2MnswhadKcaEXclWBhDP190SCfCEmvqM6fSRHYtGbiv95vVh6l3ZCgyiWJMDzRV7MoAzhNC3oUk6wZBNFEOZU3QrxCKk0pMo0r0IwF19eJu2Lslkt12+rhUY9iyMHjsEJKAIT1EAD3IAmaAEMHsATeAGv2qP2rL1p7/PWFS2bOQJ/oH19AwKNoQA=</latexit>

chain rule and the above gives

a�3T
d

dt

✓
(⇢+ p)a3

T

◆
= 0

<latexit sha1_base64="dCMXf/X6XGAs1h3PNJtT/JzpzSA="></latexit>



Cosmic inventory

Photons

⇢i = gi

Z
d3k

(2⇡)3
fi(x, k)Ei(k)

<latexit sha1_base64="duhr++xS9QDUeR8D7UVAqUVRa7s="></latexit>

m = 0 ) E = k

<latexit sha1_base64="wE14NCNwagNUCLGoU15yAwc63XE=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVmFXBbVQAyJYRjEPSJYwO5lNhsxjmZlVwpLGX7GxUMTW1j+w82+cbFJo4oELh3Pu5d57wphRbTzv25mZnZtfWMwt5ZdXVtfW3Y3NqpaJwqSCJZOqHiJNGBWkYqhhpB4rgnjISC3sXQ792j1RmkpxZ/oxCTjqCBpRjIyVWu42h2fQg81b2ukapJR8gFdW6bXcglf0MsBp4o9J4eLzMEO55X412xInnAiDGdK64XuxCVKkDMWMDPLNRJMY4R7qkIalAnGigzR7YAD3rNKGkVS2hIGZ+nsiRVzrPg9tJ0emqye9ofif10hMdBKkVMSJIQKPFkUJg0bCYRqwTRXBhvUtQVhReyvEXaQQNjazvA3Bn3x5mlQPiv5R8fTGL5TOwQg5sAN2wT7wwTEogWtQBhWAwQA8gRfw6jw6z86b8z5qnXHGM1vgD5yPH8vFltY=</latexit>

g� = 2

<latexit sha1_base64="YfKnjMWeLjDIO+7kphK0fSQIlHE=">AAAB83icbVA9SwNBEN2LXzF+RS1tVoNgFe6CoBZKII1lBPMBuSPMbfYuS3bvjt09JRwprK21sVDE1j9j579x81Fo4oOBx3szzMzzE86Utu1vK7e0vLK6ll8vbGxube8Ud/eaKk4loQ0S81i2fVCUs4g2NNOcthNJQfictvxBbey37qhULI5u9TChnoAwYgEjoI3khl03BCEAX+JKt1iyy/YEeJE4M1KqHt7zx9rTQ71b/HJ7MUkFjTThoFTHsRPtZSA1I5yOCm6qaAJkACHtGBqBoMrLJjeP8LFRejiIpalI44n6eyIDodRQ+KZTgO6reW8s/ud1Uh2cexmLklTTiEwXBSnHOsbjAHCPSUo0HxoCRDJzKyZ9kEC0ialgQnDmX14kzUrZOS1f3Dil6hWaIo8O0BE6QQ46Q1V0jeqogQhK0DN6RW9War1Y79bHtDVnzWb20R9Ynz/sPJPz</latexit>



Cosmic inventory

Photons

⇢i = gi

Z
d3k

(2⇡)3
fi(x, k)Ei(k)

<latexit sha1_base64="duhr++xS9QDUeR8D7UVAqUVRa7s="></latexit>

m = 0 ) E = k

<latexit sha1_base64="wE14NCNwagNUCLGoU15yAwc63XE=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVmFXBbVQAyJYRjEPSJYwO5lNhsxjmZlVwpLGX7GxUMTW1j+w82+cbFJo4oELh3Pu5d57wphRbTzv25mZnZtfWMwt5ZdXVtfW3Y3NqpaJwqSCJZOqHiJNGBWkYqhhpB4rgnjISC3sXQ792j1RmkpxZ/oxCTjqCBpRjIyVWu42h2fQg81b2ukapJR8gFdW6bXcglf0MsBp4o9J4eLzMEO55X412xInnAiDGdK64XuxCVKkDMWMDPLNRJMY4R7qkIalAnGigzR7YAD3rNKGkVS2hIGZ+nsiRVzrPg9tJ0emqye9ofif10hMdBKkVMSJIQKPFkUJg0bCYRqwTRXBhvUtQVhReyvEXaQQNjazvA3Bn3x5mlQPiv5R8fTGL5TOwQg5sAN2wT7wwTEogWtQBhWAwQA8gRfw6jw6z86b8z5qnXHGM1vgD5yPH8vFltY=</latexit>

g� = 2

<latexit sha1_base64="YfKnjMWeLjDIO+7kphK0fSQIlHE=">AAAB83icbVA9SwNBEN2LXzF+RS1tVoNgFe6CoBZKII1lBPMBuSPMbfYuS3bvjt09JRwprK21sVDE1j9j579x81Fo4oOBx3szzMzzE86Utu1vK7e0vLK6ll8vbGxube8Ud/eaKk4loQ0S81i2fVCUs4g2NNOcthNJQfictvxBbey37qhULI5u9TChnoAwYgEjoI3khl03BCEAX+JKt1iyy/YEeJE4M1KqHt7zx9rTQ71b/HJ7MUkFjTThoFTHsRPtZSA1I5yOCm6qaAJkACHtGBqBoMrLJjeP8LFRejiIpalI44n6eyIDodRQ+KZTgO6reW8s/ud1Uh2cexmLklTTiEwXBSnHOsbjAHCPSUo0HxoCRDJzKyZ9kEC0ialgQnDmX14kzUrZOS1f3Dil6hWaIo8O0BE6QQ46Q1V0jeqogQhK0DN6RW9War1Y79bHtDVnzWb20R9Ynz/sPJPz</latexit>

⇢� = 2

Z
d3k

(2⇡)3
1

e
k
T � 1

k =
8⇡T 4

(2⇡)3

Z 1

0

dxx3

ex � 1

<latexit sha1_base64="cEc3n7F+fmcVpvjtciLeYkqC+k8="></latexit>



Cosmic inventory

Photons

⇢i = gi

Z
d3k

(2⇡)3
fi(x, k)Ei(k)

<latexit sha1_base64="duhr++xS9QDUeR8D7UVAqUVRa7s="></latexit>

m = 0 ) E = k

<latexit sha1_base64="wE14NCNwagNUCLGoU15yAwc63XE=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVmFXBbVQAyJYRjEPSJYwO5lNhsxjmZlVwpLGX7GxUMTW1j+w82+cbFJo4oELh3Pu5d57wphRbTzv25mZnZtfWMwt5ZdXVtfW3Y3NqpaJwqSCJZOqHiJNGBWkYqhhpB4rgnjISC3sXQ792j1RmkpxZ/oxCTjqCBpRjIyVWu42h2fQg81b2ukapJR8gFdW6bXcglf0MsBp4o9J4eLzMEO55X412xInnAiDGdK64XuxCVKkDMWMDPLNRJMY4R7qkIalAnGigzR7YAD3rNKGkVS2hIGZ+nsiRVzrPg9tJ0emqye9ofif10hMdBKkVMSJIQKPFkUJg0bCYRqwTRXBhvUtQVhReyvEXaQQNjazvA3Bn3x5mlQPiv5R8fTGL5TOwQg5sAN2wT7wwTEogWtQBhWAwQA8gRfw6jw6z86b8z5qnXHGM1vgD5yPH8vFltY=</latexit>

g� = 2

<latexit sha1_base64="YfKnjMWeLjDIO+7kphK0fSQIlHE=">AAAB83icbVA9SwNBEN2LXzF+RS1tVoNgFe6CoBZKII1lBPMBuSPMbfYuS3bvjt09JRwprK21sVDE1j9j579x81Fo4oOBx3szzMzzE86Utu1vK7e0vLK6ll8vbGxube8Ud/eaKk4loQ0S81i2fVCUs4g2NNOcthNJQfictvxBbey37qhULI5u9TChnoAwYgEjoI3khl03BCEAX+JKt1iyy/YEeJE4M1KqHt7zx9rTQ71b/HJ7MUkFjTThoFTHsRPtZSA1I5yOCm6qaAJkACHtGBqBoMrLJjeP8LFRejiIpalI44n6eyIDodRQ+KZTgO6reW8s/ud1Uh2cexmLklTTiEwXBSnHOsbjAHCPSUo0HxoCRDJzKyZ9kEC0ialgQnDmX14kzUrZOS1f3Dil6hWaIo8O0BE6QQ46Q1V0jeqogQhK0DN6RW9War1Y79bHtDVnzWb20R9Ynz/sPJPz</latexit>

⇢� = 2

Z
d3k

(2⇡)3
1

e
k
T � 1

k =
8⇡T 4

(2⇡)3

Z 1

0

dxx3

ex � 1

<latexit sha1_base64="cEc3n7F+fmcVpvjtciLeYkqC+k8="></latexit>

⇢� =
⇡2

15
T 4

<latexit sha1_base64="Xb18F9Np9sfqCsVnAJ9X1FrK5ls=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSElKRV0oBTcuK/QFTRom00k7dCYJMxOhhHyBG3/FjQtF3Lp25984bbPQ1gMXDufcy733+DGjUlnWt7Gyura+sVnYKm7v7O7tmweHbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen449up33kgQtIobKpJTFyOhiENKEZKS55ZdsQo8pwh4hzBa+gEAuHUiWm/mqX2eQadM9js1zyzZFWsGeAysXNSAjkanvnlDCKccBIqzJCUPduKlZsioShmJCs6iSQxwmM0JD1NQ8SJdNPZOxksa2UAg0joChWcqb8nUsSlnHBfd3KkRnLRm4r/eb1EBZduSsM4USTE80VBwqCK4DQbOKCCYMUmmiAsqL4V4hHSiSidYFGHYC++vEza1Ypdq1zd10r1mzyOAjgGJ+AU2OAC1MEdaIAWwOARPINX8GY8GS/Gu/Exb10x8pkj8AfG5w/52ZrG</latexit>

Stefan-
Boltzman’s law

=
⇡4

15

<latexit sha1_base64="Dm9VbFx1AKwgg4arU48/q+M1ORw="></latexit>



Cosmic inventory

Photons

⇢i = gi

Z
d3k

(2⇡)3
fi(x, k)Ei(k)

<latexit sha1_base64="duhr++xS9QDUeR8D7UVAqUVRa7s="></latexit>

m = 0 ) E = k

<latexit sha1_base64="wE14NCNwagNUCLGoU15yAwc63XE=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVmFXBbVQAyJYRjEPSJYwO5lNhsxjmZlVwpLGX7GxUMTW1j+w82+cbFJo4oELh3Pu5d57wphRbTzv25mZnZtfWMwt5ZdXVtfW3Y3NqpaJwqSCJZOqHiJNGBWkYqhhpB4rgnjISC3sXQ792j1RmkpxZ/oxCTjqCBpRjIyVWu42h2fQg81b2ukapJR8gFdW6bXcglf0MsBp4o9J4eLzMEO55X412xInnAiDGdK64XuxCVKkDMWMDPLNRJMY4R7qkIalAnGigzR7YAD3rNKGkVS2hIGZ+nsiRVzrPg9tJ0emqye9ofif10hMdBKkVMSJIQKPFkUJg0bCYRqwTRXBhvUtQVhReyvEXaQQNjazvA3Bn3x5mlQPiv5R8fTGL5TOwQg5sAN2wT7wwTEogWtQBhWAwQA8gRfw6jw6z86b8z5qnXHGM1vgD5yPH8vFltY=</latexit>

g� = 2

<latexit sha1_base64="YfKnjMWeLjDIO+7kphK0fSQIlHE=">AAAB83icbVA9SwNBEN2LXzF+RS1tVoNgFe6CoBZKII1lBPMBuSPMbfYuS3bvjt09JRwprK21sVDE1j9j579x81Fo4oOBx3szzMzzE86Utu1vK7e0vLK6ll8vbGxube8Ud/eaKk4loQ0S81i2fVCUs4g2NNOcthNJQfictvxBbey37qhULI5u9TChnoAwYgEjoI3khl03BCEAX+JKt1iyy/YEeJE4M1KqHt7zx9rTQ71b/HJ7MUkFjTThoFTHsRPtZSA1I5yOCm6qaAJkACHtGBqBoMrLJjeP8LFRejiIpalI44n6eyIDodRQ+KZTgO6reW8s/ud1Uh2cexmLklTTiEwXBSnHOsbjAHCPSUo0HxoCRDJzKyZ9kEC0ialgQnDmX14kzUrZOS1f3Dil6hWaIo8O0BE6QQ46Q1V0jeqogQhK0DN6RW9War1Y79bHtDVnzWb20R9Ynz/sPJPz</latexit>

⇢� = 2

Z
d3k

(2⇡)3
1

e
k
T � 1

k =
8⇡T 4

(2⇡)3

Z 1

0

dxx3

ex � 1

<latexit sha1_base64="cEc3n7F+fmcVpvjtciLeYkqC+k8="></latexit>

⇢� =
⇡2

15
T 4

<latexit sha1_base64="Xb18F9Np9sfqCsVnAJ9X1FrK5ls=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSElKRV0oBTcuK/QFTRom00k7dCYJMxOhhHyBG3/FjQtF3Lp25984bbPQ1gMXDufcy733+DGjUlnWt7Gyura+sVnYKm7v7O7tmweHbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen449up33kgQtIobKpJTFyOhiENKEZKS55ZdsQo8pwh4hzBa+gEAuHUiWm/mqX2eQadM9js1zyzZFWsGeAysXNSAjkanvnlDCKccBIqzJCUPduKlZsioShmJCs6iSQxwmM0JD1NQ8SJdNPZOxksa2UAg0joChWcqb8nUsSlnHBfd3KkRnLRm4r/eb1EBZduSsM4USTE80VBwqCK4DQbOKCCYMUmmiAsqL4V4hHSiSidYFGHYC++vEza1Ypdq1zd10r1mzyOAjgGJ+AU2OAC1MEdaIAWwOARPINX8GY8GS/Gu/Exb10x8pkj8AfG5w/52ZrG</latexit>

Present-day CMB: T0 = 2.7 K

<latexit sha1_base64="XTq3jxI8t2QsvtFrql0MQMOCg50=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aQyCBwkzIRA9KAEvgpcI2SAzDD2dnqRJz0J3jRjGHPwVLx4U8epvePNv7CwHTXxQ8Hiviqp6fiK4Asv6NpaWV1bX1nMb+c2t7Z1dc2+/qeJUUtagsYhl2yeKCR6xBnAQrJ1IRkJfsJY/uB77rXsmFY+jOgwT5oakF/GAUwJa8szDumfhS1wqVrBzhh1gD5Dh25FnFqyiNQFeJPaMFNAMNc/8croxTUMWARVEqY5tJeBmRAKngo3yTqpYQuiA9FhH04iETLnZ5P4RPtFKFwex1BUBnqi/JzISKjUMfd0ZEuireW8s/ud1UgjO3YxHSQosotNFQSowxHgcBu5yySiIoSaESq5vxbRPJKGgI8vrEOz5lxdJs1S0y8WLu3KhejWLI4eO0DE6RTaqoCq6QTXUQBQ9omf0it6MJ+PFeDc+pq1LxmzmAP2B8fkDa36T0g==</latexit>

⌦� =
⇢�
⇢crit

=
2.5⇥ 10�5

h2

<latexit sha1_base64="eXzsEre544+7+1uwJUjHkO6ZOKk="></latexit>

Stefan-
Boltzman’s law



Cosmic inventory

Matter

⇢i = gi

Z
d3k

(2⇡)3
fi(x, k)Ei(k)

<latexit sha1_base64="duhr++xS9QDUeR8D7UVAqUVRa7s="></latexit>

⇢meq =

(
mnm

eq, m � T
⇡2

30 g T 4
�
1, 7

8

�
, m ⌧ T

<latexit sha1_base64="634kZuyEiC1GyvNjCj4h/dDmpYQ="></latexit>



Cosmic inventory

Matter

⇢i = gi

Z
d3k

(2⇡)3
fi(x, k)Ei(k)

<latexit sha1_base64="duhr++xS9QDUeR8D7UVAqUVRa7s="></latexit>

and the number density

neq = g

Z
d3k

(2⇡)3
f(x, k)

=

(
g
�
mT
2⇡

�
e�m/T , m � T

g
⇡2T 3⇣(3)

�
1, 3

2

�
, m � T

<latexit sha1_base64="M5WZIIBNV2Wqm/iCzVV6MlBwyV0="></latexit>

⇢meq =

(
mnm

eq, m ⌧ T
⇡2

30 g T 4
�
1, 7

8

�
, m � T

<latexit sha1_base64="KBjkDPwqsfG0lgs3mXt5uRuBE3M="></latexit>



Cosmic inventory
Degrees of freedom 

SM⇢ = g⇤(T )
⇡2

30
T 4

<latexit sha1_base64="yfeHbPh7QGItywm3Nyh/YuQWQIA=">AAACC3icbVDLSsNAFJ34rPUVdelmaBGqi5LUgrpQCm5cVugLmrRMppN26GQSZiZCCdm78VfcuFDErT/gzr9x2mahrQcuHM65l3vv8SJGpbKsb2NldW19YzO3ld/e2d3bNw8OWzKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2xrdTv/1AhKQhb6hJRNwADTn1KUZKS32z4IhRCK/hsH9WapxCxxcIJ05Ee5U0ObdS2OhV+2bRKlszwGViZ6QIMtT75pczCHEcEK4wQ1J2bStSboKEopiRNO/EkkQIj9GQdDXlKCDSTWa/pPBEKwPoh0IXV3Cm/p5IUCDlJPB0Z4DUSC56U/E/rxsr/9JNKI9iRTieL/JjBlUIp8HAARUEKzbRBGFB9a0Qj5COQ+n48joEe/HlZdKqlO1q+eq+WqzdZHHkwDEogBKwwQWogTtQB02AwSN4Bq/gzXgyXox342PeumJkM0fgD4zPH7WMmPQ=</latexit>

T � mT : g⇤ = 106.75

<latexit sha1_base64="x/sozhQXHTRQTmTs7gX9mW+YZrA=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgLkIi1aqgFNy4rNAXNCFMJtN06OThzEQooSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89XsKokKb5rRUWFpeWV4qrpbX1jc0tfXunJeKUY9LEMYt5x0OCMBqRpqSSkU7CCQo9Rtre4Gbstx8IFzSOGnKYECdEQUR7FCOpJFffb9hBAEO3AS+hfZ8iHwbuMbyClnlmVE9dvWwa5gRwnlg5KYMcdVf/sv0YpyGJJGZIiK5lJtLJEJcUMzIq2akgCcIDFJCuohEKiXCyyRsjeKgUH/ZiriqScKL+nshQKMQw9FRniGRfzHpj8T+vm8reuZPRKEklifB0US9lUMZwnAn0KSdYsqEiCHOqboW4jzjCUiVXUiFYsy/Pk9aJYVWMi7tKuXadx1EEe+AAHAELVEEN3II6aAIMHsEzeAVv2pP2or1rH9PWgpbP7II/0D5/AFDuldI=</latexit>



Cosmic inventory

⇢ = g⇤(T )
⇡2

30
T 4

<latexit sha1_base64="yfeHbPh7QGItywm3Nyh/YuQWQIA=">AAACC3icbVDLSsNAFJ34rPUVdelmaBGqi5LUgrpQCm5cVugLmrRMppN26GQSZiZCCdm78VfcuFDErT/gzr9x2mahrQcuHM65l3vv8SJGpbKsb2NldW19YzO3ld/e2d3bNw8OWzKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2xrdTv/1AhKQhb6hJRNwADTn1KUZKS32z4IhRCK/hsH9WapxCxxcIJ05Ee5U0ObdS2OhV+2bRKlszwGViZ6QIMtT75pczCHEcEK4wQ1J2bStSboKEopiRNO/EkkQIj9GQdDXlKCDSTWa/pPBEKwPoh0IXV3Cm/p5IUCDlJPB0Z4DUSC56U/E/rxsr/9JNKI9iRTieL/JjBlUIp8HAARUEKzbRBGFB9a0Qj5COQ+n48joEe/HlZdKqlO1q+eq+WqzdZHHkwDEogBKwwQWogTtQB02AwSN4Bq/gzXgyXox342PeumJkM0fgD4zPH7WMmPQ=</latexit>



Cosmic inventory
Degrees of freedom 

SM⇢ = g⇤(T )
⇡2

30
T 4

<latexit sha1_base64="yfeHbPh7QGItywm3Nyh/YuQWQIA=">AAACC3icbVDLSsNAFJ34rPUVdelmaBGqi5LUgrpQCm5cVugLmrRMppN26GQSZiZCCdm78VfcuFDErT/gzr9x2mahrQcuHM65l3vv8SJGpbKsb2NldW19YzO3ld/e2d3bNw8OWzKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2xrdTv/1AhKQhb6hJRNwADTn1KUZKS32z4IhRCK/hsH9WapxCxxcIJ05Ee5U0ObdS2OhV+2bRKlszwGViZ6QIMtT75pczCHEcEK4wQ1J2bStSboKEopiRNO/EkkQIj9GQdDXlKCDSTWa/pPBEKwPoh0IXV3Cm/p5IUCDlJPB0Z4DUSC56U/E/rxsr/9JNKI9iRTieL/JjBlUIp8HAARUEKzbRBGFB9a0Qj5COQ+n48joEe/HlZdKqlO1q+eq+WqzdZHHkwDEogBKwwQWogTtQB02AwSN4Bq/gzXgyXox342PeumJkM0fgD4zPH7WMmPQ=</latexit>

T � mT : g⇤ = 106.75

<latexit sha1_base64="x/sozhQXHTRQTmTs7gX9mW+YZrA=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgLkIi1aqgFNy4rNAXNCFMJtN06OThzEQooSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89XsKokKb5rRUWFpeWV4qrpbX1jc0tfXunJeKUY9LEMYt5x0OCMBqRpqSSkU7CCQo9Rtre4Gbstx8IFzSOGnKYECdEQUR7FCOpJFffb9hBAEO3AS+hfZ8iHwbuMbyClnlmVE9dvWwa5gRwnlg5KYMcdVf/sv0YpyGJJGZIiK5lJtLJEJcUMzIq2akgCcIDFJCuohEKiXCyyRsjeKgUH/ZiriqScKL+nshQKMQw9FRniGRfzHpj8T+vm8reuZPRKEklifB0US9lUMZwnAn0KSdYsqEiCHOqboW4jzjCUiVXUiFYsy/Pk9aJYVWMi7tKuXadx1EEe+AAHAELVEEN3II6aAIMHsEzeAVv2pP2or1rH9PWgpbP7II/0D5/AFDuldI=</latexit>
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g* in the SM above the QCD PhTr
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<latexit sha1_base64="uPRc3dDS7mhJufcclNEyP420kzY="></latexit>

⇢ = g⇤
⇡
2

30
T

4 = 3H2
M

2
Pl

<latexit sha1_base64="DqJiRJYny2kA3T2A3ONohdwE7Uc="></latexit>



Entropy and decoupling

⇢ = g⇤(T )
⇡2

30
T 4

<latexit sha1_base64="yfeHbPh7QGItywm3Nyh/YuQWQIA=">AAACC3icbVDLSsNAFJ34rPUVdelmaBGqi5LUgrpQCm5cVugLmrRMppN26GQSZiZCCdm78VfcuFDErT/gzr9x2mahrQcuHM65l3vv8SJGpbKsb2NldW19YzO3ld/e2d3bNw8OWzKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2xrdTv/1AhKQhb6hJRNwADTn1KUZKS32z4IhRCK/hsH9WapxCxxcIJ05Ee5U0ObdS2OhV+2bRKlszwGViZ6QIMtT75pczCHEcEK4wQ1J2bStSboKEopiRNO/EkkQIj9GQdDXlKCDSTWa/pPBEKwPoh0IXV3Cm/p5IUCDlJPB0Z4DUSC56U/E/rxsr/9JNKI9iRTieL/JjBlUIp8HAARUEKzbRBGFB9a0Qj5COQ+n48joEe/HlZdKqlO1q+eq+WqzdZHHkwDEogBKwwQWogTtQB02AwSN4Bq/gzXgyXox342PeumJkM0fgD4zPH7WMmPQ=</latexit>

s =
⇢+ p

T

<latexit sha1_base64="6QcfEtyCSDmq5jRCJEpBLS2SMjs=">AAAB/3icbVBNS8NAEJ34WetXVPDiZbEIglASKagHpeDFY4V+QVPKZrtpl26yYXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMzzY86Udpxva2l5ZXVtvbBR3Nza3tm19/abSiSS0AYRXMi2jxXlLKINzTSn7VhSHPqctvzR7cRvPVCpmIjqehzTbogHEQsYwdpIPftQoWvkBRKT1JNDgc5QnKX1rGeXnLIzBVokbk5KkKPWs7+8viBJSCNNOFaq4zqx7qZYakY4zYpeomiMyQgPaMfQCIdUddPp/Rk6MUofBUKaijSaqr8nUhwqNQ590xliPVTz3kT8z+skOrjspiyKE00jMlsUJBxpgSZhoD6TlGg+NgQTycytiAyxCUObyIomBHf+5UXSPC+7lfLVfaVUvcnjKMARHMMpuHABVbiDGjSAwCM8wyu8WU/Wi/Vufcxal6x85gD+wPr8AaIAlTs=</latexit>

p� =
⇢

3

<latexit sha1_base64="EQr66N6Ll71rqhE3rnuMcP3PIaQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyXRgrpQCm5cVrAPaEKYTCft0JlJmJkIJQQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89YcKo0o7zbZWWlldW18rrlY3Nre0de3evreJUYtLCMYtlN0SKMCpIS1PNSDeRBPGQkU44upn4nQciFY3FvR4nxOdoIGhEMdJGCuyDJPAGiHMEr6AXSYQzTw7jPDvLA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRhZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIhOENqlVTAju/MuLpH1ac+u1y7t6tXFdxFEGh+AInAAXnIMGuAVN0AIYPIJn8ArerCfrxXq3PmatJauY2Qd/YH3+ANg6lxg=</latexit>

pm ' 0

<latexit sha1_base64="FQtXAAOe91nL8Uuwpb/W1jk9zI4=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqexKQb1IwYvHCvYDukvJprNtaJKNSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixVnxvr+t1dYW9/Y3Cpul3Z29/YPyodHLZNmmkKTpjzVnZgY4ExC0zLLoaM0EBFzaMej25nffgJtWCof7FhBJMhAsoRRYp0Uqp7AoWECHrHfK1f8qj8HXiVBTiooR6NX/gr7Kc0ESEs5MaYb+MpGE6ItoxympTAzoAgdkQF0HZVEgIkm85un+MwpfZyk2pW0eK7+npgQYcxYxK5TEDs0y95M/M/rZja5iiZMqsyCpItFScaxTfEsANxnGqjlY0cI1czdiumQaEKti6nkQgiWX14lrYtqUKte39cq9Zs8jiI6QafoHAXoEtXRHWqgJqJIoWf0it68zHvx3r2PRWvBy2eO0R94nz8tVpEh</latexit>

s = g⇤s
2⇡2

45
T 3

<latexit sha1_base64="zwphHx7z+ZQkVycXLeWb7lXo6Mg=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQFyWpFXWhFNy4rNAXNGmZTCft0MkkzEyEErJ246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe40WMSmVZ30ZuaXlldS2/XtjY3NreMXf3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyRrcTv/VAhKQhr6txRNwADTj1KUZKSz3zUMJrOOglpzKFji8QTsrQiWi3nCaV8xTWu2c9s2iVrCngIrEzUgQZaj3zy+mHOA4IV5ghKTu2FSk3QUJRzEhacGJJIoRHaEA6mnIUEOkm01dSeKyVPvRDoYsrOFV/TyQokHIceLozQGoo572J+J/XiZV/6SaUR7EiHM8W+TGDKoSTXGCfCoIVG2uCsKD6VoiHSAeidHoFHYI9//IiaZZLdqV0dV8pVm+yOPLgAByBE2CDC1AFd6AGGgCDR/AMXsGb8WS8GO/Gx6w1Z2Qz++APjM8fbBaY1Q==</latexit>

g⇤ ' g⇤s

<latexit sha1_base64="DlkpDS6SLZ3jCLajxyn9boLcARM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHERUmkoG6k4MZlBfuANoTJdNIOnZnEmYkQQvwVNy4UceuHuPNvnLRZaOuBC2fOuZe59wQxo0o7zre1srq2vrFZ2apu7+zu7dsHh10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN4fceiVQ0Evc6jYnH0VjQkGKkjeTbtbGfneVwqCgnD7B4qNy3607DmQEuE7ckdVCi7dtfw1GEE06ExgwpNXCdWHsZkppiRvLqMFEkRniKxmRgqECcKC+bLZ/DE6OMYBhJU0LDmfp7IkNcqZQHppMjPVGLXiH+5w0SHV56GRVxoonA84/ChEEdwSIJOKKSYM1SQxCW1OwK8QRJhLXJq2pCcBdPXibd84bbbFzdNeut6zKOCjgCx+AUuOACtMAtaIMOwCAFz+AVvFlP1ov1bn3MW1escqYG/sD6/AEcSZRv</latexit>

0 =
dS

dt
=

g⇤sT 3a3

dt
) T / g�1/3

⇤s a�1

<latexit sha1_base64="Hb8tRqNS/Daw74yhZrdwDPWcJyw="></latexit>

matter radiation

entropy

mass effects



Entropy and decoupling

Thermal equilibrium � ⇠ H

<latexit sha1_base64="QCvEEw9+FvSfPYhZ7PmaZPnB2EA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb1IwYM9VrAf0F1KNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ389tjqjSL5aOZJDQQeCBZxAg2Vgr8eywERr5mAtV75YpbdedAq8TLSQVyNHrlL78fk1RQaQjHWnc9NzFBhpVhhNNpyU81TTAZ4QHtWiqxoDrI5kdP0ZlV+iiKlS1p0Fz9PZFhofVEhLZTYDPUy95M/M/rpia6DjImk9RQSRaLopQjE6NZAqjPFCWGTyzBRDF7KyJDrDAxNqeSDcFbfnmVtC6q3mX15uGyUrvN4yjCCZzCOXhwBTWoQwOaQOAJnuEV3pyx8+K8Ox+L1oKTzxzDHzifP735kXA=</latexit>



Entropy and decoupling

QED thermal equilibrium

neq / T 3

<latexit sha1_base64="KIfd1SsVpCYVdDNsu40OuGv/5nM=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFclRktqBspuHFZoS9oxyGTZtrQTBKTjFiG+RU3LhRx64+4829MHwttPXDhcM693HtPJBnVxvO+nZXVtfWNzcJWcXtnd2/fPSi1tEgVJk0smFCdCGnCKCdNQw0jHakISiJG2tHoZuK3H4nSVPCGGUsSJGjAaUwxMlYK3RIPM/KQw55UQhoBG/fnoVv2Kt4UcJn4c1IGc9RD96vXFzhNCDeYIa27vidNkCFlKGYkL/ZSTSTCIzQgXUs5SogOsuntOTyxSh/GQtniBk7V3xMZSrQeJ5HtTJAZ6kVvIv7ndVMTXwYZ5TI1hOPZojhl0D45CQL2qSLYsLElCCtqb4V4iBTCxsZVtCH4iy8vk9ZZxa9Wru6q5dr1PI4COALH4BT44ALUwC2ogybA4Ak8g1fw5uTOi/PufMxaV5z5zCH4A+fzB5gnlCc=</latexit>

� ⇠ H

<latexit sha1_base64="QCvEEw9+FvSfPYhZ7PmaZPnB2EA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb1IwYM9VrAf0F1KNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ389tjqjSL5aOZJDQQeCBZxAg2Vgr8eywERr5mAtV75YpbdedAq8TLSQVyNHrlL78fk1RQaQjHWnc9NzFBhpVhhNNpyU81TTAZ4QHtWiqxoDrI5kdP0ZlV+iiKlS1p0Fz9PZFhofVEhLZTYDPUy95M/M/rpia6DjImk9RQSRaLopQjE6NZAqjPFCWGTyzBRDF7KyJDrDAxNqeSDcFbfnmVtC6q3mX15uGyUrvN4yjCCZzCOXhwBTWoQwOaQOAJnuEV3pyx8+K8Ox+L1oKTzxzDHzifP735kXA=</latexit>

h�vi / ↵2

T 2

<latexit sha1_base64="quKta64YakA/CdvTE3oHw6CCyck=">AAACHnicbVDNSgMxGMzWv1r/Vj16CRbBU9ktFfUiBS8eFWwVurV8m2bb0Gw2JNlCWfokXnwVLx4UETzp25i2e9DWgYRh5vtIZkLJmTae9+0UlpZXVteK66WNza3tHXd3r6mTVBHaIAlP1H0ImnImaMMww+m9VBTikNO7cHA58e+GVGmWiFszkrQdQ0+wiBEwVuq4JwEH0eMUB5r1YsBDHKhckCqRJsFBpIBkAXDZh4fqOLu1V8ctexVvCrxI/JyUUY7rjvsZdBOSxlQYwkHrlu9J085AGUY4HZeCVFMJZAA92rJUQEx1O5vGG+Mjq3RxlCh7hMFT9fdGBrHWozi0kzGYvp73JuJ/Xis10Vk7Y0KmhgoyeyhKObapJ13hLlOUGD6yBIhi9q+Y9MHWYWyjJVuCPx95kTSrFb9WOb+plesXeR1FdIAO0THy0Smqoyt0jRqIoEf0jF7Rm/PkvDjvzsdstODkO/voD5yvH2Lnoqo=</latexit>

� ' neqh�vi ⇠ 10↵2 T

<latexit sha1_base64="I4DekgCAWySJirGQw9nNS58Psgk="></latexit>

+

<latexit sha1_base64="Ik+r57fH5xGyx3t8VcsiA2H93aY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXAupFAl48JmAekCxhdtKbjJmdXWZmhRDyBV48KOLVT/Lm3zhJ9qCJBQ1FVTfdXUEiuDau++3k1tY3Nrfy24Wd3b39g+LhUVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo7uZ33pCpXksH8w4QT+iA8lDzqixUv2iVyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzQKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeO1PuExSg5ItFoWpICYms69JnytkRowtoUxxeythQ6ooMzabgg3BW355lTQvy16lfFOvlKq3WRx5OIFTOAcPrqAK91CDBjBAeIZXeHMenRfn3flYtOacbOYY/sD5/AF0MYy3</latexit>

�

<latexit sha1_base64="EnsJG0WL723gDAXTuyMf/glzamk=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL1IwIvHCOYByRJ6J7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUE9okiivdicBQziRtWmY57SSagog4bUfj25nffqLaMCUf7CShoYChZDEjYJ3U6g1BCOiXK37VnwOvkiAnFZSj0S9/9QaKpIJKSzgY0w38xIYZaMsIp9NSLzU0ATKGIe06KkFQE2bza6f4zCkDHCvtSlo8V39PZCCMmYjIdQqwI7PszcT/vG5q46swYzJJLZVksShOObYKz17HA6YpsXziCBDN3K2YjEADsS6gkgshWH55lbQuqkGten1fq9Rv8jiK6ASdonMUoEtUR3eogZqIoEf0jF7Rm6e8F+/d+1i0Frx85hj9gff5A4mXjx0=</latexit>

more 
on this
later

A / ↵

k2

<latexit sha1_base64="6U81nwVhe5Uf0kkHTB67pZ3Jv7A=">AAACDnicbVDLSsNAFJ34rPVVdelmsBRclaQUtLuKG5cV7AOaWG6mk3boJBlmJkIJ+QI3/oobF4q4de3Ov3HSdqGtBwYO59zL3HN8wZnStv1tra1vbG5tF3aKu3v7B4elo+OOihNJaJvEPJY9HxTlLKJtzTSnPSEphD6nXX9ynfvdByoVi6M7PRXUC2EUsYAR0EYalCpuCHpMgOMr7AoZCx1jN5BAUhe4GEOWTu5r2aBUtqv2DHiVOAtSRgu0BqUvdxiTJKSRJhyU6ju20F4KUjPCaVZ0E0UFkAmMaN/QCEKqvHQWJ8MVowxxEEvzIo1n6u+NFEKlpqFvJvPj1bKXi/95/UQHl17KIpFoGpH5R0HCscmcd4OHTFKi+dQQIJKZWzEZgylDmwaLpgRnOfIq6dSqTr3auK2Xm41FHQV0is7QOXLQBWqiG9RCbUTQI3pGr+jNerJerHfrYz66Zi12TtAfWJ8/PMqcPA==</latexit>

m� = 0

<latexit sha1_base64="y2CDsVcrWT7Mlmugl/MsoWt6/D8=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokU1INQ8OKxgv2AJpTJdtMu3U3C7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJV/2/SFKieSWuP1K1a25c5BV4hWkCgWa/cqXP0hoJllsqECte56bmiBHZTgVbFr2M81SpGMcsp6lMUqmg3x+85ScW2VAokTZig2Zq78ncpRaT2RoOyWakV72ZuJ/Xi8z0XWQ8zjNDIvpYlGUCWISMguADLhi1IiJJUgVt7cSOkKF1NiYyjYEb/nlVdK+rHn12s1DvdqoF3GU4BTO4AI8uIIG3EMTWkAhhWd4hTcnc16cd+dj0brmFDMn8AfO5w+ys5DI</latexit>



Entropy and decoupling

QED thermal equilibrium

neq / T 3

<latexit sha1_base64="KIfd1SsVpCYVdDNsu40OuGv/5nM=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFclRktqBspuHFZoS9oxyGTZtrQTBKTjFiG+RU3LhRx64+4829MHwttPXDhcM693HtPJBnVxvO+nZXVtfWNzcJWcXtnd2/fPSi1tEgVJk0smFCdCGnCKCdNQw0jHakISiJG2tHoZuK3H4nSVPCGGUsSJGjAaUwxMlYK3RIPM/KQw55UQhoBG/fnoVv2Kt4UcJn4c1IGc9RD96vXFzhNCDeYIa27vidNkCFlKGYkL/ZSTSTCIzQgXUs5SogOsuntOTyxSh/GQtniBk7V3xMZSrQeJ5HtTJAZ6kVvIv7ndVMTXwYZ5TI1hOPZojhl0D45CQL2qSLYsLElCCtqb4V4iBTCxsZVtCH4iy8vk9ZZxa9Wru6q5dr1PI4COALH4BT44ALUwC2ogybA4Ak8g1fw5uTOi/PufMxaV5z5zCH4A+fzB5gnlCc=</latexit>

� ⇠ H

<latexit sha1_base64="QCvEEw9+FvSfPYhZ7PmaZPnB2EA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb1IwYM9VrAf0F1KNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ389tjqjSL5aOZJDQQeCBZxAg2Vgr8eywERr5mAtV75YpbdedAq8TLSQVyNHrlL78fk1RQaQjHWnc9NzFBhpVhhNNpyU81TTAZ4QHtWiqxoDrI5kdP0ZlV+iiKlS1p0Fz9PZFhofVEhLZTYDPUy95M/M/rpia6DjImk9RQSRaLopQjE6NZAqjPFCWGTyzBRDF7KyJDrDAxNqeSDcFbfnmVtC6q3mX15uGyUrvN4yjCCZzCOXhwBTWoQwOaQOAJnuEV3pyx8+K8Ox+L1oKTzxzDHzifP735kXA=</latexit>

h�vi / ↵2

T 2

<latexit sha1_base64="quKta64YakA/CdvTE3oHw6CCyck=">AAACHnicbVDNSgMxGMzWv1r/Vj16CRbBU9ktFfUiBS8eFWwVurV8m2bb0Gw2JNlCWfokXnwVLx4UETzp25i2e9DWgYRh5vtIZkLJmTae9+0UlpZXVteK66WNza3tHXd3r6mTVBHaIAlP1H0ImnImaMMww+m9VBTikNO7cHA58e+GVGmWiFszkrQdQ0+wiBEwVuq4JwEH0eMUB5r1YsBDHKhckCqRJsFBpIBkAXDZh4fqOLu1V8ctexVvCrxI/JyUUY7rjvsZdBOSxlQYwkHrlu9J085AGUY4HZeCVFMJZAA92rJUQEx1O5vGG+Mjq3RxlCh7hMFT9fdGBrHWozi0kzGYvp73JuJ/Xis10Vk7Y0KmhgoyeyhKObapJ13hLlOUGD6yBIhi9q+Y9MHWYWyjJVuCPx95kTSrFb9WOb+plesXeR1FdIAO0THy0Smqoyt0jRqIoEf0jF7Rm/PkvDjvzsdstODkO/voD5yvH2Lnoqo=</latexit>

� ' neqh�vi ⇠ 10↵2 T

<latexit sha1_base64="I4DekgCAWySJirGQw9nNS58Psgk="></latexit>

H ⇠
p
3g⇤

T
2

M
2
Pl

<latexit sha1_base64="BCin7R7u+CMgtSvVe4GS6DX0h40=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQF2WmLagbKbjpRqjQF3TGIZNm2tDMwyQjlDAf4sZfceNCETcuBP/G9LHQ1gsJh3Puuck9fsKokJb1beRWVtfWN/Kbha3tnd09c/+gLeKUY9LCMYt510eCMBqRlqSSkW7CCQp9Rjr+6Hqidx4IFzSOmnKcEDdEg4gGFCOpKc+s1KEjaKivey5VBQ68s8wJOMKqeVfOlHJi7Z4MhzeZpxos06xnFq2SNS24DOw5KIJ5NTzz0+nHOA1JJDFDQvRsK5GuQlxSzEhWcFJBEoRHaEB6GkYoJMJV0+UyeKKZPgxirk8k4ZT97VAoFGIc+rozRHIoFrUJ+Z/WS2Vw4SoaJakkEZ49FKQMyhhOkoJ9ygmWbKwBwpzqv0I8RDoaqfMs6BDsxZWXQbtcsquly9tqsXY1jyMPjsAxOAU2OAc1UAcN0AIYPIJn8ArejCfjxXg3PmatOWPuOQR/yvj6Ab96odM=</latexit>

+

<latexit sha1_base64="Ik+r57fH5xGyx3t8VcsiA2H93aY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXAupFAl48JmAekCxhdtKbjJmdXWZmhRDyBV48KOLVT/Lm3zhJ9qCJBQ1FVTfdXUEiuDau++3k1tY3Nrfy24Wd3b39g+LhUVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo7uZ33pCpXksH8w4QT+iA8lDzqixUv2iVyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzQKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeO1PuExSg5ItFoWpICYms69JnytkRowtoUxxeythQ6ooMzabgg3BW355lTQvy16lfFOvlKq3WRx5OIFTOAcPrqAK91CDBjBAeIZXeHMenRfn3flYtOacbOYY/sD5/AF0MYy3</latexit>

�

<latexit sha1_base64="EnsJG0WL723gDAXTuyMf/glzamk=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL1IwIvHCOYByRJ6J7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUE9okiivdicBQziRtWmY57SSagog4bUfj25nffqLaMCUf7CShoYChZDEjYJ3U6g1BCOiXK37VnwOvkiAnFZSj0S9/9QaKpIJKSzgY0w38xIYZaMsIp9NSLzU0ATKGIe06KkFQE2bza6f4zCkDHCvtSlo8V39PZCCMmYjIdQqwI7PszcT/vG5q46swYzJJLZVksShOObYKz17HA6YpsXziCBDN3K2YjEADsS6gkgshWH55lbQuqkGten1fq9Rv8jiK6ASdonMUoEtUR3eogZqIoEf0jF7Rm6e8F+/d+1i0Frx85hj9gff5A4mXjx0=</latexit>

A / ↵

k2

<latexit sha1_base64="6U81nwVhe5Uf0kkHTB67pZ3Jv7A=">AAACDnicbVDLSsNAFJ34rPVVdelmsBRclaQUtLuKG5cV7AOaWG6mk3boJBlmJkIJ+QI3/oobF4q4de3Ov3HSdqGtBwYO59zL3HN8wZnStv1tra1vbG5tF3aKu3v7B4elo+OOihNJaJvEPJY9HxTlLKJtzTSnPSEphD6nXX9ynfvdByoVi6M7PRXUC2EUsYAR0EYalCpuCHpMgOMr7AoZCx1jN5BAUhe4GEOWTu5r2aBUtqv2DHiVOAtSRgu0BqUvdxiTJKSRJhyU6ju20F4KUjPCaVZ0E0UFkAmMaN/QCEKqvHQWJ8MVowxxEEvzIo1n6u+NFEKlpqFvJvPj1bKXi/95/UQHl17KIpFoGpH5R0HCscmcd4OHTFKi+dQQIJKZWzEZgylDmwaLpgRnOfIq6dSqTr3auK2Xm41FHQV0is7QOXLQBWqiG9RCbUTQI3pGr+jNerJerHfrYz66Zi12TtAfWJ8/PMqcPA==</latexit>

m� = 0

<latexit sha1_base64="y2CDsVcrWT7Mlmugl/MsoWt6/D8=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokU1INQ8OKxgv2AJpTJdtMu3U3C7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJV/2/SFKieSWuP1K1a25c5BV4hWkCgWa/cqXP0hoJllsqECte56bmiBHZTgVbFr2M81SpGMcsp6lMUqmg3x+85ScW2VAokTZig2Zq78ncpRaT2RoOyWakV72ZuJ/Xi8z0XWQ8zjNDIvpYlGUCWISMguADLhi1IiJJUgVt7cSOkKF1NiYyjYEb/nlVdK+rHn12s1DvdqoF3GU4BTO4AI8uIIG3EMTWkAhhWd4hTcnc16cd+dj0brmFDMn8AfO5w+ys5DI</latexit>



Entropy and decoupling

QED thermal equilibrium

neq / T 3

<latexit sha1_base64="KIfd1SsVpCYVdDNsu40OuGv/5nM=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFclRktqBspuHFZoS9oxyGTZtrQTBKTjFiG+RU3LhRx64+4829MHwttPXDhcM693HtPJBnVxvO+nZXVtfWNzcJWcXtnd2/fPSi1tEgVJk0smFCdCGnCKCdNQw0jHakISiJG2tHoZuK3H4nSVPCGGUsSJGjAaUwxMlYK3RIPM/KQw55UQhoBG/fnoVv2Kt4UcJn4c1IGc9RD96vXFzhNCDeYIa27vidNkCFlKGYkL/ZSTSTCIzQgXUs5SogOsuntOTyxSh/GQtniBk7V3xMZSrQeJ5HtTJAZ6kVvIv7ndVMTXwYZ5TI1hOPZojhl0D45CQL2qSLYsLElCCtqb4V4iBTCxsZVtCH4iy8vk9ZZxa9Wru6q5dr1PI4COALH4BT44ALUwC2ogybA4Ak8g1fw5uTOi/PufMxaV5z5zCH4A+fzB5gnlCc=</latexit>

h�vi / ↵2

T 2

<latexit sha1_base64="quKta64YakA/CdvTE3oHw6CCyck=">AAACHnicbVDNSgMxGMzWv1r/Vj16CRbBU9ktFfUiBS8eFWwVurV8m2bb0Gw2JNlCWfokXnwVLx4UETzp25i2e9DWgYRh5vtIZkLJmTae9+0UlpZXVteK66WNza3tHXd3r6mTVBHaIAlP1H0ImnImaMMww+m9VBTikNO7cHA58e+GVGmWiFszkrQdQ0+wiBEwVuq4JwEH0eMUB5r1YsBDHKhckCqRJsFBpIBkAXDZh4fqOLu1V8ctexVvCrxI/JyUUY7rjvsZdBOSxlQYwkHrlu9J085AGUY4HZeCVFMJZAA92rJUQEx1O5vGG+Mjq3RxlCh7hMFT9fdGBrHWozi0kzGYvp73JuJ/Xis10Vk7Y0KmhgoyeyhKObapJ13hLlOUGD6yBIhi9q+Y9MHWYWyjJVuCPx95kTSrFb9WOb+plesXeR1FdIAO0THy0Smqoyt0jRqIoEf0jF7Rm/PkvDjvzsdstODkO/voD5yvH2Lnoqo=</latexit>

T . ↵2MPl ⇠ 1016 GeV

<latexit sha1_base64="a3Kj4UrFOrzJsJHK1syih9ZIaS0="></latexit>

SM QED in thermal equilibrium

� ⇠ H

<latexit sha1_base64="QCvEEw9+FvSfPYhZ7PmaZPnB2EA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb1IwYM9VrAf0F1KNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ389tjqjSL5aOZJDQQeCBZxAg2Vgr8eywERr5mAtV75YpbdedAq8TLSQVyNHrlL78fk1RQaQjHWnc9NzFBhpVhhNNpyU81TTAZ4QHtWiqxoDrI5kdP0ZlV+iiKlS1p0Fz9PZFhofVEhLZTYDPUy95M/M/rpia6DjImk9RQSRaLopQjE6NZAqjPFCWGTyzBRDF7KyJDrDAxNqeSDcFbfnmVtC6q3mX15uGyUrvN4yjCCZzCOXhwBTWoQwOaQOAJnuEV3pyx8+K8Ox+L1oKTzxzDHzifP735kXA=</latexit>

H ⇠
p
3g⇤

T
2

M
2
Pl

<latexit sha1_base64="BCin7R7u+CMgtSvVe4GS6DX0h40=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQF2WmLagbKbjpRqjQF3TGIZNm2tDMwyQjlDAf4sZfceNCETcuBP/G9LHQ1gsJh3Puuck9fsKokJb1beRWVtfWN/Kbha3tnd09c/+gLeKUY9LCMYt510eCMBqRlqSSkW7CCQp9Rjr+6Hqidx4IFzSOmnKcEDdEg4gGFCOpKc+s1KEjaKivey5VBQ68s8wJOMKqeVfOlHJi7Z4MhzeZpxos06xnFq2SNS24DOw5KIJ5NTzz0+nHOA1JJDFDQvRsK5GuQlxSzEhWcFJBEoRHaEB6GkYoJMJV0+UyeKKZPgxirk8k4ZT97VAoFGIc+rozRHIoFrUJ+Z/WS2Vw4SoaJakkEZ49FKQMyhhOkoJ9ygmWbKwBwpzqv0I8RDoaqfMs6BDsxZWXQbtcsquly9tqsXY1jyMPjsAxOAU2OAc1UAcN0AIYPIJn8ArejCfjxXg3PmatOWPuOQR/yvj6Ab96odM=</latexit>

� ' neqh�vi ⇠ 10↵2 T

<latexit sha1_base64="I4DekgCAWySJirGQw9nNS58Psgk="></latexit>

+

<latexit sha1_base64="Ik+r57fH5xGyx3t8VcsiA2H93aY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXAupFAl48JmAekCxhdtKbjJmdXWZmhRDyBV48KOLVT/Lm3zhJ9qCJBQ1FVTfdXUEiuDau++3k1tY3Nrfy24Wd3b39g+LhUVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo7uZ33pCpXksH8w4QT+iA8lDzqixUv2iVyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzQKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeO1PuExSg5ItFoWpICYms69JnytkRowtoUxxeythQ6ooMzabgg3BW355lTQvy16lfFOvlKq3WRx5OIFTOAcPrqAK91CDBjBAeIZXeHMenRfn3flYtOacbOYY/sD5/AF0MYy3</latexit>

�

<latexit sha1_base64="EnsJG0WL723gDAXTuyMf/glzamk=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL1IwIvHCOYByRJ6J7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUE9okiivdicBQziRtWmY57SSagog4bUfj25nffqLaMCUf7CShoYChZDEjYJ3U6g1BCOiXK37VnwOvkiAnFZSj0S9/9QaKpIJKSzgY0w38xIYZaMsIp9NSLzU0ATKGIe06KkFQE2bza6f4zCkDHCvtSlo8V39PZCCMmYjIdQqwI7PszcT/vG5q46swYzJJLZVksShOObYKz17HA6YpsXziCBDN3K2YjEADsS6gkgshWH55lbQuqkGten1fq9Rv8jiK6ASdonMUoEtUR3eogZqIoEf0jF7Rm6e8F+/d+1i0Frx85hj9gff5A4mXjx0=</latexit>

A / ↵

k2

<latexit sha1_base64="6U81nwVhe5Uf0kkHTB67pZ3Jv7A=">AAACDnicbVDLSsNAFJ34rPVVdelmsBRclaQUtLuKG5cV7AOaWG6mk3boJBlmJkIJ+QI3/oobF4q4de3Ov3HSdqGtBwYO59zL3HN8wZnStv1tra1vbG5tF3aKu3v7B4elo+OOihNJaJvEPJY9HxTlLKJtzTSnPSEphD6nXX9ynfvdByoVi6M7PRXUC2EUsYAR0EYalCpuCHpMgOMr7AoZCx1jN5BAUhe4GEOWTu5r2aBUtqv2DHiVOAtSRgu0BqUvdxiTJKSRJhyU6ju20F4KUjPCaVZ0E0UFkAmMaN/QCEKqvHQWJ8MVowxxEEvzIo1n6u+NFEKlpqFvJvPj1bKXi/95/UQHl17KIpFoGpH5R0HCscmcd4OHTFKi+dQQIJKZWzEZgylDmwaLpgRnOfIq6dSqTr3auK2Xm41FHQV0is7QOXLQBWqiG9RCbUTQI3pGr+jNerJerHfrYz66Zi12TtAfWJ8/PMqcPA==</latexit>

m� = 0

<latexit sha1_base64="y2CDsVcrWT7Mlmugl/MsoWt6/D8=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokU1INQ8OKxgv2AJpTJdtMu3U3C7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJV/2/SFKieSWuP1K1a25c5BV4hWkCgWa/cqXP0hoJllsqECte56bmiBHZTgVbFr2M81SpGMcsp6lMUqmg3x+85ScW2VAokTZig2Zq78ncpRaT2RoOyWakV72ZuJ/Xi8z0XWQ8zjNDIvpYlGUCWISMguADLhi1IiJJUgVt7cSOkKF1NiYyjYEb/nlVdK+rHn12s1DvdqoF3GU4BTO4AI8uIIG3EMTWkAhhWd4hTcnc16cd+dj0brmFDMn8AfO5w+ys5DI</latexit>



Entropy and decoupling

EW thermal equilibrium

neq / T 3

<latexit sha1_base64="KIfd1SsVpCYVdDNsu40OuGv/5nM=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFclRktqBspuHFZoS9oxyGTZtrQTBKTjFiG+RU3LhRx64+4829MHwttPXDhcM693HtPJBnVxvO+nZXVtfWNzcJWcXtnd2/fPSi1tEgVJk0smFCdCGnCKCdNQw0jHakISiJG2tHoZuK3H4nSVPCGGUsSJGjAaUwxMlYK3RIPM/KQw55UQhoBG/fnoVv2Kt4UcJn4c1IGc9RD96vXFzhNCDeYIa27vidNkCFlKGYkL/ZSTSTCIzQgXUs5SogOsuntOTyxSh/GQtniBk7V3xMZSrQeJ5HtTJAZ6kVvIv7ndVMTXwYZ5TI1hOPZojhl0D45CQL2qSLYsLElCCtqb4V4iBTCxsZVtCH4iy8vk9ZZxa9Wru6q5dr1PI4COALH4BT44ALUwC2ogybA4Ak8g1fw5uTOi/PufMxaV5z5zCH4A+fzB5gnlCc=</latexit>

h�vi ⇠ G2
FT

2

<latexit sha1_base64="LYB6Q+hXOQqh9SSv5IA5OrKr3Ho=">AAACEHicbVDLSgMxFM3UV62vqks3wSK6KjOloG6kIKjLCn1BZzpk0kwbmmSGJFMoQz/Bjb/ixoUibl26829MH4i2HrhwOOde7r0niBlV2ra/rMzK6tr6RnYzt7W9s7uX3z9oqCiRmNRxxCLZCpAijApS11Qz0oolQTxgpBkMrid+c0ikopGo6VFMPI56goYUI20kP3/qMiR6jEBX0R5HcAhd+SNweOvfdEqw1in5+YJdtKeAy8SZkwKYo+rnP91uhBNOhMYMKdV27Fh7KZKaYkbGOTdRJEZ4gHqkbahAnCgvnT40hidG6cIwkqaEhlP190SKuFIjHphOjnRfLXoT8T+vnejwwkupiBNNBJ4tChMGdQQn6cAulQRrNjIEYUnNrRD3kURYmwxzJgRn8eVl0igVnXLx8r5cqFzN48iCI3AMzoADzkEF3IEqqAMMHsATeAGv1qP1bL1Z77PWjDWfOQR/YH18A2Hpm4U=</latexit>

� ' neqh�vi ⇠ G2
FT

5

<latexit sha1_base64="028q91JpESIdRCFi3vPTP33HSJU=">AAACJXicbZDLSgMxFIYz3q23qks3wSK4KjOiqCBSENSlQqtCpw5n0tMaTDJjkimUoS/jxldx40IRwZWvYnpBvB0I/Hz/OZycP04FN9b3372x8YnJqemZ2cLc/MLiUnF55cIkmWZYY4lI9FUMBgVXWLPcCrxKNYKMBV7Gt0d9/7KD2vBEVW03xYaEtuItzsA6FBUPwhOQEmhouMQ7qqIc73o0FKDaAvu07cwODfUXkPQkOr7eotXrnahY8sv+oOhfEYxEiYzqLCq+hM2EZRKVZQKMqQd+ahs5aMuZwF4hzAymwG6hjXUnFUg0jXxwZY9uONKkrUS7pywd0O8TOUhjujJ2nRLsjfnt9eF/Xj2zrb1GzlWaWVRsuKiVCWoT2o+MNrlGZkXXCWCau79SdgMamHXBFlwIwe+T/4qLrXKwXd4/3y5VDkdxzJA1sk42SUB2SYWckjNSI4zck0fyTF68B+/Je/Xehq1j3mhmlfwo7+MTn+GkDw==</latexit>

Neutrino freeze-out, decoupling

T dec
⌫ ' MeV

<latexit sha1_base64="nY5DdT5PRkVhp/u5aVnU9a/zUjg=">AAACD3icbVA9SwNBEN3z2/gVtbRZDIpVuJOA2kjAxkZQMDGQi2FvM0mW7O2du3NiOO4f2PhXbCwUsbW189+4+Sg08cHA470ZZuYFsRQGXffbmZmdm19YXFrOrayurW/kN7eqJko0hwqPZKRrATMghYIKCpRQizWwMJBwE/TOBv7NPWgjInWN/RgaIeso0RacoZWa+f3rZuqrJLtNfYQHTFvAs4z6RoRwR0fSBVSzZr7gFt0h6DTxxqRAxrhs5r/8VsSTEBRyyYype26MjZRpFFxClvMTAzHjPdaBuqWKhWAa6fCfjO5ZpUXbkbalkA7V3xMpC43ph4HtDBl2zaQ3EP/z6gm2jxupUHGCoPhoUTuRFCM6CIe2hAaOsm8J41rYWynvMs042ghzNgRv8uVpUj0seqXiyVWpUD4dx7FEdsguOSAeOSJlck4uSYVw8kieySt5c56cF+fd+Ri1zjjjmW3yB87nD3ggnZA=</latexit>

+

<latexit sha1_base64="Ik+r57fH5xGyx3t8VcsiA2H93aY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXAupFAl48JmAekCxhdtKbjJmdXWZmhRDyBV48KOLVT/Lm3zhJ9qCJBQ1FVTfdXUEiuDau++3k1tY3Nrfy24Wd3b39g+LhUVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo7uZ33pCpXksH8w4QT+iA8lDzqixUv2iVyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzQKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeO1PuExSg5ItFoWpICYms69JnytkRowtoUxxeythQ6ooMzabgg3BW355lTQvy16lfFOvlKq3WRx5OIFTOAcPrqAK91CDBjBAeIZXeHMenRfn3flYtOacbOYY/sD5/AF0MYy3</latexit>

W,Z

<latexit sha1_base64="hZ/qX5zUr+qdhy7gVAxoDOSWxyE=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBg5RdKVQvUvDisYL9wHYp2TTbhibZJckKZelf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5gUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gslt5neeqNIskg9mGlNf4JFkISPYZFLnAj0OyhW36s6BVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+Or91hs6sMkRhpGxJg+bq74kUC62nIrCdApuxXvYy8T+vl5jwyk+ZjBNDJVksChOOTISyx9GQKUoMn1qCiWL2VkTGWGFibDwlG4K3/PIqaV9WvVr1+r5WadzkcRThBE7hHDyoQwPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5AyLGjac=</latexit>

� ⇠ H

<latexit sha1_base64="QCvEEw9+FvSfPYhZ7PmaZPnB2EA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb1IwYM9VrAf0F1KNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ389tjqjSL5aOZJDQQeCBZxAg2Vgr8eywERr5mAtV75YpbdedAq8TLSQVyNHrlL78fk1RQaQjHWnc9NzFBhpVhhNNpyU81TTAZ4QHtWiqxoDrI5kdP0ZlV+iiKlS1p0Fz9PZFhofVEhLZTYDPUy95M/M/rpia6DjImk9RQSRaLopQjE6NZAqjPFCWGTyzBRDF7KyJDrDAxNqeSDcFbfnmVtC6q3mX15uGyUrvN4yjCCZzCOXhwBTWoQwOaQOAJnuEV3pyx8+K8Ox+L1oKTzxzDHzifP735kXA=</latexit>
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<latexit sha1_base64="BCin7R7u+CMgtSvVe4GS6DX0h40=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQF2WmLagbKbjpRqjQF3TGIZNm2tDMwyQjlDAf4sZfceNCETcuBP/G9LHQ1gsJh3Puuck9fsKokJb1beRWVtfWN/Kbha3tnd09c/+gLeKUY9LCMYt510eCMBqRlqSSkW7CCQp9Rjr+6Hqidx4IFzSOmnKcEDdEg4gGFCOpKc+s1KEjaKivey5VBQ68s8wJOMKqeVfOlHJi7Z4MhzeZpxos06xnFq2SNS24DOw5KIJ5NTzz0+nHOA1JJDFDQvRsK5GuQlxSzEhWcFJBEoRHaEB6GkYoJMJV0+UyeKKZPgxirk8k4ZT97VAoFGIc+rozRHIoFrUJ+Z/WS2Vw4SoaJakkEZ49FKQMyhhOkoJ9ygmWbKwBwpzqv0I8RDoaqfMs6BDsxZWXQbtcsquly9tqsXY1jyMPjsAxOAU2OAc1UAcN0AIYPIJn8ArejCfjxXg3PmatOWPuOQR/yvj6Ab96odM=</latexit>

A / ↵2

M2
W

<latexit sha1_base64="N+nT4gl4pK/aRBQ9B3z4K2t5W5k=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0HQJuyGgKaL2NgIEcwDsnG5O5lNhszuDjOzQljyDTb+io2FIrZWdv6Nk0ehiQcGDufcy51zAsGZ0o7zbeVWVtfWN/Kbha3tnd09e/+gqZJUEtogCU9kOwBFOYtpQzPNaVtIClHAaSsYXk381gOViiXxnR4J2o2gH7OQEdBG8u0zLwI9IMDxJfaETIROsBdKIJkHXAzAL4+zG791Xx77dtEpOVPgZeLOSRHNUfftL6+XkDSisSYclOq4jtDdDKRmhNNxwUsVFUCG0KcdQ2OIqOpm00hjfGKUHg4TaV6s8VT9vZFBpNQoCszkJIBa9Cbif14n1eFFN2OxSDWNyexQmHJsck/6wT0mKdF8ZAgQycxfMRmAKUSbFgumBHcx8jJplktupVS9rRRr1XkdeXSEjtEpctE5qqFrVEcNRNAjekav6M16sl6sd+tjNpqz5juH6A+szx/MjJ2N</latexit>

mW,Z > T > 0

<latexit sha1_base64="zclT0kTyxtqOWSIP2zH82iztl7s=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBg5RECtqLFLx4rNAvbEPYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2Dkn141FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6d+Z1HKhWLRVNPEupFeChYyAjWRvLtUuRnnYuHKbpBTVOOb5edijMHWiVuTsqQo+HbX/1BTNKICk04VqrnOon2Miw1I5xOi/1U0QSTMR7SnqECR1R52fzwKTozygCFsTQlNJqrvycyHCk1iQLTGWE9UsveTPzP66U6vPYyJpJUU0EWi8KUIx2jWQpowCQlmk8MwUQycysiIywx0SarognBXX55lbQvK261Uruvluu1PI4CnMApnIMLV1CHO2hACwik8Ayv8GY9WS/Wu/WxaF2z8plj+APr8wcTRpFl</latexit>



Entropy and decoupling

Cosmic neutrino background (       ) neutrino decoupling = freeze-out, later DM

�

<latexit sha1_base64="XrHy1eZ5oB6xrQldU4O58ML15AI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQHMLePEYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJ7dzvPFFtmJIPdprQUOCRZDEj2Dqp3R9hIfCgXPGr/gJonQQ5qUCO5qD81R8qkgoqLeHYmF7gJzbMsLaMcDor9VNDE0wmeER7jkosqAmzxbUzdOGUIYqVdiUtWqi/JzIsjJmKyHUKbMdm1ZuL/3m91MY3YcZkkloqyXJRnHJkFZq/joZMU2L51BFMNHO3IjLGGhPrAiq5EILVl9dJ+6oa1Kr1+1qlUc/jKMIZnMMlBHANDbiDJrSAwCM8wyu8ecp78d69j2VrwctnTuEPvM8fiBaPGA==</latexit>

e�

<latexit sha1_base64="ZeLWVVbCvSUvOE0kPvw0ZZBINFg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArAc0t4MVjRPOAZA2zk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7vHxolcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0L8tepVy9q5Rq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A6EWNiw==</latexit>

e+

<latexit sha1_base64="0jWlIDnrqguUZW6of/Gz6jqiDks=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXAppbwIvHiOYByRpmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfywYwT9CM6kDzkjBor3ePjRa9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippXpa9Srl6VynVqlkceTiBUzgHD66gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB5T2NiQ==</latexit>

⌫L ⇥ 3

<latexit sha1_base64="5DTv/ucvuX48bPu7ZWEydYDqE/M=">AAAB9XicbVA9SwNBEJ3zM8avqKXNYhCswp0GNF3AxsIigvmA3Bn2Nptkyd7esTunhJD/YWOhiK3/xc5/4ya5QhMfDDzem2FmXphIYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBxqhmvs1jGuhVSw6VQvI4CJW8lmtMolLwZDq+nfvORayNidY+jhAcR7SvRE4yilR58lXZuiY8i4oZcdApFt+TOQJaJl5EiZKh1Cl9+N2ZpxBUySY1pe26CwZhqFEzySd5PDU8oG9I+b1uqqF0TjGdXT8ipVbqkF2tbCslM/T0xppExoyi0nRHFgVn0puJ/XjvF3lUwFipJkSs2X9RLJcGYTCMgXaE5QzmyhDIt7K2EDaimDG1QeRuCt/jyMmmcl7xyqXJXLlYrWRw5OIYTOAMPLqEKN1CDOjDQ8Ayv8OY8OS/Ou/Mxb11xspkj+APn8wePlpHk</latexit>

⌫L ⇥ 3

<latexit sha1_base64="M23K1e5onFulTH8nyeBzrhCHEfw=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGC9pdwY0LFxXsAzrDkEkzbWgmGZKMUIbixl9x40IRt36FO//GTDsLbT0QOJxzDzf3hAmjSjvOt1VaWV1b3yhvVra2d3b37P2DjhKpxKSNBROyFyJFGOWkralmpJdIguKQkW44vs797gORigp+rycJ8WM05DSiGGkjBfaRJ4ydpzOPp9PgFnqaxkTBi8CuOjVnBrhM3IJUQYFWYH95A4HTmHCNGVKq7zqJ9jMkNcWMTCteqkiC8BgNSd9QjswaP5udMIWnRhnASEjzuIYz9XciQ7FSkzg0kzHSI7Xo5eJ/Xj/V0ZWfUZ6kmnA8XxSlDGoB8z7ggEqCNZsYgrCk5q8Qj5BEWJvWKqYEd/HkZdI5r7n1WuOuXm02ijrK4BicgDPggkvQBDegBdoAg0fwDF7Bm/VkvVjv1sd8tGQVmUPwB9bnDyAUlzs=</latexit>

s< =
2⇡2
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8
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=
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<

<latexit sha1_base64="ZyOIQDNxJRbHJOh1y1cC9/WkX10="></latexit>

C⌫B

<latexit sha1_base64="EmKueVi3G3kIKf4RfgDvo8LT+hg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgvZW7MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvBtJn53SeqNJPiwcxi6kd4LFjICDZW6jQHIkG3w3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAJRuCt/ryOulcVb1atX5fqzTqeRxFOINzuAQPrqEBd9CCNhB4hGd4hTdHOi/Ou/OxbC04+cwp/IHz+QPM3I6d</latexit>



Entropy and decoupling

Cosmic neutrino background (       ) neutrino decoupling = freeze-out, later DM

�

<latexit sha1_base64="XrHy1eZ5oB6xrQldU4O58ML15AI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQHMLePEYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJ7dzvPFFtmJIPdprQUOCRZDEj2Dqp3R9hIfCgXPGr/gJonQQ5qUCO5qD81R8qkgoqLeHYmF7gJzbMsLaMcDor9VNDE0wmeER7jkosqAmzxbUzdOGUIYqVdiUtWqi/JzIsjJmKyHUKbMdm1ZuL/3m91MY3YcZkkloqyXJRnHJkFZq/joZMU2L51BFMNHO3IjLGGhPrAiq5EILVl9dJ+6oa1Kr1+1qlUc/jKMIZnMMlBHANDbiDJrSAwCM8wyu8ecp78d69j2VrwctnTuEPvM8fiBaPGA==</latexit>

e�

<latexit sha1_base64="ZeLWVVbCvSUvOE0kPvw0ZZBINFg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArAc0t4MVjRPOAZA2zk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7vHxolcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0L8tepVy9q5Rq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A6EWNiw==</latexit>

e+

<latexit sha1_base64="0jWlIDnrqguUZW6of/Gz6jqiDks=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXAppbwIvHiOYByRpmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfywYwT9CM6kDzkjBor3ePjRa9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippXpa9Srl6VynVqlkceTiBUzgHD66gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB5T2NiQ==</latexit>

⌫L ⇥ 3

<latexit sha1_base64="5DTv/ucvuX48bPu7ZWEydYDqE/M=">AAAB9XicbVA9SwNBEJ3zM8avqKXNYhCswp0GNF3AxsIigvmA3Bn2Nptkyd7esTunhJD/YWOhiK3/xc5/4ya5QhMfDDzem2FmXphIYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBxqhmvs1jGuhVSw6VQvI4CJW8lmtMolLwZDq+nfvORayNidY+jhAcR7SvRE4yilR58lXZuiY8i4oZcdApFt+TOQJaJl5EiZKh1Cl9+N2ZpxBUySY1pe26CwZhqFEzySd5PDU8oG9I+b1uqqF0TjGdXT8ipVbqkF2tbCslM/T0xppExoyi0nRHFgVn0puJ/XjvF3lUwFipJkSs2X9RLJcGYTCMgXaE5QzmyhDIt7K2EDaimDG1QeRuCt/jyMmmcl7xyqXJXLlYrWRw5OIYTOAMPLqEKN1CDOjDQ8Ayv8OY8OS/Ou/Mxb11xspkj+APn8wePlpHk</latexit>

⌫L ⇥ 3

<latexit sha1_base64="M23K1e5onFulTH8nyeBzrhCHEfw=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGC9pdwY0LFxXsAzrDkEkzbWgmGZKMUIbixl9x40IRt36FO//GTDsLbT0QOJxzDzf3hAmjSjvOt1VaWV1b3yhvVra2d3b37P2DjhKpxKSNBROyFyJFGOWkralmpJdIguKQkW44vs797gORigp+rycJ8WM05DSiGGkjBfaRJ4ydpzOPp9PgFnqaxkTBi8CuOjVnBrhM3IJUQYFWYH95A4HTmHCNGVKq7zqJ9jMkNcWMTCteqkiC8BgNSd9QjswaP5udMIWnRhnASEjzuIYz9XciQ7FSkzg0kzHSI7Xo5eJ/Xj/V0ZWfUZ6kmnA8XxSlDGoB8z7ggEqCNZsYgrCk5q8Qj5BEWJvWKqYEd/HkZdI5r7n1WuOuXm02ijrK4BicgDPggkvQBDegBdoAg0fwDF7Bm/VkvVjv1sd8tGQVmUPwB9bnDyAUlzs=</latexit>

entropy conserved when electrons annihilate

s< =
2⇡2
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=
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90
T 3
<

<latexit sha1_base64="ZyOIQDNxJRbHJOh1y1cC9/WkX10="></latexit>

s<a
3
< = s>a

3
>

<latexit sha1_base64="58/hMjXRcSacd5tikNeWeYn2h0s=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYBFdlxha0UEvBjcsK9gLtdMikaRuauZBkhDIUfBU3LhRx63O4821M21lo6w+Bj/+cwzn5vYgzqSzr28isrW9sbmW3czu7e/sH5uFRU4axILRBQh6Ktocl5SygDcUUp+1IUOx7nLa88e2s3nqkQrIweFCTiDo+HgZswAhW2nLNE+lWEHYrvSK6QdKtaq72iq6ZtwrWXGgV7BTykKruml/dfkhinwaKcCxlx7Yi5SRYKEY4nea6saQRJmM8pB2NAfapdJL5+VN0rp0+GoRCv0Chuft7IsG+lBPf050+ViO5XJuZ/9U6sRpcOwkLoljRgCwWDWKOVIhmWaA+E5QoPtGAiWD6VkRGWGCidGI5HYK9/OVVaF4W7FKhfF/K18ppHFk4hTO4ABuuoAZ3UIcGEEjgGV7hzXgyXox342PRmjHSmWP4I+PzB9Vlk3c=</latexit>

s> =
2⇡2

45

✓
2T 3
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⌫

◆

<latexit sha1_base64="PzBz3aFQEV5VQiC1G+GURk2s0r8="></latexit>

a<T< = a>T⌫

<latexit sha1_base64="VnPXvY4S9pLfbz/GwXqKcUVP6tE=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSEbSgUnDjskJv0IYwmU7aoZNJmJkIJdRXceNCEbc+iDvfxmmbhbb+cODjP+cwZ/4g4Uxpx/m2CmvrG5tbxe3Szu7e/oF9eNRWcSoJbZGYx7IbYEU5E7Slmea0m0iKo4DTTjC+m/U7j1QqFoumniTUi/BQsJARrI3l22XsX6OmqRuE/VtDfZH6dsWpOnOhVXBzqECuhm9/9QcxSSMqNOFYqZ7rJNrLsNSMcDot9VNFE0zGeEh7BgWOqPKy+fFTdGqcAQpjaUpoNHd/b2Q4UmoSBWYywnqklnsz879eL9XhlZcxkaSaCrJ4KEw50jGaJYEGTFKi+cQAJpKZWxEZYYmJNnmVTAju8pdXoX1edS+qtYeLSr2Wx1GEYziBM3DhEupwDw1oAYEJPMMrvFlP1ov1bn0sRgtWvlOGP7I+fwDtGpME</latexit>

T⌫

T�
= 3

r
4

11

<latexit sha1_base64="jhDzodeW2Nvp4N8v1qz5y6DMY6o=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4qrta0B6EghePFfqC7rJk02wbmmTXJCuUZX+GF/+KFw+KeO3Nf2Pa7kFbB0KGmflIvgliRpW27W+rsLa+sblV3C7t7O7tH5QPjzoqSiQmbRyxSPYCpAijgrQ11Yz0YkkQDxjpBuO7md99IlLRSLT0JCYeR0NBQ4qRNpJfvnBDiXDa8l2RZLNriDhHGbyFrnqUun/lpYtELUsdJ8v8csWu2nPAVeLkpAJyNP3y1B1EOOFEaMyQUn3HjrWXIqkpZiQruYkiMcJjNCR9QwXiRHnpfLEMnhllAMNImiM0nKu/J1LElZrwwCQ50iO17M3E/7x+osMbL6UiTjQRePFQmDCoIzhrCQ6oJFiziSEIS2r+CvEImR606bJkSnCWV14lncuqU6vWH2qVRj2vowhOwCk4Bw64Bg1wD5qgDTB4Bq/gHXxYL9ab9Wl9LaIFK585Bn9gTX8AKaGgdA==</latexit>

C⌫B

<latexit sha1_base64="EmKueVi3G3kIKf4RfgDvo8LT+hg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgvZW7MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvBtJn53SeqNJPiwcxi6kd4LFjICDZW6jQHIkG3w3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAJRuCt/ryOulcVb1atX5fqzTqeRxFOINzuAQPrqEBd9CCNhB4hGd4hTdHOi/Ou/OxbC04+cwp/IHz+QPM3I6d</latexit>

neutrinos 
do nothing

T ' me < MeV

<latexit sha1_base64="v7XBUK3LQDEWJ9IEHMf82pVlWTQ=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsKuBFTwEPDiRYiQFyQhzE46yZCZ3XWmVwxL8OKvePGgiFe/wpt/4+Rx0MSChqKqm+4uP5LCoOt+O6ml5ZXVtfR6ZmNza3snu7tXNWGsOVR4KENd95kBKQKooEAJ9UgDU76Emj+4Gvu1e9BGhEEZhxG0FOsFois4Qyu1swdl2jRCwR1VbaCXtInwgMkNVEftbM7NuxPQReLNSI7MUGpnv5qdkMcKAuSSGdPw3AhbCdMouIRRphkbiBgfsB40LA2YAtNKJi+M6LFVOrQbalsB0on6eyJhypih8m2nYtg3895Y/M9rxNg9byUiiGKEgE8XdWNJMaTjPGhHaOAoh5YwroW9lfI+04yjTS1jQ/DmX14k1dO8V8hf3BZyxcIsjjQ5JEfkhHjkjBTJNSmRCuHkkTyTV/LmPDkvzrvzMW1NObOZffIHzucP9haWgA==</latexit>



Entropy and decoupling

Cosmic neutrino background (       ) neutrino decoupling = freeze-out, later DM

�

<latexit sha1_base64="XrHy1eZ5oB6xrQldU4O58ML15AI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQHMLePEYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJ7dzvPFFtmJIPdprQUOCRZDEj2Dqp3R9hIfCgXPGr/gJonQQ5qUCO5qD81R8qkgoqLeHYmF7gJzbMsLaMcDor9VNDE0wmeER7jkosqAmzxbUzdOGUIYqVdiUtWqi/JzIsjJmKyHUKbMdm1ZuL/3m91MY3YcZkkloqyXJRnHJkFZq/joZMU2L51BFMNHO3IjLGGhPrAiq5EILVl9dJ+6oa1Kr1+1qlUc/jKMIZnMMlBHANDbiDJrSAwCM8wyu8ecp78d69j2VrwctnTuEPvM8fiBaPGA==</latexit>

e�

<latexit sha1_base64="ZeLWVVbCvSUvOE0kPvw0ZZBINFg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArAc0t4MVjRPOAZA2zk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7vHxolcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0L8tepVy9q5Rq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A6EWNiw==</latexit>

e+

<latexit sha1_base64="0jWlIDnrqguUZW6of/Gz6jqiDks=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXAppbwIvHiOYByRpmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfywYwT9CM6kDzkjBor3ePjRa9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippXpa9Srl6VynVqlkceTiBUzgHD66gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB5T2NiQ==</latexit>

⌫L ⇥ 3

<latexit sha1_base64="5DTv/ucvuX48bPu7ZWEydYDqE/M=">AAAB9XicbVA9SwNBEJ3zM8avqKXNYhCswp0GNF3AxsIigvmA3Bn2Nptkyd7esTunhJD/YWOhiK3/xc5/4ya5QhMfDDzem2FmXphIYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBxqhmvs1jGuhVSw6VQvI4CJW8lmtMolLwZDq+nfvORayNidY+jhAcR7SvRE4yilR58lXZuiY8i4oZcdApFt+TOQJaJl5EiZKh1Cl9+N2ZpxBUySY1pe26CwZhqFEzySd5PDU8oG9I+b1uqqF0TjGdXT8ipVbqkF2tbCslM/T0xppExoyi0nRHFgVn0puJ/XjvF3lUwFipJkSs2X9RLJcGYTCMgXaE5QzmyhDIt7K2EDaimDG1QeRuCt/jyMmmcl7xyqXJXLlYrWRw5OIYTOAMPLqEKN1CDOjDQ8Ayv8OY8OS/Ou/Mxb11xspkj+APn8wePlpHk</latexit>

⌫L ⇥ 3

<latexit sha1_base64="M23K1e5onFulTH8nyeBzrhCHEfw=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGC9pdwY0LFxXsAzrDkEkzbWgmGZKMUIbixl9x40IRt36FO//GTDsLbT0QOJxzDzf3hAmjSjvOt1VaWV1b3yhvVra2d3b37P2DjhKpxKSNBROyFyJFGOWkralmpJdIguKQkW44vs797gORigp+rycJ8WM05DSiGGkjBfaRJ4ydpzOPp9PgFnqaxkTBi8CuOjVnBrhM3IJUQYFWYH95A4HTmHCNGVKq7zqJ9jMkNcWMTCteqkiC8BgNSd9QjswaP5udMIWnRhnASEjzuIYz9XciQ7FSkzg0kzHSI7Xo5eJ/Xj/V0ZWfUZ6kmnA8XxSlDGoB8z7ggEqCNZsYgrCk5q8Qj5BEWJvWKqYEd/HkZdI5r7n1WuOuXm02ijrK4BicgDPggkvQBDegBdoAg0fwDF7Bm/VkvVjv1sd8tGQVmUPwB9bnDyAUlzs=</latexit>

entropy conserved when electrons annihilate

s< =
2⇡2

45
T 3
<

✓
2 +

7

8
(2 + 2 + 3 + 3)

◆

=
43⇡2

90
T 3
<

<latexit sha1_base64="ZyOIQDNxJRbHJOh1y1cC9/WkX10="></latexit>

s<a
3
< = s>a

3
>

<latexit sha1_base64="58/hMjXRcSacd5tikNeWeYn2h0s=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYBFdlxha0UEvBjcsK9gLtdMikaRuauZBkhDIUfBU3LhRx63O4821M21lo6w+Bj/+cwzn5vYgzqSzr28isrW9sbmW3czu7e/sH5uFRU4axILRBQh6Ktocl5SygDcUUp+1IUOx7nLa88e2s3nqkQrIweFCTiDo+HgZswAhW2nLNE+lWEHYrvSK6QdKtaq72iq6ZtwrWXGgV7BTykKruml/dfkhinwaKcCxlx7Yi5SRYKEY4nea6saQRJmM8pB2NAfapdJL5+VN0rp0+GoRCv0Chuft7IsG+lBPf050+ViO5XJuZ/9U6sRpcOwkLoljRgCwWDWKOVIhmWaA+E5QoPtGAiWD6VkRGWGCidGI5HYK9/OVVaF4W7FKhfF/K18ppHFk4hTO4ABuuoAZ3UIcGEEjgGV7hzXgyXox342PRmjHSmWP4I+PzB9Vlk3c=</latexit>

s> =
2⇡2

45

✓
2T 3

� + 6
7

8
T 3
⌫

◆

<latexit sha1_base64="PzBz3aFQEV5VQiC1G+GURk2s0r8="></latexit>

a<T< = a>T⌫

<latexit sha1_base64="VnPXvY4S9pLfbz/GwXqKcUVP6tE=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSEbSgUnDjskJv0IYwmU7aoZNJmJkIJdRXceNCEbc+iDvfxmmbhbb+cODjP+cwZ/4g4Uxpx/m2CmvrG5tbxe3Szu7e/oF9eNRWcSoJbZGYx7IbYEU5E7Slmea0m0iKo4DTTjC+m/U7j1QqFoumniTUi/BQsJARrI3l22XsX6OmqRuE/VtDfZH6dsWpOnOhVXBzqECuhm9/9QcxSSMqNOFYqZ7rJNrLsNSMcDot9VNFE0zGeEh7BgWOqPKy+fFTdGqcAQpjaUpoNHd/b2Q4UmoSBWYywnqklnsz879eL9XhlZcxkaSaCrJ4KEw50jGaJYEGTFKi+cQAJpKZWxEZYYmJNnmVTAju8pdXoX1edS+qtYeLSr2Wx1GEYziBM3DhEupwDw1oAYEJPMMrvFlP1ov1bn0sRgtWvlOGP7I+fwDtGpME</latexit>

43

2
(a<T⌫)

3 = 4

 
T 3
�

T 3
⌫

+
21

8

!
(a>T⌫)

3

<latexit sha1_base64="18bFO+gJAuRWLC3YEYHOk1PX6QY="></latexit>

T⌫

T�
= 3

r
4

11

<latexit sha1_base64="jhDzodeW2Nvp4N8v1qz5y6DMY6o=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4qrta0B6EghePFfqC7rJk02wbmmTXJCuUZX+GF/+KFw+KeO3Nf2Pa7kFbB0KGmflIvgliRpW27W+rsLa+sblV3C7t7O7tH5QPjzoqSiQmbRyxSPYCpAijgrQ11Yz0YkkQDxjpBuO7md99IlLRSLT0JCYeR0NBQ4qRNpJfvnBDiXDa8l2RZLNriDhHGbyFrnqUun/lpYtELUsdJ8v8csWu2nPAVeLkpAJyNP3y1B1EOOFEaMyQUn3HjrWXIqkpZiQruYkiMcJjNCR9QwXiRHnpfLEMnhllAMNImiM0nKu/J1LElZrwwCQ50iO17M3E/7x+osMbL6UiTjQRePFQmDCoIzhrCQ6oJFiziSEIS2r+CvEImR606bJkSnCWV14lncuqU6vWH2qVRj2vowhOwCk4Bw64Bg1wD5qgDTB4Bq/gHXxYL9ab9Wl9LaIFK585Bn9gTX8AKaGgdA==</latexit>

T 0
� = 2.7 K

<latexit sha1_base64="ugMzIdMKOQ8bqp3hUq+swov/xqM=">AAACA3icbVDLSgNBEJz1GeNr1ZteBoPgKeyGQMxBCHgRvETIC5J1mZ1MkiEzu8tMrxiWgBd/xYsHRbz6E978GyePgyYWNBRV3XR3BbHgGhzn21pZXVvf2MxsZbd3dvf27YPDho4SRVmdRiJSrYBoJnjI6sBBsFasGJGBYM1geDXxm/dMaR6FNRjFzJOkH/IepwSM5NvHNb/TJ1KSOwdf4kK+hDvAHiDFN2Pfzjl5Zwq8TNw5yaE5qr791elGNJEsBCqI1m3XicFLiQJOBRtnO4lmMaFD0mdtQ0MimfbS6Q9jfGaULu5FylQIeKr+nkiJ1HokA9MpCQz0ojcR//PaCfQuvJSHcQIspLNFvURgiPAkENzlilEQI0MIVdzciumAKELBxJY1IbiLLy+TRiHvFvPl22KuUp7HkUEn6BSdIxeVUAVdoyqqI4oe0TN6RW/Wk/VivVsfs9YVaz5zhP7A+vwBVV+WCg==</latexit>

T 0
⌫ = 1.94 K = 0.17 meV

<latexit sha1_base64="sYcLBuRFy5C5zigtGREEyUzzFxo=">AAACFHicbZBNS8NAEIY3flu/qh69LBZBEEIihdqDIHgRvFRoq9DGsNlOdXGzCbsTsYT+CC/+FS8eFPHqwZv/xu2HoNYXFl6emWF23iiVwqDnfTpT0zOzc/MLi4Wl5ZXVteL6RtMkmebQ4IlM9EXEDEihoIECJVykGlgcSTiPbo4H9fNb0EYkqo69FIKYXSnRFZyhRWFxrx62VXbp0UPqu9UybSPcYU5P+xZ4rl/5BjE0+2Gx5LneUHTS+GNTImPVwuJHu5PwLAaFXDJjWr6XYpAzjYJL6BfamYGU8Rt2BS1rFYvBBPnwqD7dsaRDu4m2TyEd0p8TOYuN6cWR7YwZXpu/tQH8r9bKsHsQ5EKlGYLio0XdTFJM6CAh2hEaOMqeNYxrYf9K+TXTjKPNsWBD8P+ePGma+65fdqtn5dJRdRzHAtki22SX+KRCjsgJqZEG4eSePJJn8uI8OE/Oq/M2ap1yxjOb5Jec9y/KWZuN</latexit>

C⌫B

<latexit sha1_base64="EmKueVi3G3kIKf4RfgDvo8LT+hg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgvZW7MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvBtJn53SeqNJPiwcxi6kd4LFjICDZW6jQHIkG3w3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAJRuCt/ryOulcVb1atX5fqzTqeRxFOINzuAQPrqEBd9CCNhB4hGd4hTdHOi/Ou/OxbC04+cwp/IHz+QPM3I6d</latexit>

neutrinos 
do nothing

T ' me < MeV

<latexit sha1_base64="v7XBUK3LQDEWJ9IEHMf82pVlWTQ=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsKuBFTwEPDiRYiQFyQhzE46yZCZ3XWmVwxL8OKvePGgiFe/wpt/4+Rx0MSChqKqm+4uP5LCoOt+O6ml5ZXVtfR6ZmNza3snu7tXNWGsOVR4KENd95kBKQKooEAJ9UgDU76Emj+4Gvu1e9BGhEEZhxG0FOsFois4Qyu1swdl2jRCwR1VbaCXtInwgMkNVEftbM7NuxPQReLNSI7MUGpnv5qdkMcKAuSSGdPw3AhbCdMouIRRphkbiBgfsB40LA2YAtNKJi+M6LFVOrQbalsB0on6eyJhypih8m2nYtg3895Y/M9rxNg9byUiiGKEgE8XdWNJMaTjPGhHaOAoh5YwroW9lfI+04yjTS1jQ/DmX14k1dO8V8hf3BZyxcIsjjQ5JEfkhHjkjBTJNSmRCuHkkTyTV/LmPDkvzrvzMW1NObOZffIHzucP9haWgA==</latexit>



some DM Properties



Mass range from observations of dwarf spheroidal galaxies

dSph are small, low luminosity galaxies with no dust and few old 

stars, gravitationally bound and thus likely dominated by DM

FornaxNGC147

MdSPh & 107M�

<latexit sha1_base64="7Y5lkcU7qWRcDykclBALicwxPj0=">AAACD3icbVC7SgNBFJ31GeMramkzGBSrsCuBaCMBGxshonlAdg2zs5NkyOzOMnNXDMv+gY2/YmOhiK2tnX/j5FFo4oGBwznncucePxZcg21/WwuLS8srq7m1/PrG5tZ2YWe3oWWiKKtTKaRq+UQzwSNWBw6CtWLFSOgL1vQHFyO/ec+U5jK6hWHMvJD0It7llICROoWjq07qAnuANLip9bMMuz0w6RA79l0Fj0wZSMg6haJdssfA88SZkiKaotYpfLmBpEnIIqCCaN127Bi8lCjgVLAs7yaaxYQOSI+1DY1IyLSXju/J8KFRAtyVyrwI8Fj9PZGSUOth6JtkSKCvZ72R+J/XTqB76qU8ihNgEZ0s6iYCg8SjcnDAFaMghoYQqrj5K6Z9oggFU2HelODMnjxPGiclp1w6uy4Xq+fTOnJoHx2gY+SgCqqiS1RDdUTRI3pGr+jNerJerHfrYxJdsKYze+gPrM8fjFCcWQ==</latexit>

vDM '

s
GNMdSph

RdSph
⇠ 10�5

<latexit sha1_base64="Bvx4HvspCNS9YgQpx1668BBzy5A="></latexit>

RdSph ⇠ kpc

<latexit sha1_base64="op2KGOLOy3lc3laNC2frIiePzGs=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHFZH31AE8JkMm2HTh7M3IglZOvGX3HjQhG3/oE7/8Zpm4W2HrhwOOde7r3HTwRXYFnfRmlpeWV1rbxe2djc2t4xd/faKk4lZS0ai1h2faKY4BFrAQfBuolkJPQF6/ijy4nfuWdS8Ti6g3HC3JAMIt7nlICWPBPfeJkD7AGy4DYZ5jl2FA/xTMGjhOaeWbVq1hR4kdgFqaICTc/8coKYpiGLgAqiVM+2EnAzIoFTwfKKkyqWEDoiA9bTNCIhU242/STHR1oJcD+WuiLAU/X3REZCpcahrztDAkM1703E/7xeCv0zN+NRkgKL6GxRPxUYYjyJBQdcMgpirAmhkutbMR0SSSjo8Co6BHv+5UXSPqnZ9dr5db3auCjiKKMDdIiOkY1OUQNdoSZqIYoe0TN6RW/Gk/FivBsfs9aSUczsoz8wPn8AJZiaoA==</latexit>



MdSph = mDM

Z
fDM (x, p) d3x d3p

 mDMR3
dSph (mDMvDM )3 h�3

= m4
DMR3

dSph

✓
GNMdSph

RdSph

◆3/2

h�3

<latexit sha1_base64="SVaofPVV3kaoboM3K55VUn09aZY="></latexit>

Mass range

lower limit due to the Pauli exclusion principleFermions

fDM (x, p)  h�3

<latexit sha1_base64="K6FKfu+8uwM6dGvCg39gOGgvhYc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFLogXtrqALN0IF+4A2hsl0YodOJnFmIpaQjb/ixoUibv0Md/6N0zYLbT1w4XDOvdx7jxcxKpVlfRu5ufmFxaX8cmFldW19w9zcasowFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG5yP/NYDEZKG/EYNI+IE6I5Tn2KktOSaO76bXFylpcfD6AB2GbmH/dvk6CR1zaJVtsaAs8TOSBFkqLvmV7cX4jggXGGGpOzYVqScBAlFMSNpoRtLEiE8QHekoylHAZFOMn4ghfta6UE/FLq4gmP190SCAimHgac7A6T6ctobif95nVj5Z05CeRQrwvFkkR8zqEI4SgP2qCBYsaEmCAuqb4W4jwTCSmdW0CHY0y/PkuZx2a6Uq9eVYq2axZEHu2APlIANTkENXII6aAAMUvAMXsGb8WS8GO/Gx6Q1Z2Qz2+APjM8f02+VQw==</latexit>

limited phase space

[Tremaine, Gunn ’79]

volume estimate

d3x ⇠ R3
dSph

<latexit sha1_base64="19lNWrK/t0z1L1yXMDvD8zxmMnc=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAbBU5gxAc0t4MVjXLJANnp6epImPQvdNZIw5OLFX/HiQRGv/oM3/8ZOMgdNfFDweK+KqnpOJLgCy/o2Miura+sb2c3c1vbO7p65f1BXYSwpq9FQhLLpEMUED1gNOAjWjCQjviNYwxleTf3GA5OKh8E9jCPW8Uk/4B6nBLTUM4/dbhGPcFtxH9/2kjawESTuXTSYTLrFnpm3CtYMeJnYKcmjFNWe+dV2Qxr7LAAqiFIt24qgkxAJnAo2ybVjxSJCh6TPWpoGxGeqk8y+mOBTrbjYC6WuAPBM/T2REF+pse/oTp/AQC16U/E/rxWDd9lJeBDFwAI6X+TFAkOIp5Fgl0tGQYw1IVRyfSumAyIJBR1cTodgL768TOrnBbtUKN+U8pVyGkcWHaETdIZsdIEq6BpVUQ1R9Iie0St6M56MF+Pd+Ji3Zox05hD9gfH5A72RmBo=</latexit>

d3p ⇠ p3 = (mDMvDM )3

<latexit sha1_base64="0OkUQe3oTCHQNzKbDfASprQMf9I=">AAACF3icbZDLSgMxFIYzXmu9VV26CRahbsqMLWgXQkEXboQK9gKdtmTSTBuazAzJmUIZ+hZufBU3LhRxqzvfxvSy0NYDIR//fw7J+b1IcA22/W2trK6tb2ymttLbO7t7+5mDw5oOY0VZlYYiVA2PaCZ4wKrAQbBGpBiRnmB1b3A98etDpjQPgwcYRawlSS/gPqcEjNTJ5LvtAo6wq7nEkcEr7ArmQ052kpu7MR7OLlfxXh/O2oVOJmvn7WnhZXDmkEXzqnQyX243pLFkAVBBtG46dgSthCjgVLBx2o01iwgdkB5rGgyIZLqVTPca41OjdLEfKnMCwFP190RCpNYj6ZlOSaCvF72J+J/XjMG/bCU8iGJgAZ095McCQ4gnIeEuV4yCGBkgVHHzV0z7RBEKJsq0CcFZXHkZaud5p5gv3Rez5dI8jhQ6Ricohxx0gcroFlVQFVH0iJ7RK3qznqwX6936mLWuWPOZI/SnrM8fmbaduA==</latexit>



Mass range

lower limit due to the Pauli exclusion principleFermions

fDM (x, p)  h�3

<latexit sha1_base64="K6FKfu+8uwM6dGvCg39gOGgvhYc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFLogXtrqALN0IF+4A2hsl0YodOJnFmIpaQjb/ixoUibv0Md/6N0zYLbT1w4XDOvdx7jxcxKpVlfRu5ufmFxaX8cmFldW19w9zcasowFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG5yP/NYDEZKG/EYNI+IE6I5Tn2KktOSaO76bXFylpcfD6AB2GbmH/dvk6CR1zaJVtsaAs8TOSBFkqLvmV7cX4jggXGGGpOzYVqScBAlFMSNpoRtLEiE8QHekoylHAZFOMn4ghfta6UE/FLq4gmP190SCAimHgac7A6T6ctobif95nVj5Z05CeRQrwvFkkR8zqEI4SgP2qCBYsaEmCAuqb4W4jwTCSmdW0CHY0y/PkuZx2a6Uq9eVYq2axZEHu2APlIANTkENXII6aAAMUvAMXsGb8WS8GO/Gx6Q1Z2Qz2+APjM8f02+VQw==</latexit>

limited phase space

lower bound

[Tremaine, Gunn ’79]

volume estimate

velocity from gravity

MdSph = mDM

Z
fDM (x, p) d3x d3p

 mDMR3
dSph (mDMvDM )3 h�3

= m4
DMR3

dSph

✓
GNMdSph

RdSph

◆3/2

h�3

<latexit sha1_base64="SVaofPVV3kaoboM3K55VUn09aZY="></latexit>

mF
DM >

�
G3

NMdSphR
3
dSphh

�6
��1/8

<latexit sha1_base64="Jv/F6LM0yfW0cod0m0x2sn70CiE="></latexit>



Mass range

lower limit due to the Pauli exclusion principleFermions

fDM (x, p)  h�3

<latexit sha1_base64="K6FKfu+8uwM6dGvCg39gOGgvhYc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFLogXtrqALN0IF+4A2hsl0YodOJnFmIpaQjb/ixoUibv0Md/6N0zYLbT1w4XDOvdx7jxcxKpVlfRu5ufmFxaX8cmFldW19w9zcasowFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG5yP/NYDEZKG/EYNI+IE6I5Tn2KktOSaO76bXFylpcfD6AB2GbmH/dvk6CR1zaJVtsaAs8TOSBFkqLvmV7cX4jggXGGGpOzYVqScBAlFMSNpoRtLEiE8QHekoylHAZFOMn4ghfta6UE/FLq4gmP190SCAimHgac7A6T6ctobif95nVj5Z05CeRQrwvFkkR8zqEI4SgP2qCBYsaEmCAuqb4W4jwTCSmdW0CHY0y/PkuZx2a6Uq9eVYq2axZEHu2APlIANTkENXII6aAAMUvAMXsGb8WS8GO/Gx6Q1Z2Qz2+APjM8f02+VQw==</latexit>

limited phase space

lower bound

Fornax

Combined

[Tremaine, Gunn ’79]

[Randall, Gunn ’79]

[Domcke & Urbano ’14, 
di Paolo, Nesti, Villante ’17]

volume estimate

velocity from gravity

only

+ uncertainties

mF
DM > 70 eV

<latexit sha1_base64="CRfkcfWfTpocBXw3kISYmMepm90=">AAACAXicbVDJSgNBEO1xjXEb9SJ4aQyCpzAjgZiLBBTxIkQwCyQx9HQqSZOehe4aMQzx4q948aCIV//Cm39jZzlo4oOCx3tVVNXzIik0Os63tbC4tLyymlpLr29sbm3bO7sVHcaKQ5mHMlQ1j2mQIoAyCpRQixQw35NQ9frnI796D0qLMLjFQQRNn3UD0RGcoZFa9r7fSi6uh3eX9IzmHdpAeMCEQmXYsjNO1hmDzhN3SjJkilLL/mq0Qx77ECCXTOu660TYTJhCwSUM041YQ8R4n3WhbmjAfNDNZPzBkB4ZpU07oTIVIB2rvycS5ms98D3T6TPs6VlvJP7n1WPsnDYTEUQxQsAnizqxpBjSURy0LRRwlANDGFfC3Ep5jynG0YSWNiG4sy/Pk8pJ1s1lCze5TLEwjSNFDsghOSYuyZMiuSIlUiacPJJn8krerCfrxXq3PiatC9Z0Zo/8gfX5A2HglZA=</latexit>

mF
DM & 0.4 keV

<latexit sha1_base64="ZJT87ZvLqkC8zsW41sHD77b8elE=">AAACCXicbVC7SgNBFJ2NrxhfUUubwSBYhV0JaLqAIjZCBPOAJIbZyU0yZGZ3mbkrhiWtjb9iY6GIrX9g5984eRSaeGDgcM653LnHj6Qw6LrfTmppeWV1Lb2e2djc2t7J7u5VTRhrDhUeylDXfWZAigAqKFBCPdLAlC+h5g/Ox37tHrQRYXCLwwhaivUC0RWcoZXaWaraycX16O6SNntoY4q6+QJtIjxgQgdQHbWzOTfvTkAXiTcjOTJDuZ39anZCHisIkEtmTMNzI2wlTKPgEkaZZmwgYnzAetCwNGAKTCuZXDKiR1bp0G6o7QuQTtTfEwlTxgyVb5OKYd/Me2PxP68RY/eslYggihECPl3UjSXFkI5roR2hgaMcWsK4FvavlPeZZhxteRlbgjd/8iKpnuS9Qr54U8iVirM60uSAHJJj4pFTUiJXpEwqhJNH8kxeyZvz5Lw4787HNJpyZjP75A+czx/cZZkq</latexit>

MdSph = mDM

Z
fDM (x, p) d3x d3p

 mDMR3
dSph (mDMvDM )3 h�3

= m4
DMR3

dSph

✓
GNMdSph

RdSph

◆3/2

h�3

<latexit sha1_base64="SVaofPVV3kaoboM3K55VUn09aZY="></latexit>

mF
DM >

�
G3

NMdSphR
3
dSphh

�6
��1/8

<latexit sha1_base64="Jv/F6LM0yfW0cod0m0x2sn70CiE="></latexit>



Mass range

lower limit due to free-streamingBosons
dSph

�dB < RdSph

<latexit sha1_base64="nzPuW5IvLUSCCm/KnczgZrlZN5I=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJFLTgoujGZX30AW0Ik8mkHTp5MDMRSsjGX3HjQhG3foY7/8Zpm4W2Hhg4nHMud+7xEs6ksqxvY2l5ZXVtvbRR3tza3tk19/bbMk4FoS0S81h0PSwpZxFtKaY47SaC4tDjtOONrid+55EKyeLoQY0T6oR4ELGAEay05JqHfa7DPnYz/ypHl+hOk/tkmLtmxapaU6BFYhekAgWarvnV92OShjRShGMpe7aVKCfDQjHCaV7up5ImmIzwgPY0jXBIpZNND8jRiVZ8FMRCv0ihqfp7IsOhlOPQ08kQq6Gc9ybif14vVcGFk7EoSRWNyGxRkHKkYjRpA/lMUKL4WBNMBNN/RWSIBSZKd1bWJdjzJy+S9lnVrlXrt7VKo17UUYIjOIZTsOEcGnADTWgBgRye4RXejCfjxXg3PmbRJaOYOYA/MD5/APwolgI=</latexit>

de Broglie wavelength should not 

exceed the size of the dSph



Mass range

lower limit due to free-streamingBosons
dSph

�dB < RdSph

<latexit sha1_base64="nzPuW5IvLUSCCm/KnczgZrlZN5I=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJFLTgoujGZX30AW0Ik8mkHTp5MDMRSsjGX3HjQhG3foY7/8Zpm4W2Hhg4nHMud+7xEs6ksqxvY2l5ZXVtvbRR3tza3tk19/bbMk4FoS0S81h0PSwpZxFtKaY47SaC4tDjtOONrid+55EKyeLoQY0T6oR4ELGAEay05JqHfa7DPnYz/ypHl+hOk/tkmLtmxapaU6BFYhekAgWarvnV92OShjRShGMpe7aVKCfDQjHCaV7up5ImmIzwgPY0jXBIpZNND8jRiVZ8FMRCv0ihqfp7IsOhlOPQ08kQq6Gc9ybif14vVcGFk7EoSRWNyGxRkHKkYjRpA/lMUKL4WBNMBNN/RWSIBSZKd1bWJdjzJy+S9lnVrlXrt7VKo17UUYIjOIZTsOEcGnADTWgBgRye4RXejCfjxXg3PmbRJaOYOYA/MD5/APwolgI=</latexit>

de Broglie wavelength should not 

exceed the size of the dSph

�dB =
h

mDMvDM
= 2 kpc

✓
10�22 eV

mDM

◆ ✓
3⇥ 10�5

vDM

◆
< RdSPh ' 2 kpc

<latexit sha1_base64="YN1Z9Z5LQDiKUHHNrx367Jh2UnE="></latexit>

mB
DM & 10�22 eV

<latexit sha1_base64="dVY5RxqmKAWpK0RMfsZIPhushiY=">AAACDXicbVC7SgNBFJ31GeMramkzGAUbw24QNF1QCxshgomBJIbZyU0cnNldZu6KYdkfsPFXbCwUsbW382+cPApNPDBwOOdc7tzjR1IYdN1vZ2Z2bn5hMbOUXV5ZXVvPbWzWTBhrDlUeylDXfWZAigCqKFBCPdLAlC/h2r87HfjX96CNCIMr7EfQUqwXiK7gDK3Uzu2qdnJ2kd6c0GYPbUxRz71JDorFlDYRHjChUEvbubxbcIeg08QbkzwZo9LOfTU7IY8VBMglM6bhuRG2EqZRcAlpthkbiBi/Yz1oWBowBaaVDK9J6Z5VOrQbavsCpEP190TClDF95dukYnhrJr2B+J/XiLF73EpEEMUIAR8t6saSYkgH1dCO0MBR9i1hXAv7V8pvmWYcbYFZW4I3efI0qRUL3mGhdHmYL5fGdWTINtkh+8QjR6RMzkmFVAknj+SZvJI358l5cd6dj1F0xhnPbJE/cD5/AI5lmpk=</latexit>

‘fuzzy’ dark matter



Mass range

lower limit due to free-streamingBosons
dSph

�dB < RdSph

<latexit sha1_base64="nzPuW5IvLUSCCm/KnczgZrlZN5I=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJFLTgoujGZX30AW0Ik8mkHTp5MDMRSsjGX3HjQhG3foY7/8Zpm4W2Hhg4nHMud+7xEs6ksqxvY2l5ZXVtvbRR3tza3tk19/bbMk4FoS0S81h0PSwpZxFtKaY47SaC4tDjtOONrid+55EKyeLoQY0T6oR4ELGAEay05JqHfa7DPnYz/ypHl+hOk/tkmLtmxapaU6BFYhekAgWarvnV92OShjRShGMpe7aVKCfDQjHCaV7up5ImmIzwgPY0jXBIpZNND8jRiVZ8FMRCv0ihqfp7IsOhlOPQ08kQq6Gc9ybif14vVcGFk7EoSRWNyGxRkHKkYjRpA/lMUKL4WBNMBNN/RWSIBSZKd1bWJdjzJy+S9lnVrlXrt7VKo17UUYIjOIZTsOEcGnADTWgBgRye4RXejCfjxXg3PmbRJaOYOYA/MD5/APwolgI=</latexit>

de Broglie wavelength should not 

exceed the size of the dSph

�dB =
h

mDMvDM
= 2 kpc

✓
10�22 eV

mDM

◆ ✓
3⇥ 10�5

vDM

◆
< RdSPh ' 2 kpc

<latexit sha1_base64="YN1Z9Z5LQDiKUHHNrx367Jh2UnE="></latexit>

mB
DM & 10�22 eV

<latexit sha1_base64="dVY5RxqmKAWpK0RMfsZIPhushiY=">AAACDXicbVC7SgNBFJ31GeMramkzGAUbw24QNF1QCxshgomBJIbZyU0cnNldZu6KYdkfsPFXbCwUsbW382+cPApNPDBwOOdc7tzjR1IYdN1vZ2Z2bn5hMbOUXV5ZXVvPbWzWTBhrDlUeylDXfWZAigCqKFBCPdLAlC/h2r87HfjX96CNCIMr7EfQUqwXiK7gDK3Uzu2qdnJ2kd6c0GYPbUxRz71JDorFlDYRHjChUEvbubxbcIeg08QbkzwZo9LOfTU7IY8VBMglM6bhuRG2EqZRcAlpthkbiBi/Yz1oWBowBaaVDK9J6Z5VOrQbavsCpEP190TClDF95dukYnhrJr2B+J/XiLF73EpEEMUIAR8t6saSYkgH1dCO0MBR9i1hXAv7V8pvmWYcbYFZW4I3efI0qRUL3mGhdHmYL5fGdWTINtkh+8QjR6RMzkmFVAknj+SZvJI358l5cd6dj1F0xhnPbJE/cD5/AI5lmpk=</latexit>

‘fuzzy’ dark matter

[Hui, Ostriker, Tremaine, Witten ’16]see the recent study and references

upper limit from tidal disruptionFermions and bosons mDM < 5M�

<latexit sha1_base64="ZnHTiN7yMkaz1WBurHQYf0nliOY=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXEhJpKIFFwVduClUsA9oQphMJu3QSSbMTIQSsvFX3LhQxK2f4c6/cdpmoa0HLhzOuZd77/ETRqWyrG9jaXlldW29tFHe3Nre2TX39juSpwKTNuaMi56PJGE0Jm1FFSO9RBAU+Yx0/dHNxO8+EiEpjx/UOCFuhAYxDSlGSkueeRh52W0zh9fwAjpnsOllDg+4yj2zYlWtKeAisQtSAQVanvnlBBynEYkVZkjKvm0lys2QUBQzkpedVJIE4REakL6mMYqIdLPpAzk80UoAQy50xQpO1d8TGYqkHEe+7oyQGsp5byL+5/VTFV65GY2TVJEYzxaFKYOKw0kaMKCCYMXGmiAsqL4V4iESCCudWVmHYM+/vEg651W7Vq3f1yqNehFHCRyBY3AKbHAJGuAOtEAbYJCDZ/AK3own48V4Nz5mrUtGMXMA/sD4/AGKOpUY</latexit>

[Audren et al. 1407.2418]



Electromagnetic charge

dark structures don’t shine like stars, no O(1) e.m. interactions

may be milli-charged, coupling to photons suppressed by mixing/small U(1) charge



Electromagnetic charge

dark structures don’t shine like stars, no O(1) e.m. interactions

may be milli-charged, coupling to photons suppressed by mixing/small U(1) charge

main constraint from CMB, DM (single component) should be there at recombination

mDM < GeV

QDM < 4⇥ 10�7
⇣mDM

GeV

⌘0.35

<latexit sha1_base64="CGFzAvdn2jqnd4v35FqV6k2eLc8="></latexit>

mDM > GeV

QDM < 3.5⇥ 10�7
⇣mDM

GeV

⌘0.58

<latexit sha1_base64="FHJkNNp5F44tzNLEVjKOWzGq4Dk="></latexit>

[McDermott, Yu, Zurek 1011.2907]



Electromagnetic charge

Self-interactions

dark structures don’t shine like stars, no O(1) e.m. interactions

may be milli-charged, coupling to photons suppressed by mixing/small U(1) charge

main constraint from CMB, DM (single component) should be there at recombination

mDM < GeV

QDM < 4⇥ 10�7
⇣mDM

GeV

⌘0.35

<latexit sha1_base64="CGFzAvdn2jqnd4v35FqV6k2eLc8="></latexit>

mDM > GeV

QDM < 3.5⇥ 10�7
⇣mDM

GeV

⌘0.58

<latexit sha1_base64="FHJkNNp5F44tzNLEVjKOWzGq4Dk="></latexit>

[McDermott, Yu, Zurek 1011.2907]

�DM�DM

mDM
< 0.8

barn

GeV

<latexit sha1_base64="Prcz3LIZqjkhFZrSqJCaRoqW27E="></latexit>

instead DM can interact quite strongly with itself

�n�n

mn
⇠ few barns

GeV

<latexit sha1_base64="o5RYG0+Htgvy5WqAe5+bb1fZ24k=">AAACKnicbVDLSgMxFM34tr6qLt0Ei+DGMiOCulNc6LKCrUJbhkx6pwaTzJDcUcsw3+PGX3HThSJu/RDTdha+DgQO55zLzT1RKoVF33/3pqZnZufmFxYrS8srq2vV9Y2WTTLDockTmZibiFmQQkMTBUq4SQ0wFUm4ju7ORv71PRgrEn2FgxS6ivW1iAVn6KSwetqJDeN5x4q+YmGu93RR5CrUBXWSoqWL8Ih5DA80YkZbl5go59AqirBa8+v+GPQvCUpSIyUaYXXY6SU8U6CRS2ZtO/BT7ObMoOASikons5Ayfsf60HZUMwW2m49PLeiOU3o0Tox7GulY/T6RM2XtQEUuqRje2t/eSPzPa2cYH3VzodMMQfPJojiTFBM66o32hAGOcuAI40a4v1J+y1w76NqtuBKC3yf/Ja39enBQP748qJ0cl3UskC2yTXZJQA7JCbkgDdIknDyRF/JK3rxnb+i9ex+T6JRXzmySH/A+vwBEOKmg</latexit>

nucleons [Tulling, Yu 1705.02358]

[Randall et al. 0704.0261]

Bullet cluster



Dark matter density profile

direct observations of radial velocity vs. distance from the center of the galaxy

Corbelli, Salucci

M33 galaxy

DM (other interpretations such as MOND less likely, involve ~DM as well)



Dark matter density profile

⇢DM (r) / 1

r2
, r > R

<latexit sha1_base64="e2cXd7tSoV2f/jQKqMq6I0Kzecc=">AAACGHicbVDLSgMxFM3UV62vUZdugkWoIHWmFLQbKejCjVDFPqBTSybNtKGZyZhkhDLMZ7jxV9y4UMRtd/6NaTsLbT0QOJxzLzfnuCGjUlnWt5FZWl5ZXcuu5zY2t7Z3zN29huSRwKSOOeOi5SJJGA1IXVHFSCsUBPkuI013eDnxm09ESMqDezUKScdH/YB6FCOlpa556ogB78ZXN0lBHEMnFDxUHDqeQDi2k1g8lJIT6DxGqAcFvIB3XTNvFa0p4CKxU5IHKWpdc+z0OI58EijMkJRt2wpVJ0ZCUcxIknMiSUKEh6hP2poGyCeyE0+DJfBIKz3ocaFfoOBU/b0RI1/Kke/qSR+pgZz3JuJ/XjtS3nknpkEYKRLg2SEvYlBnn7QEe1QQrNhIE4QF1X+FeIB0KUp3mdMl2PORF0mjVLTLxcptOV+tpHVkwQE4BAVggzNQBdegBuoAg2fwCt7Bh/FivBmfxtdsNGOkO/vgD4zxD7PBnuQ=</latexit>

⇢NFW
DM =

⇢0

r
Rs

⇣
1 + r

Rs

⌘2

<latexit sha1_base64="wTEae6sQzf4r0CcW7RykvPBLzAY="></latexit>

[Navarro, Frenk, White ’96]

common DM profile, 
fit to simulations

velocity flattens out at large distances, what does that say about the DM density?

GNMhalo(R)

R2
=

v2c
R

<latexit sha1_base64="WpiyPqDi/EAyqVYFX1Zqv2BhlYo=">AAACHXicbVDLSgMxFM34rPU16tJNsAi6KTNSUBdCwYVulFqsFTp1yKQZG8w8SO4US5gfceOvuHGhiAs34t+YPhZaPRA4OedcknuCVHAFjvNlTU3PzM7NFxaKi0vLK6v22vqVSjJJWYMmIpHXAVFM8Jg1gINg16lkJAoEawZ3xwO/2WNS8SS+hH7K2hG5jXnIKQEj+XbFCyWh+sQ/x2e+9oDdg+4SkeT5Tn031/WbvRwf4VGo51Nz1fXct0tO2RkC/yXumJTQGDXf/vA6Cc0iFgMVRKmW66TQ1kQCp4LlRS9TLCX0jtyylqExiZhq6+F2Od42SgeHiTQnBjxUf05oEinVjwKTjAh01aQ3EP/zWhmEB23N4zQDFtPRQ2EmMCR4UBXucMkoiL4hhEpu/oppl5gmwBRaNCW4kyv/JVd7ZbdSPryolKqH4zoKaBNtoR3kon1URaeohhqIogf0hF7Qq/VoPVtv1vsoOmWNZzbQL1if32Eaohc=</latexit>

vc =

r
GNMhalo(R)

R
⇠ const.

<latexit sha1_base64="GZ1hNVfjXF/3mZCEL7gJt1qUImA="></latexit>

Mhalo / R

<latexit sha1_base64="rD/yLw8pvIEvdxc3mwuRWi4IkG0=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS0O4KbtwIVewDmlIm00k7dJIJMzdiCcGNv+LGhSJu/Qp3/o3TNgttPTBwOOde7pzjx4JrcJxva2l5ZXVtvbBR3Nza3tm19/abWiaKsgaVQqq2TzQTPGIN4CBYO1aMhL5gLX90OfFb90xpLqM7GMesG5JBxANOCRipZx9e91IP2AOkQyJklmEvVjIGiW97dskpO1PgReLmpIRy1Hv2l9eXNAlZBFQQrTuuE0M3JQo4FSwreolmMaEjMmAdQyMSMt1NpxEyfGKUPg6kMi8CPFV/b6Qk1Hoc+mYyJDDU895E/M/rJBBcdFMexQmwiM4OBYnAJuKkD9znilEQY0MIVdz8FdMhUYSCaa1oSnDnIy+S5lnZrZSrN5VSrZrXUUBH6BidIhedoxq6QnXUQBQ9omf0it6sJ+vFerc+ZqNLVr5zgP7A+vwBsfqXmw==</latexit>

Mhalo =

Z
d3x ⇢DM = 4⇡

Z R

0
dr r2⇢DM (r)

<latexit sha1_base64="YSP/5xxJtfd/fxg4PV0zS+kll5o="></latexit>



Dark matter density profile

velocity flattens out at large distances, what does that say about the DM density?

GNMhalo(R)

R2
=

v2c
R

<latexit sha1_base64="WpiyPqDi/EAyqVYFX1Zqv2BhlYo=">AAACHXicbVDLSgMxFM34rPU16tJNsAi6KTNSUBdCwYVulFqsFTp1yKQZG8w8SO4US5gfceOvuHGhiAs34t+YPhZaPRA4OedcknuCVHAFjvNlTU3PzM7NFxaKi0vLK6v22vqVSjJJWYMmIpHXAVFM8Jg1gINg16lkJAoEawZ3xwO/2WNS8SS+hH7K2hG5jXnIKQEj+XbFCyWh+sQ/x2e+9oDdg+4SkeT5Tn031/WbvRwf4VGo51Nz1fXct0tO2RkC/yXumJTQGDXf/vA6Cc0iFgMVRKmW66TQ1kQCp4LlRS9TLCX0jtyylqExiZhq6+F2Od42SgeHiTQnBjxUf05oEinVjwKTjAh01aQ3EP/zWhmEB23N4zQDFtPRQ2EmMCR4UBXucMkoiL4hhEpu/oppl5gmwBRaNCW4kyv/JVd7ZbdSPryolKqH4zoKaBNtoR3kon1URaeohhqIogf0hF7Qq/VoPVtv1vsoOmWNZzbQL1if32Eaohc=</latexit>

vc =

r
GNMhalo(R)

R
⇠ const.

<latexit sha1_base64="GZ1hNVfjXF/3mZCEL7gJt1qUImA="></latexit>

Mhalo / R

<latexit sha1_base64="rD/yLw8pvIEvdxc3mwuRWi4IkG0=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS0O4KbtwIVewDmlIm00k7dJIJMzdiCcGNv+LGhSJu/Qp3/o3TNgttPTBwOOde7pzjx4JrcJxva2l5ZXVtvbBR3Nza3tm19/abWiaKsgaVQqq2TzQTPGIN4CBYO1aMhL5gLX90OfFb90xpLqM7GMesG5JBxANOCRipZx9e91IP2AOkQyJklmEvVjIGiW97dskpO1PgReLmpIRy1Hv2l9eXNAlZBFQQrTuuE0M3JQo4FSwreolmMaEjMmAdQyMSMt1NpxEyfGKUPg6kMi8CPFV/b6Qk1Hoc+mYyJDDU895E/M/rJBBcdFMexQmwiM4OBYnAJuKkD9znilEQY0MIVdz8FdMhUYSCaa1oSnDnIy+S5lnZrZSrN5VSrZrXUUBH6BidIhedoxq6QnXUQBQ9omf0it6sJ+vFerc+ZqNLVr5zgP7A+vwBsfqXmw==</latexit>

Mhalo =

Z
d3x ⇢DM = 4⇡

Z R

0
dr r2⇢DM (r)

<latexit sha1_base64="YSP/5xxJtfd/fxg4PV0zS+kll5o="></latexit>

Milky Way, at our local vicinity, relevant for direct detection

⇢DM (R�) ' 0.4
GeV

cm3

<latexit sha1_base64="4Jxj2DW75vqRy7dWh7GrN8FL88E="></latexit>

vDM (R�) '

s
GNMMW (R�)

c2R�
' 10�3

<latexit sha1_base64="3ltn9T7VIpkA7rgAjfWKmSz7aYU="></latexit>

local density

local velocity

local flux �DM =
⇢DMvDM

mDM
=

✓
TeV

mDM

◆
104

cm2 s

<latexit sha1_base64="CQX+Yr/kcur5D3oXMdPkN74gkV8="></latexit>



Candidates



DM candidates
WIMPs

SUSY - MSSS & beyond

Singlets, additional multiplets (Inert Higgs doublet/multiplet)

Extended/Hidden interactions (Left-Right, Twin sectors, dark QCD, ...)

Right-handed/sterile neutrinos

Axions

Primordial black holes

Many others...

motivated by hierarchy, stabilized by R-parity

motivated by massive neutrinos

motivated by strong CP

Extra dimensions, Kaluza-Klein stabilized with KK-parity



Stability

Generic issue for heavy particles

� = |A|2 ⇥ phase space

<latexit sha1_base64="79jetTj+Sum79ZG0rck+5/XXgpE="></latexit>

�DM . 10�42 GeV

<latexit sha1_base64="7vfvuU5cbeoTqGMCSckbo/URFF0=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgheFOAmojAQVtBAWTCLkY9jYTs7h7d+zOieHIb7Dxr9hYKGJrZee/cROvUOODgcd7M8zMC2IpDLrup5ObmJyansnPFubmFxaXissrdRMlmkONRzLSlwEzIEUINRQo4TLWwFQgoRHcHA79xi1oI6LwAvsxtBS7DkVXcIZWahe3/GOmFGunR6cD6kswxghFPfcq3a7sWAXhDlN6DPVBu1hyy+4IdJx4GSmRDGft4offiXiiIEQumTFNz42xlTKNgksYFPzEQMz4DbuGpqUhU2Ba6eilAd2wSod2I20rRDpSf06kTBnTV4HtVAx75q83FP/zmgl291qpCOMEIeTfi7qJpBjRYT60IzRwlH1LGNfC3kp5j2nG0aZYsCF4f18eJ/Wdslcp759XStWDLI48WSPrZJN4ZJdUyQk5IzXCyT15JM/kxXlwnpxX5+27NedkM6vkF5z3L3HTnLU=</latexit>

⌧U & 14.7 byrs

<latexit sha1_base64="9MffdysFgl2vTi93TwXGT7F+o7Q=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRqhspuHFZwbSFJoTJdNIOnTyYuRFD6NaNv+LGhSJu/QN3/o3TNgttPTBwOOdc7twTpIIrsKxvo7Kyura+Ud2sbW3v7O6Z+wcdlWSSMocmIpG9gCgmeMwc4CBYL5WMRIFg3WB8PfW790wqnsR3kKfMi8gw5iGnBLTkm9gFkvkOdoegQxG2zxtNrbEHKHCQSzXxzbrVsGbAy8QuSR2VaPvmlztIaBaxGKggSvVtKwWvIBI4FWxSczPFUkLHZMj6msYkYsorZpdM8IlWBjhMpH4x4Jn6e6IgkVJ5FOhkRGCkFr2p+J/XzyC88AoepxmwmM4XhZnAkOBpLXjAJaMgck0IlVz/FdMRkYSCLq+mS7AXT14mnbOGru/y9rzeuirrqKIjdIxOkY2aqIVuUBs5iKJH9Ixe0ZvxZLwY78bHPFoxyplD9AfG5w8rWJli</latexit>

)

<latexit sha1_base64="BiJWkIcYdgpvbpnBc91NcQvoYA0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxiv2ANJTNdtMu3WTD7kQppT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYWV1b3yhulra2d3b3yvsHTaMyzXiDKal0O6SGS5HwBgqUvJ1qTuNQ8lY4vJn6rUeujVDJA45SHsS0n4hIMIpW8jv3oj9AqrV66pYrbtWdgSwTLycVyFHvlr86PcWymCfIJDXG99wUgzHVKJjkk1InMzylbEj73Lc0oTE3wXh28oScWKVHIqVtJUhm6u+JMY2NGcWh7YwpDsyiNxX/8/wMo8tgLJI0Q56w+aIokwQVmf5PekJzhnJkCWVa2FsJG1BNGdqUSjYEb/HlZdI8q3rn1au780rtOo+jCEdwDKfgwQXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8weTx5F1</latexit>

�2�body =
m

18⇡
y2 =

⇣ m

100 GeV

⌘⇣ y

10�21

⌘2
�DM

<latexit sha1_base64="wzl5dQI1XUyqTpWEqa3ip5tDVis="></latexit>

Stabilize by: symmetries Z2 : SM ! SM, DM ! �DM

<latexit sha1_base64="pq1A5yhqzRS33g/s+YaO9l55gTE=">AAACK3icbVDLSgMxFM3UV62vUZdugkVwoWWmFHwspKgLN0JF+8DOMGQyaRuaeZhkxDL0f9z4Ky504QO3/odpO6itHgice8693NzjRowKaRhvWmZqemZ2LjufW1hcWl7RV9dqIow5JlUcspA3XCQIowGpSioZaUScIN9lpO52TwZ+/ZZwQcPgSvYiYvuoHdAWxUgqydGPr53iIbRuYuRBS5I7mVye9xULf6qdMfs0tXe/S0fPGwVjCPiXmCnJgxQVR3+yvBDHPgkkZkiIpmlE0k4QlxQz0s9ZsSARwl3UJk1FA+QTYSfDW/twSykebIVcvUDCofp7IkG+ED3fVZ0+kh0x6Q3E/7xmLFv7dkKDKJYkwKNFrZhBdesgOOhRTrBkPUUQ5lT9FeIO4ghLFW9OhWBOnvyX1IoFs1Q4uCjly0dpHFmwATbBNjDBHiiDM1ABVYDBPXgEL+BVe9CetXftY9Sa0dKZdTAG7fMLMa2nFw==</latexit>

decouple by hand (issues with corrections)

light enough, lightest in the spectrum



DM Production
=

Dark genesis



Freeze-out

some Production mechanisms

Non-thermal

Freeze-in, oscillations/matter effects

a DM particle is thermally coupled to the primordial plasma, just like 

neutrinos. After some time, the expansion of the universe is faster than the 

equilibration rate and DM decouples, freezes-out. From then on, it follows 

the expansion of the universe (red-shifts).

sterile neutrinos may be produced through the mixing with active ones, 

either in vacuum or in presence of lepton number. Axions may also be 

produced from unfrozen oscillations of a classical axion field.

decays from an inflation, gravitational production.



Freeze-in, oscillations/matter effects

Freeze-out

some Production mechanisms

Non-thermal

a DM particle is thermally coupled to the primordial plasma, just like 

neutrinos. After some time, the expansion of the universe is faster than the 

equilibration rate and DM decouples, freezes-out. From then on, it follows 

the expansion of the universe (red-shifts).

sterile neutrinos may be produced through the mixing with active ones, 

either in vacuum or in presence of lepton number. Axions may also be 

produced from unfrozen oscillations of a classical axion field.

decays from an inflation, gravitational production.

Asymmetric DM production

Phase transitions (defects)

Multiple annihilations

...

Multiple annihilations



Freeze-out
[see e.g. Dodelson’s book]Boltzmann equation 1

<latexit sha1_base64="znU+rU5aChYZRqpz1TacR/C2HtI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlpjcoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1rqu15nWlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPe8iMuA==</latexit>

2

<latexit sha1_base64="9mdaftj9Qc+nsaCXvMx/0l+r740=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgOYW8OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3tb2zu5ffLxwcHh2fFE/P2jpKFMMWi0SkugHVKLjEluFGYDdWSMNAYCeY3i38zhMqzSP5YGYx+iEdSz7ijBorNSuDYsktu0uQTeJlpAQZGoPiV38YsSREaZigWvc8NzZ+SpXhTOC80E80xpRN6Rh7lkoaovbT5aFzcmWVIRlFypY0ZKn+nkhpqPUsDGxnSM1Er3sL8T+vl5jRrZ9yGScGJVstGiWCmIgsviZDrpAZMbOEMsXtrYRNqKLM2GwKNgRv/eVN0q6UvWq51qyW6rUsjjxcwCVcgwc3UId7aEALGCA8wyu8OY/Oi/PufKxac042cw5/4Hz+AH1MjLk=</latexit>

3

<latexit sha1_base64="YC0AbwOj3c3mY1JtMqCiagzApAw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqQHMLePGYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8MNMY/ZCOJB9yRo2VGtf9YsktuwuQdeJlpAQZ6v3iV28QsSREaZigWnc9NzZ+SpXhTOCs0Es0xpRN6Ai7lkoaovbTxaEzcmGVARlGypY0ZKH+nkhpqPU0DGxnSM1Yr3pz8T+vm5jhrZ9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10roqe5VytVEp1apZHHk4g3O4BA9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AX7QjLo=</latexit>

4

<latexit sha1_base64="fUAFqmpMC3MT1Fzf6YJRMHpy0uw=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpaG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRLdBzmWaGZRstSjKBDEJWXxNRlwhM2JmCWWK21sJm1BFmbHZuDYEf/3lTdK5rvn1WqPabBRhlOEcLuAKfLiBJtxDC9rAAOEF3uDdeXJenY9VY8kpJs7gD5zPHxXgi5E=</latexit>

|M|2

<latexit sha1_base64="g/j2IFZTuxwB3M0s5RWcgJqkZ+Q=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQU1I0U3LgRKtgHNLFMppN26OTBzI1Q0i7c+CtuXCji1o9w5984abPQ1gMXDufcy733eLHgCizr21hZXVvf2CxsFbd3dvf2zYPDlooSSVmTRiKSHY8oJnjImsBBsE4sGQk8wdre6Crz2w9MKh6FdzCOmRuQQch9TgloqWeWHMF8mGAnIDCkROAb7Eg+GMLkvtozy1bFmgEvEzsnZZSj0TO/nH5Ek4CFQAVRqmtbMbgpkcCpYNOikygWEzoiA9bVNCQBU246e2KKT7TSx34kdYWAZ+rviZQESo0DT3dmt6pFLxP/87oJ+OduysM4ARbS+SI/ERginCWC+1wyCmKsCaGS61sxHRJJKOjcijoEe/HlZdKqVuxa5eK2Vq5f5nEUUAkdo1NkozNUR9eogZqIokf0jF7Rm/FkvBjvxse8dcXIZ47QHxifP/vQl60=</latexit>

1

a3
d(n1a3)

dt
=

4Y

i=1

Z
d3pi

(2⇡)32Ei
(2⇡)4 �

⇣X
pi
⌘
�
⇣X

Ei

⌘

⇥ |M|2 ⇥ {f3f4(1± f1)(1± f2)� f1f2(1± f3)(1± f4)}

<latexit sha1_base64="AR6OMdvRY9Vrt4pB5lPtj3W8E7A="></latexit>

Relevant for BBN, recombination, DM production, ...



Freeze-out
[see e.g. Dodelson’s book]Boltzmann equation

2

<latexit sha1_base64="9mdaftj9Qc+nsaCXvMx/0l+r740=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgOYW8OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3tb2zu5ffLxwcHh2fFE/P2jpKFMMWi0SkugHVKLjEluFGYDdWSMNAYCeY3i38zhMqzSP5YGYx+iEdSz7ijBorNSuDYsktu0uQTeJlpAQZGoPiV38YsSREaZigWvc8NzZ+SpXhTOC80E80xpRN6Rh7lkoaovbT5aFzcmWVIRlFypY0ZKn+nkhpqPUsDGxnSM1Er3sL8T+vl5jRrZ9yGScGJVstGiWCmIgsviZDrpAZMbOEMsXtrYRNqKLM2GwKNgRv/eVN0q6UvWq51qyW6rUsjjxcwCVcgwc3UId7aEALGCA8wyu8OY/Oi/PufKxac042cw5/4Hz+AH1MjLk=</latexit>

3

<latexit sha1_base64="YC0AbwOj3c3mY1JtMqCiagzApAw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqQHMLePGYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8MNMY/ZCOJB9yRo2VGtf9YsktuwuQdeJlpAQZ6v3iV28QsSREaZigWnc9NzZ+SpXhTOCs0Es0xpRN6Ai7lkoaovbTxaEzcmGVARlGypY0ZKH+nkhpqPU0DGxnSM1Yr3pz8T+vm5jhrZ9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10roqe5VytVEp1apZHHk4g3O4BA9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AX7QjLo=</latexit>

4

<latexit sha1_base64="fUAFqmpMC3MT1Fzf6YJRMHpy0uw=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpaG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRLdBzmWaGZRstSjKBDEJWXxNRlwhM2JmCWWK21sJm1BFmbHZuDYEf/3lTdK5rvn1WqPabBRhlOEcLuAKfLiBJtxDC9rAAOEF3uDdeXJenY9VY8kpJs7gD5zPHxXgi5E=</latexit>

|M|2

<latexit sha1_base64="g/j2IFZTuxwB3M0s5RWcgJqkZ+Q=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQU1I0U3LgRKtgHNLFMppN26OTBzI1Q0i7c+CtuXCji1o9w5984abPQ1gMXDufcy733eLHgCizr21hZXVvf2CxsFbd3dvf2zYPDlooSSVmTRiKSHY8oJnjImsBBsE4sGQk8wdre6Crz2w9MKh6FdzCOmRuQQch9TgloqWeWHMF8mGAnIDCkROAb7Eg+GMLkvtozy1bFmgEvEzsnZZSj0TO/nH5Ek4CFQAVRqmtbMbgpkcCpYNOikygWEzoiA9bVNCQBU246e2KKT7TSx34kdYWAZ+rviZQESo0DT3dmt6pFLxP/87oJ+OduysM4ARbS+SI/ERginCWC+1wyCmKsCaGS61sxHRJJKOjcijoEe/HlZdKqVuxa5eK2Vq5f5nEUUAkdo1NkozNUR9eogZqIokf0jF7Rm/FkvBjvxse8dcXIZ47QHxifP/vQl60=</latexit>

1

a3
d(n1a3)

dt
=

4Y

i=1

Z
d3pi

(2⇡)32Ei
(2⇡)4 �

⇣X
pi
⌘
�
⇣X

Ei

⌘

⇥ |M|2 ⇥ {f3f4(1± f1)(1± f2)� f1f2(1± f3)(1± f4)}

<latexit sha1_base64="AR6OMdvRY9Vrt4pB5lPtj3W8E7A="></latexit>

entropy conservation in 
absence of interactions

kinematics, relativistic 
phase space integration

1

<latexit sha1_base64="Y6zKJJcfRsQgMOPVrhXWYADYfCU=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ0+cJM4t4MVjAmaBZAg9nUrSpmehu0cIQ77AiwdFvPpJ3vwbO4ugog8KHu9VUVUvSARXmpAPa219Y3NrO7eT393bPzgsHB23VJxKBk0Wi1h2AqpA8AiammsBnUQCDQMB7WByPffb9yAVj6NbPU3AD+ko4kPOqDZSw+kXisQueeVKxcXEdj1SJWVDHLdU8S6xY5MFimiFer/w3hvELA0h0kxQpboOSbSfUak5EzDL91IFCWUTOoKuoRENQfnZ4tAZPjfKAA9jaSrSeKF+n8hoqNQ0DExnSPVY/fbm4l9eN9XDKz/jUZJqiNhy0TAVWMd4/jUecAlMi6khlElubsVsTCVl2mSTNyF8fYr/J62SicX2Gm6x5q3iyKFTdIYukIOqqIZuUB01EUOAHtATerburEfrxXpdtq5Zq5kT9APW2yfyrI0K</latexit>



Freeze-out
[see e.g. Dodelson’s book]Boltzmann equation 1

<latexit sha1_base64="znU+rU5aChYZRqpz1TacR/C2HtI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlpjcoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1rqu15nWlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPe8iMuA==</latexit>

2

<latexit sha1_base64="9mdaftj9Qc+nsaCXvMx/0l+r740=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgOYW8OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3tb2zu5ffLxwcHh2fFE/P2jpKFMMWi0SkugHVKLjEluFGYDdWSMNAYCeY3i38zhMqzSP5YGYx+iEdSz7ijBorNSuDYsktu0uQTeJlpAQZGoPiV38YsSREaZigWvc8NzZ+SpXhTOC80E80xpRN6Rh7lkoaovbT5aFzcmWVIRlFypY0ZKn+nkhpqPUsDGxnSM1Er3sL8T+vl5jRrZ9yGScGJVstGiWCmIgsviZDrpAZMbOEMsXtrYRNqKLM2GwKNgRv/eVN0q6UvWq51qyW6rUsjjxcwCVcgwc3UId7aEALGCA8wyu8OY/Oi/PufKxac042cw5/4Hz+AH1MjLk=</latexit>

3

<latexit sha1_base64="YC0AbwOj3c3mY1JtMqCiagzApAw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqQHMLePGYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8MNMY/ZCOJB9yRo2VGtf9YsktuwuQdeJlpAQZ6v3iV28QsSREaZigWnc9NzZ+SpXhTOCs0Es0xpRN6Ai7lkoaovbTxaEzcmGVARlGypY0ZKH+nkhpqPU0DGxnSM1Yr3pz8T+vm5jhrZ9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10roqe5VytVEp1apZHHk4g3O4BA9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AX7QjLo=</latexit>

4

<latexit sha1_base64="fUAFqmpMC3MT1Fzf6YJRMHpy0uw=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpaG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRLdBzmWaGZRstSjKBDEJWXxNRlwhM2JmCWWK21sJm1BFmbHZuDYEf/3lTdK5rvn1WqPabBRhlOEcLuAKfLiBJtxDC9rAAOEF3uDdeXJenY9VY8kpJs7gD5zPHxXgi5E=</latexit>

|M|2

<latexit sha1_base64="g/j2IFZTuxwB3M0s5RWcgJqkZ+Q=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQU1I0U3LgRKtgHNLFMppN26OTBzI1Q0i7c+CtuXCji1o9w5984abPQ1gMXDufcy733eLHgCizr21hZXVvf2CxsFbd3dvf2zYPDlooSSVmTRiKSHY8oJnjImsBBsE4sGQk8wdre6Crz2w9MKh6FdzCOmRuQQch9TgloqWeWHMF8mGAnIDCkROAb7Eg+GMLkvtozy1bFmgEvEzsnZZSj0TO/nH5Ek4CFQAVRqmtbMbgpkcCpYNOikygWEzoiA9bVNCQBU246e2KKT7TSx34kdYWAZ+rviZQESo0DT3dmt6pFLxP/87oJ+OduysM4ARbS+SI/ERginCWC+1wyCmKsCaGS61sxHRJJKOjcijoEe/HlZdKqVuxa5eK2Vq5f5nEUUAkdo1NkozNUR9eogZqIokf0jF7Rm/FkvBjvxse8dcXIZ47QHxifP/vQl60=</latexit>

1

a3
d(n1a3)

dt
=

4Y

i=1

Z
d3pi

(2⇡)32Ei
(2⇡)4 �

⇣X
pi
⌘
�
⇣X

Ei

⌘

⇥ |M|2 ⇥ {f3f4(1± f1)(1± f2)� f1f2(1± f3)(1± f4)}

<latexit sha1_base64="AR6OMdvRY9Vrt4pB5lPtj3W8E7A="></latexit>

entropy conservation in 
absence of interactions

kinematics, relativistic 
phase space integration

particle properties, 
interactions

statistics, Fermi vs. Bose

f(T < Ei) ! e
µi�Ei

T

<latexit sha1_base64="QxEowZ7/MdmUZ78iiUo9eGRsOUc=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoC0siBRVECiK4rNAXNDFMppN26EwSZiZCCfkFN/6KGxeKuHXnzr9x0nahrQcGDufcy51z/JhRqSzr2ygsLa+srhXXSxubW9s75u5eW0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr+6Dr3Ow9ESBqFTTWOicvRIKQBxUhpyTMrQaUJL+GNR4+hoyJI7lMnEAinDk88Ck9yJ0ubWeaZZatqTQAXiT0jZTBDwzO/nH6EE05ChRmSsmdbsXJTJBTFjGQlJ5EkRniEBqSnaYg4kW46SZTBI630YRAJ/UIFJ+rvjRRxKcfc15McqaGc93LxP6+XqODcTWkYJ4qEeHooSBjU0fN6YJ8KghUba4KwoPqvEA+RLkTpEku6BHs+8iJpn1btWvXirlauX83qKIIDcAgqwAZnoA5uQQO0AAaP4Bm8gjfjyXgx3o2P6WjBmO3sgz8wPn8AzIibzQ==</latexit>

solve for the chemical equilibrium

⌘
Z

pi

<latexit sha1_base64="ms0/zrSgo7pl0McZQj4umBJ3zy0=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIQXsrePFYwX5AU8JmO2mXbjZxd1MpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwsbm1vVPcLe3tHxwe2eXjtopTSaFFYx7LbkAUcCagpZnm0E0kkCjg0AnGN3O/MwGpWCzu9TSBfkSGgoWMEm0k3y578JCyCfaY0H6W+Gzm2xWn6iyA14mbkwrK0fTtL28Q0zQCoSknSvVcJ9H9jEjNKIdZyUsVJISOyRB6hgoSgepni9Nn+NwoAxzG0pTQeKH+nshIpNQ0CkxnRPRIrXpz8T+vl+rwup8xkaQaBF0uClOOdYznOeABk0A1nxpCqGTmVkxHRBKqTVolE4K7+vI6aV9W3Vq1flerNOp5HEV0is7QBXLRFWqgW9RELUTRI3pGr+jNerJerHfrY9lasPKZE/QH1ucPlF6UNA==</latexit>



Boltzmann equation

number density

equilibrium

ni = gie
µi/T

Z
d3k

(2⇡)3
e�Ei/T

<latexit sha1_base64="bLyNF1/gsdzoAdC6lIXsNxjnsfA="></latexit>

n(0)
i = gi

Z
d3k

(2⇡)3
e�Ei/T =

(�
miT
2⇡

�3/2
e�mi/T , mi � T

gi
T 3

mi
mi ⌧ T

<latexit sha1_base64="neqrJVYaaC+KYFtR51bpUskgB7g="></latexit>

Boltzmann 
suppression

non-relativistic 
number in eq.



Boltzmann equation

number density

equilibrium

ni = gie
µi/T

Z
d3k

(2⇡)3
e�Ei/T

<latexit sha1_base64="bLyNF1/gsdzoAdC6lIXsNxjnsfA="></latexit>

n(0)
i = gi

Z
d3k

(2⇡)3
e�Ei/T =

(�
miT
2⇡

�3/2
e�mi/T , mi � T

gi
T 3

mi
mi ⌧ T

<latexit sha1_base64="neqrJVYaaC+KYFtR51bpUskgB7g="></latexit>

Boltzmann 
suppression

non-relativistic 
number in eq.

ni

n(0)
i

= e�µi/T

<latexit sha1_base64="UPo1H0E3ggarisW5sJRXn1MYwU8=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoC2siBe1CKLhxWaEvaNIwmU7aoZNJmJkIJeQH3Pgrblwo4ta9O//G6WOhrQfu5XDOvczc48eMSmVZ30ZuZXVtfSO/Wdja3tndM/cPWjJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2R7cTv/1AhKQRb6hxTNwQDTgNKEZKS5554gQC4ZR7NJu0XlqyzrIM3kDSS8+dMPHoRSPzzKJVtqaAy8SekyKYo+6ZX04/wklIuMIMSdm1rVi5KRKKYkaygpNIEiM8QgPS1ZSjkEg3nV6TwVOt9GEQCV1cwan6eyNFoZTj0NeTIVJDuehNxP+8bqKCazelPE4U4Xj2UJAwqCI4iQb2qSBYsbEmCAuq/wrxEOl4lA6woEOwF09eJq3Lsl0pV+8rxVp1HkceHIFjUAI2uAI1cAfqoAkweATP4BW8GU/Gi/FufMxGc8Z85xD8gfH5A4U7my8=</latexit>

thermally averaged 
cross-section

h�vi = 1

n(0)
1 n(0)

2

Z

pi

|M|2 e�(E1+E2)/T

<latexit sha1_base64="3ymqzslbRyAEqkJ+3Sfn+owD+pQ="></latexit>



Boltzmann equation

number density

equilibrium

ni = gie
µi/T

Z
d3k

(2⇡)3
e�Ei/T

<latexit sha1_base64="bLyNF1/gsdzoAdC6lIXsNxjnsfA="></latexit>

n(0)
i = gi

Z
d3k

(2⇡)3
e�Ei/T =

(�
miT
2⇡

�3/2
e�mi/T , mi � T

gi
T 3

mi
mi ⌧ T

<latexit sha1_base64="neqrJVYaaC+KYFtR51bpUskgB7g="></latexit>

Boltzmann 
suppression

non-relativistic 
number in eq.

ni

n(0)
i

= e�µi/T

<latexit sha1_base64="UPo1H0E3ggarisW5sJRXn1MYwU8=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoC2siBe1CKLhxWaEvaNIwmU7aoZNJmJkIJeQH3Pgrblwo4ta9O//G6WOhrQfu5XDOvczc48eMSmVZ30ZuZXVtfSO/Wdja3tndM/cPWjJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2R7cTv/1AhKQRb6hxTNwQDTgNKEZKS5554gQC4ZR7NJu0XlqyzrIM3kDSS8+dMPHoRSPzzKJVtqaAy8SekyKYo+6ZX04/wklIuMIMSdm1rVi5KRKKYkaygpNIEiM8QgPS1ZSjkEg3nV6TwVOt9GEQCV1cwan6eyNFoZTj0NeTIVJDuehNxP+8bqKCazelPE4U4Xj2UJAwqCI4iQb2qSBYsbEmCAuq/wrxEOl4lA6woEOwF09eJq3Lsl0pV+8rxVp1HkceHIFjUAI2uAI1cAfqoAkweATP4BW8GU/Gi/FufMxGc8Z85xD8gfH5A4U7my8=</latexit>

thermally averaged 
cross-section

h�vi = 1

n(0)
1 n(0)

2

Z

pi

|M|2 e�(E1+E2)/T

<latexit sha1_base64="3ymqzslbRyAEqkJ+3Sfn+owD+pQ="></latexit>

1

a3
d(n1a3)

dt
= n(0)

1 n(0)
2 h�vi

(
n3n4

n(0)
3 n(0)

4

� n1n2

n(0)
1 n(0)

2

)

<latexit sha1_base64="tqKMwODscvW3UJnMwqbZkrQEiPQ="></latexit>

h�vi�n2

������! 0

<latexit sha1_base64="sKpclMkeRJJrdii2ExFNaeQApy8=">AAACGXicbVBNS8NAEN3Ur1q/oh69LBbBU0lKQXsrePFYwX5AU8tku02XbjZhd1MtoX/Di3/FiwdFPOrJf+O2zUFbHww83pthZp4fc6a043xbubX1jc2t/HZhZ3dv/8A+PGqqKJGENkjEI9n2QVHOBG1opjltx5JC6HPa8kdXM781plKxSNzqSUy7IQSCDRgBbaSe7XgPkgVDDVJG96nHQQScYk+xIAQ8xp7MhCDA4q48xU7PLjolZw68StyMFFGGes/+9PoRSUIqNOGgVMd1Yt1NQWpGOJ0WvETRGMgIAtoxVEBIVTedfzbFZ0bp40EkTQmN5+rviRRCpSahbzpD0EO17M3E/7xOogeX3ZSJONFUkMWiQcKxjvAsJtxnkhLNJ4YAkczciskQJBBtwiyYENzll1dJs1xyK6XqTaVYq2Zx5NEJOkXnyEUXqIauUR01EEGP6Bm9ojfryXqx3q2PRWvOymaO0R9YXz8P7KBC</latexit>

strong interactions 
= equilibrium



WIMP
Thermal DM relic X = DM

<latexit sha1_base64="hrJK/a/ovgjVqhoodUA9fwcdVVo=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoDkIAT14ESKYByRLmJ3MJkNmH870BsOS7/DiQRGvfow3/8ZJsgdNLGgoqrrp7vJiKTTa9reVW1ldW9/Ibxa2tnd294r7Bw0dJYrxOotkpFoe1VyKkNdRoOStWHEaeJI3veH11G+OuNIiCh9wHHM3oP1Q+IJRNJLbIlekg/wJ05u7SbdYssv2DGSZOBkpQYZat/jV6UUsCXiITFKt244do5tShYJJPil0Es1jyoa0z9uGhjTg2k1nR0/IiVF6xI+UqRDJTP09kdJA63Hgmc6A4kAvelPxP6+doH/ppiKME+Qhmy/yE0kwItMESE8ozlCODaFMCXMrYQOqKEOTU8GE4Cy+vEwaZ2XnvFy5Py9VK1kceTiCYzgFBy6gCrdQgzoweIRneIU3a2S9WO/Wx7w1Z2Uzh/AH1ucP1YaRfg==</latexit>

X

<latexit sha1_base64="5sBr5DYdP3cOXTAN6SZThHP15Pc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZndQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdrzetKvZbHUYQzOIdL8OAG6nAPDWgBA4RneIU359F5cd6dj2VrwclnTuEPnM8ftuSM3w==</latexit>

SM

<latexit sha1_base64="vVrvvM1gcjItilv3OnV4PPD0IZU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoLkFvHgRIpqHJEuYnUySITO7y0yvGJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRldTv/nItRFReI/jmPuKDkLRF4yilR46yJ8wvbuZdIslt+zOQJaJl5ESZKh1i1+dXsQSxUNkkhrT9twY/ZRqFEzySaGTGB5TNqID3rY0pIobP50dPCEnVumRfqRthUhm6u+JlCpjxiqwnYri0Cx6U/E/r51g/9JPRRgnyEM2X9RPJMGITL8nPaE5Qzm2hDIt7K2EDammDG1GBRuCt/jyMmmclb3zcuX2vFStZHHk4QiO4RQ8uIAqXEMN6sBAwTO8wpujnRfn3fmYt+acbOYQ/sD5/AEMn5CQ</latexit>

,mSM ' 0

<latexit sha1_base64="j1arjZbcXbWwVTyICFG+VcoTdzI=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgEDxJ2JaC5Bbx4ESKaByQhzE46yZCZ3XWmVwxLvPgrXjwo4tW/8ObfOHkcNLGgoajqprvLj6Qw6LrfzsLi0vLKamotvb6xubWd2dmtmDDWHMo8lKGu+cyAFAGUUaCEWqSBKV9C1e9fjPzqPWgjwuAWBxE0FesGoiM4Qyu1MvsnVLWSBsIDJjdXwyFtGKHgjrqtTNbNuWPQeeJNSZZMUWplvhrtkMcKAuSSGVP33AibCdMouIRhuhEbiBjvsy7ULQ2YAtNMxh8M6ZFV2rQTalsB0rH6eyJhypiB8m2nYtgzs95I/M+rx9g5byYiiGKEgE8WdWJJMaSjOGhbaOAoB5YwroW9lfIe04yjDS1tQ/BmX54nldOcl88VrvPZYmEaR4ockENyTDxyRorkkpRImXDySJ7JK3lznpwX5935mLQuONOZPfIHzucPk4SWUg==</latexit>

SM

<latexit sha1_base64="vVrvvM1gcjItilv3OnV4PPD0IZU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoLkFvHgRIpqHJEuYnUySITO7y0yvGJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRldTv/nItRFReI/jmPuKDkLRF4yilR46yJ8wvbuZdIslt+zOQJaJl5ESZKh1i1+dXsQSxUNkkhrT9twY/ZRqFEzySaGTGB5TNqID3rY0pIobP50dPCEnVumRfqRthUhm6u+JlCpjxiqwnYri0Cx6U/E/r51g/9JPRRgnyEM2X9RPJMGITL8nPaE5Qzm2hDIt7K2EDammDG1GBRuCt/jyMmmclb3zcuX2vFStZHHk4QiO4RQ8uIAqXEMN6sBAwTO8wpujnRfn3fmYt+acbOYQ/sD5/AEMn5CQ</latexit>

m = mX

<latexit sha1_base64="fsm571Tnq20R8Dc4ULViNbPtfzk=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgvYgFLx4rGA/oF1KNs22oUk2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v73CxubW9k5xt7S3f3B4VD4+aZsk1YS2SMIT3Y2woZxJ2rLMctpVmmIRcdqJJndzv/NEtWGJfLRTRUOBR5LFjGDrpI5At0gMuoNyxa/6C6B1EuSkAjmag/JXf5iQVFBpCcfG9AJf2TDD2jLC6azUTw1VmEzwiPYclVhQE2aLc2fowilDFCfalbRoof6eyLAwZioi1ymwHZtVby7+5/VSG9+EGZMqtVSS5aI45cgmaP47GjJNieVTRzDRzN2KyBhrTKxLqORCCFZfXiftq2pQq9YfapVGPY+jCGdwDpcQwDU04B6a0AICE3iGV3jzlPfivXsfy9aCl8+cwh94nz8yKY7R</latexit>

1

a3
d(nXa3)

dt
= h�vi

⇣
n(0)2
X � n2

X

⌘

<latexit sha1_base64="uq/JNMecWjGEiAV/n/LOQlC6c68="></latexit>

nSM = n(0)
SM

<latexit sha1_base64="qJpuOd+MrNbUbdoLEIIhLdcuUyY=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTNS0C6Eghs3QkX7gHYsmTRtQzOZIbkjlmE+wI2/4saFIm79AHf+jWk7C9t6IHByzrkk93ih4Bps+8daWl5ZXVvPbGQ3t7Z3dnN7+3UdRIqyGg1EoJoe0UxwyWrAQbBmqBjxPcEa3vBy7DcemNI8kHcwCpnrk77kPU4JGKmTy8tO3Ab2CPHtdZLgCzxzv48L9kliUnbRngAvEicleZSi2sl9t7sBjXwmgQqidcuxQ3BjooBTwZJsO9IsJHRI+qxlqCQ+0248WSbBx0bp4l6gzJGAJ+rfiZj4Wo98zyR9AgM9743F/7xWBL1zN+YyjIBJOn2oFwkMAR43g7tcMQpiZAihipu/YjogilAw/WVNCc78youkflp0SsXyTSlfKad1ZNAhOkIF5KAzVEFXqIpqiKIn9ILe0Lv1bL1aH9bnNLpkpTMHaAbW1y+u2Jtc</latexit>

Boltzmann eq. becomes



WIMP
Thermal DM relic X = DM

<latexit sha1_base64="hrJK/a/ovgjVqhoodUA9fwcdVVo=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoDkIAT14ESKYByRLmJ3MJkNmH870BsOS7/DiQRGvfow3/8ZJsgdNLGgoqrrp7vJiKTTa9reVW1ldW9/Ibxa2tnd294r7Bw0dJYrxOotkpFoe1VyKkNdRoOStWHEaeJI3veH11G+OuNIiCh9wHHM3oP1Q+IJRNJLbIlekg/wJ05u7SbdYssv2DGSZOBkpQYZat/jV6UUsCXiITFKt244do5tShYJJPil0Es1jyoa0z9uGhjTg2k1nR0/IiVF6xI+UqRDJTP09kdJA63Hgmc6A4kAvelPxP6+doH/ppiKME+Qhmy/yE0kwItMESE8ozlCODaFMCXMrYQOqKEOTU8GE4Cy+vEwaZ2XnvFy5Py9VK1kceTiCYzgFBy6gCrdQgzoweIRneIU3a2S9WO/Wx7w1Z2Uzh/AH1ucP1YaRfg==</latexit>

X

<latexit sha1_base64="5sBr5DYdP3cOXTAN6SZThHP15Pc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZndQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdrzetKvZbHUYQzOIdL8OAG6nAPDWgBA4RneIU359F5cd6dj2VrwclnTuEPnM8ftuSM3w==</latexit>

SM

<latexit sha1_base64="vVrvvM1gcjItilv3OnV4PPD0IZU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoLkFvHgRIpqHJEuYnUySITO7y0yvGJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRldTv/nItRFReI/jmPuKDkLRF4yilR46yJ8wvbuZdIslt+zOQJaJl5ESZKh1i1+dXsQSxUNkkhrT9twY/ZRqFEzySaGTGB5TNqID3rY0pIobP50dPCEnVumRfqRthUhm6u+JlCpjxiqwnYri0Cx6U/E/r51g/9JPRRgnyEM2X9RPJMGITL8nPaE5Qzm2hDIt7K2EDammDG1GBRuCt/jyMmmclb3zcuX2vFStZHHk4QiO4RQ8uIAqXEMN6sBAwTO8wpujnRfn3fmYt+acbOYQ/sD5/AEMn5CQ</latexit>

,mSM ' 0

<latexit sha1_base64="j1arjZbcXbWwVTyICFG+VcoTdzI=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgEDxJ2JaC5Bbx4ESKaByQhzE46yZCZ3XWmVwxLvPgrXjwo4tW/8ObfOHkcNLGgoajqprvLj6Qw6LrfzsLi0vLKamotvb6xubWd2dmtmDDWHMo8lKGu+cyAFAGUUaCEWqSBKV9C1e9fjPzqPWgjwuAWBxE0FesGoiM4Qyu1MvsnVLWSBsIDJjdXwyFtGKHgjrqtTNbNuWPQeeJNSZZMUWplvhrtkMcKAuSSGVP33AibCdMouIRhuhEbiBjvsy7ULQ2YAtNMxh8M6ZFV2rQTalsB0rH6eyJhypiB8m2nYtgzs95I/M+rx9g5byYiiGKEgE8WdWJJMaSjOGhbaOAoB5YwroW9lfIe04yjDS1tQ/BmX54nldOcl88VrvPZYmEaR4ockENyTDxyRorkkpRImXDySJ7JK3lznpwX5935mLQuONOZPfIHzucPk4SWUg==</latexit>

SM

<latexit sha1_base64="vVrvvM1gcjItilv3OnV4PPD0IZU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoLkFvHgRIpqHJEuYnUySITO7y0yvGJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRldTv/nItRFReI/jmPuKDkLRF4yilR46yJ8wvbuZdIslt+zOQJaJl5ESZKh1i1+dXsQSxUNkkhrT9twY/ZRqFEzySaGTGB5TNqID3rY0pIobP50dPCEnVumRfqRthUhm6u+JlCpjxiqwnYri0Cx6U/E/r51g/9JPRRgnyEM2X9RPJMGITL8nPaE5Qzm2hDIt7K2EDammDG1GBRuCt/jyMmmclb3zcuX2vFStZHHk4QiO4RQ8uIAqXEMN6sBAwTO8wpujnRfn3fmYt+acbOYQ/sD5/AEMn5CQ</latexit>

m = mX

<latexit sha1_base64="fsm571Tnq20R8Dc4ULViNbPtfzk=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgvYgFLx4rGA/oF1KNs22oUk2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v73CxubW9k5xt7S3f3B4VD4+aZsk1YS2SMIT3Y2woZxJ2rLMctpVmmIRcdqJJndzv/NEtWGJfLRTRUOBR5LFjGDrpI5At0gMuoNyxa/6C6B1EuSkAjmag/JXf5iQVFBpCcfG9AJf2TDD2jLC6azUTw1VmEzwiPYclVhQE2aLc2fowilDFCfalbRoof6eyLAwZioi1ymwHZtVby7+5/VSG9+EGZMqtVSS5aI45cgmaP47GjJNieVTRzDRzN2KyBhrTKxLqORCCFZfXiftq2pQq9YfapVGPY+jCGdwDpcQwDU04B6a0AICE3iGV3jzlPfivXsfy9aCl8+cwh94nz8yKY7R</latexit>

1

a3
d(nXa3)

dt
= h�vi

⇣
n(0)2
X � n2

X

⌘

<latexit sha1_base64="uq/JNMecWjGEiAV/n/LOQlC6c68="></latexit>

nSM = n(0)
SM

<latexit sha1_base64="qJpuOd+MrNbUbdoLEIIhLdcuUyY=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTNS0C6Eghs3QkX7gHYsmTRtQzOZIbkjlmE+wI2/4saFIm79AHf+jWk7C9t6IHByzrkk93ih4Bps+8daWl5ZXVvPbGQ3t7Z3dnN7+3UdRIqyGg1EoJoe0UxwyWrAQbBmqBjxPcEa3vBy7DcemNI8kHcwCpnrk77kPU4JGKmTy8tO3Ab2CPHtdZLgCzxzv48L9kliUnbRngAvEicleZSi2sl9t7sBjXwmgQqidcuxQ3BjooBTwZJsO9IsJHRI+qxlqCQ+0248WSbBx0bp4l6gzJGAJ+rfiZj4Wo98zyR9AgM9743F/7xWBL1zN+YyjIBJOn2oFwkMAR43g7tcMQpiZAihipu/YjogilAw/WVNCc78youkflp0SsXyTSlfKad1ZNAhOkIF5KAzVEFXqIpqiKIn9ILe0Lv1bL1aH9bnNLpkpTMHaAbW1y+u2Jtc</latexit>

Y ⌘ nX

T 3

<latexit sha1_base64="iS5KTGIxZSobkZxjjZORZbi7Od8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEC9pdwY3LCn1JE8NkOmmHTiZxZlIoIW78FTcuFHHrX7jzb5y2WWjrgQuHc+7l3nv8mFGpLOvbKKysrq1vFDdLW9s7u3vm/kFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oeup3xkRIGvGmmsTEDdGA04BipLTkmUd30CEPCR1DJxAIp9zrZmnz/iLzzLJVsWaAy8TOSRnkaHjml9OPcBISrjBDUvZsK1ZuioSimJGs5CSSxAiP0ID0NOUoJNJNZx9k8FQrfRhEQhdXcKb+nkhRKOUk9HVniNRQLnpT8T+vl6jgyk0pjxNFOJ4vChIGVQSnccA+FQQrNtEEYUH1rRAPkU5C6dBKOgR78eVl0j6v2NVK7bZartfyOIrgGJyAM2CDS1AHN6ABWgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fIOiWrw==</latexit>

)

<latexit sha1_base64="4QcP/VflREzycPs5bAQNyi+2Gac=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWsR/QhrLZbtqlm2zYnSgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZVSqGW8yJZXuBNRwKWLeRIGSdxLNaRRI3g7GNzO//ci1ESp+wEnC/YgOYxEKRtFK3d69GI6Qaq2e+uWKW3XnIKvEy0kFcjT65a/eQLE04jEySY3pem6CfkY1Cib5tNRLDU8oG9Mh71oa04gbP5ufPCVnVhmQUGlbMZK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPRJykyGO2WBSmkqAis//JQGjOUE4soUwLeythI6opQ5tSyYbgLb+8SloXVe+yWru7rNRreRxFOIFTOAcPrqAOt9CAJjBQ8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP5JGkXA=</latexit>

dY

dt
= T 3h�vi

�
Y 2
eq � Y 2

�

<latexit sha1_base64="ArfNntycTrp/E4Ra/B2Zp764RBY="></latexit>

Boltzmann eq. becomes

Yield



WIMP
Thermal DM relic X = DM

<latexit sha1_base64="hrJK/a/ovgjVqhoodUA9fwcdVVo=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoDkIAT14ESKYByRLmJ3MJkNmH870BsOS7/DiQRGvfow3/8ZJsgdNLGgoqrrp7vJiKTTa9reVW1ldW9/Ibxa2tnd294r7Bw0dJYrxOotkpFoe1VyKkNdRoOStWHEaeJI3veH11G+OuNIiCh9wHHM3oP1Q+IJRNJLbIlekg/wJ05u7SbdYssv2DGSZOBkpQYZat/jV6UUsCXiITFKt244do5tShYJJPil0Es1jyoa0z9uGhjTg2k1nR0/IiVF6xI+UqRDJTP09kdJA63Hgmc6A4kAvelPxP6+doH/ppiKME+Qhmy/yE0kwItMESE8ozlCODaFMCXMrYQOqKEOTU8GE4Cy+vEwaZ2XnvFy5Py9VK1kceTiCYzgFBy6gCrdQgzoweIRneIU3a2S9WO/Wx7w1Z2Uzh/AH1ucP1YaRfg==</latexit>

X

<latexit sha1_base64="5sBr5DYdP3cOXTAN6SZThHP15Pc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZndQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdrzetKvZbHUYQzOIdL8OAG6nAPDWgBA4RneIU359F5cd6dj2VrwclnTuEPnM8ftuSM3w==</latexit>

SM

<latexit sha1_base64="vVrvvM1gcjItilv3OnV4PPD0IZU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoLkFvHgRIpqHJEuYnUySITO7y0yvGJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRldTv/nItRFReI/jmPuKDkLRF4yilR46yJ8wvbuZdIslt+zOQJaJl5ESZKh1i1+dXsQSxUNkkhrT9twY/ZRqFEzySaGTGB5TNqID3rY0pIobP50dPCEnVumRfqRthUhm6u+JlCpjxiqwnYri0Cx6U/E/r51g/9JPRRgnyEM2X9RPJMGITL8nPaE5Qzm2hDIt7K2EDammDG1GBRuCt/jyMmmclb3zcuX2vFStZHHk4QiO4RQ8uIAqXEMN6sBAwTO8wpujnRfn3fmYt+acbOYQ/sD5/AEMn5CQ</latexit>

,mSM ' 0

<latexit sha1_base64="j1arjZbcXbWwVTyICFG+VcoTdzI=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgEDxJ2JaC5Bbx4ESKaByQhzE46yZCZ3XWmVwxLvPgrXjwo4tW/8ObfOHkcNLGgoajqprvLj6Qw6LrfzsLi0vLKamotvb6xubWd2dmtmDDWHMo8lKGu+cyAFAGUUaCEWqSBKV9C1e9fjPzqPWgjwuAWBxE0FesGoiM4Qyu1MvsnVLWSBsIDJjdXwyFtGKHgjrqtTNbNuWPQeeJNSZZMUWplvhrtkMcKAuSSGVP33AibCdMouIRhuhEbiBjvsy7ULQ2YAtNMxh8M6ZFV2rQTalsB0rH6eyJhypiB8m2nYtgzs95I/M+rx9g5byYiiGKEgE8WdWJJMaSjOGhbaOAoB5YwroW9lfIe04yjDS1tQ/BmX54nldOcl88VrvPZYmEaR4ockENyTDxyRorkkpRImXDySJ7JK3lznpwX5935mLQuONOZPfIHzucPk4SWUg==</latexit>

SM

<latexit sha1_base64="vVrvvM1gcjItilv3OnV4PPD0IZU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoLkFvHgRIpqHJEuYnUySITO7y0yvGJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRldTv/nItRFReI/jmPuKDkLRF4yilR46yJ8wvbuZdIslt+zOQJaJl5ESZKh1i1+dXsQSxUNkkhrT9twY/ZRqFEzySaGTGB5TNqID3rY0pIobP50dPCEnVumRfqRthUhm6u+JlCpjxiqwnYri0Cx6U/E/r51g/9JPRRgnyEM2X9RPJMGITL8nPaE5Qzm2hDIt7K2EDammDG1GBRuCt/jyMmmclb3zcuX2vFStZHHk4QiO4RQ8uIAqXEMN6sBAwTO8wpujnRfn3fmYt+acbOYQ/sD5/AEMn5CQ</latexit>

m = mX

<latexit sha1_base64="fsm571Tnq20R8Dc4ULViNbPtfzk=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgvYgFLx4rGA/oF1KNs22oUk2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v73CxubW9k5xt7S3f3B4VD4+aZsk1YS2SMIT3Y2woZxJ2rLMctpVmmIRcdqJJndzv/NEtWGJfLRTRUOBR5LFjGDrpI5At0gMuoNyxa/6C6B1EuSkAjmag/JXf5iQVFBpCcfG9AJf2TDD2jLC6azUTw1VmEzwiPYclVhQE2aLc2fowilDFCfalbRoof6eyLAwZioi1ymwHZtVby7+5/VSG9+EGZMqtVSS5aI45cgmaP47GjJNieVTRzDRzN2KyBhrTKxLqORCCFZfXiftq2pQq9YfapVGPY+jCGdwDpcQwDU04B6a0AICE3iGV3jzlPfivXsfy9aCl8+cwh94nz8yKY7R</latexit>

1

a3
d(nXa3)

dt
= h�vi

⇣
n(0)2
X � n2

X

⌘

<latexit sha1_base64="uq/JNMecWjGEiAV/n/LOQlC6c68="></latexit>

nSM = n(0)
SM

<latexit sha1_base64="qJpuOd+MrNbUbdoLEIIhLdcuUyY=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTNS0C6Eghs3QkX7gHYsmTRtQzOZIbkjlmE+wI2/4saFIm79AHf+jWk7C9t6IHByzrkk93ih4Bps+8daWl5ZXVvPbGQ3t7Z3dnN7+3UdRIqyGg1EoJoe0UxwyWrAQbBmqBjxPcEa3vBy7DcemNI8kHcwCpnrk77kPU4JGKmTy8tO3Ab2CPHtdZLgCzxzv48L9kliUnbRngAvEicleZSi2sl9t7sBjXwmgQqidcuxQ3BjooBTwZJsO9IsJHRI+qxlqCQ+0248WSbBx0bp4l6gzJGAJ+rfiZj4Wo98zyR9AgM9743F/7xWBL1zN+YyjIBJOn2oFwkMAR43g7tcMQpiZAihipu/YjogilAw/WVNCc78youkflp0SsXyTSlfKad1ZNAhOkIF5KAzVEFXqIpqiKIn9ILe0Lv1bL1aH9bnNLpkpTMHaAbW1y+u2Jtc</latexit>

Y ⌘ nX

T 3

<latexit sha1_base64="iS5KTGIxZSobkZxjjZORZbi7Od8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEC9pdwY3LCn1JE8NkOmmHTiZxZlIoIW78FTcuFHHrX7jzb5y2WWjrgQuHc+7l3nv8mFGpLOvbKKysrq1vFDdLW9s7u3vm/kFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oeup3xkRIGvGmmsTEDdGA04BipLTkmUd30CEPCR1DJxAIp9zrZmnz/iLzzLJVsWaAy8TOSRnkaHjml9OPcBISrjBDUvZsK1ZuioSimJGs5CSSxAiP0ID0NOUoJNJNZx9k8FQrfRhEQhdXcKb+nkhRKOUk9HVniNRQLnpT8T+vl6jgyk0pjxNFOJ4vChIGVQSnccA+FQQrNtEEYUH1rRAPkU5C6dBKOgR78eVl0j6v2NVK7bZartfyOIrgGJyAM2CDS1AHN6ABWgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fIOiWrw==</latexit>

)

<latexit sha1_base64="4QcP/VflREzycPs5bAQNyi+2Gac=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWsR/QhrLZbtqlm2zYnSgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZVSqGW8yJZXuBNRwKWLeRIGSdxLNaRRI3g7GNzO//ci1ESp+wEnC/YgOYxEKRtFK3d69GI6Qaq2e+uWKW3XnIKvEy0kFcjT65a/eQLE04jEySY3pem6CfkY1Cib5tNRLDU8oG9Mh71oa04gbP5ufPCVnVhmQUGlbMZK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPRJykyGO2WBSmkqAis//JQGjOUE4soUwLeythI6opQ5tSyYbgLb+8SloXVe+yWru7rNRreRxFOIFTOAcPrqAOt9CAJjBQ8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP5JGkXA=</latexit>

dY

dt
= T 3h�vi

�
Y 2
eq � Y 2

�

<latexit sha1_base64="ArfNntycTrp/E4Ra/B2Zp764RBY="></latexit>

x ⌘ m

T

<latexit sha1_base64="G5HH+ucDn96pfOLDWH5xJ3FE4OY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIQbsruHFZoS9oQplMJ+3QmUmcmRRrCP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPUHMqNKO820V1tY3NreK26Wd3b39A/vwqK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML6Z+Z0JkYpGoqmnMfE5GgoaUoy0kfr2yQP0yH1CJ9ALJcIpz9Jm1rfLTsWZA64SNydlkKPRt7+8QYQTToTGDCnVc51Y+ymSmmJGspKXKBIjPEZD0jNUIE6Un86vz+C5UQYwjKQpoeFc/T2RIq7UlAemkyM9UsveTPzP6yU6vPZTKuJEE4EXi8KEQR3BWRRwQCXBmk0NQVhScyvEI2RS0CawkgnBXX55lbQvK261Ururluu1PI4iOAVn4AK44ArUwS1ogBbA4BE8g1fwZj1ZL9a79bFoLVj5zDH4A+vzB6p8lV0=</latexit>

)

<latexit sha1_base64="4QcP/VflREzycPs5bAQNyi+2Gac=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWsR/QhrLZbtqlm2zYnSgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZVSqGW8yJZXuBNRwKWLeRIGSdxLNaRRI3g7GNzO//ci1ESp+wEnC/YgOYxEKRtFK3d69GI6Qaq2e+uWKW3XnIKvEy0kFcjT65a/eQLE04jEySY3pem6CfkY1Cib5tNRLDU8oG9Mh71oa04gbP5ufPCVnVhmQUGlbMZK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPRJykyGO2WBSmkqAis//JQGjOUE4soUwLeythI6opQ5tSyYbgLb+8SloXVe+yWru7rNRreRxFOIFTOAcPrqAOt9CAJjBQ8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP5JGkXA=</latexit>

dY

dx
= � �

x2

�
Y 2 � Y 2

eq

�

<latexit sha1_base64="eSx/I9H5T3e7lIch/3+AzQ6ol4w="></latexit>

� ⌘ m
3h�vi
H x2

<latexit sha1_base64="boQMGpMkJrSgjaPUaLBaYCIAZls="></latexit>

Boltzmann eq. becomes

Yield

x measures temperature very simple differential equation



WIMP
dY

dx
= � �

x2

�
Y 2 � Y 2

eq

�

<latexit sha1_base64="eSx/I9H5T3e7lIch/3+AzQ6ol4w="></latexit>

weaker annihilation, 
freeze-out early, 
higher abundance

stronger coupling, 
annihilates more, 
freezes-out later, 
abundance drops
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WIMP
analytic estimates can be usefulFreeze-out
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late times, low T freeze-out value

dY

dx
' ��

Y 2

x2

<latexit sha1_base64="MDkW9fHPp3o+KA0Vjc+fe1IlHFc=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJioSRVJehWiYWxSPSlJlSO47RW7STYDmoV5TNY+BUWBhBi7cbf4D4GaDmSr47Oudf2PV7MqFSW9W3k1tY3Nrfy24Wd3b39A/PwqCmjRGDSwBGLRNtDkjAakoaiipF2LAjiHiMtb3gz9VtPREgahfdqHBOXo35IA4qR0lLPvHQCgXDqw06myyhzJOXkEV5Ah+lLfATnfuehnKUjXXpm0SpZM8BVYi9IESxQ75kTx49wwkmoMENSdm0rVm6KhKKYkazgJJLECA9Rn3Q1DREn0k1ni2XwTCs+DCKhT6jgTP09kSIu5Zh7upMjNZDL3lT8z+smKrh2UxrGiSIhnj8UJAyqCE5Tgj4VBCs21gRhQfVfIR4gnYTSWRZ0CPbyyqukWS7ZlVL1rlKsVRdx5MEJOAXnwAZXoAZuQR00AAbP4BW8gw/jxXgzPo2veWvOWMwcgz8wJj88Y5/j</latexit>

1

Y1
� 1

Yf
=

�

xf

<latexit sha1_base64="eaHTSkdtiTNooYzftJ6T5N7X388=">AAACI3icbVBNS8MwGE79nPOr6tFLcAheHK0MdIIw8OJxgvuQtZQ0S7ewNC1JKpbS/+LFv+LFgzK8ePC/mG09zM0HAk+e533f5H38mFGpLOvbWFldW9/YLG2Vt3d29/bNg8O2jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzR7cTvPBEhacQfVBoTN0QDTgOKkdKSZ147gUA4s/Ps0cscygOV5jk8h3NykMOb4u4wPbmP8uxZq55ZsarWFHCZ2AWpgAJNzxw7/QgnIeEKMyRlz7Zi5WZIKIoZyctOIkmM8AgNSE9TjkIi3Wy6Yw5PtdKHQST04QpO1fmODIVSpqGvK0OkhnLRm4j/eb1EBVduRnmcKMLx7KEgYVBFcBIY7FNBsGKpJggLqv8K8RDpNJSOtaxDsBdXXibti6pdq9bva5VGvYijBI7BCTgDNrgEDXAHmqAFMHgBb+ADfBqvxrsxNr5mpStG0XME/sD4+QVAEqVE</latexit>

x � 1

<latexit sha1_base64="dLT8qobU12ZPPTZgAW1sjZvGySQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoL0VvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nUeujYjVA04T7kd0pEQoGEUrdZ5IfzQi3qBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddK+qnq1av2+VmnU8ziKcAbncAkeXEMD7qAJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wc7BY7W</latexit>

Y1 =
xf

�
' 10

�

<latexit sha1_base64="CownqX9kxmRDVgDU6cX1UrnRBLM=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVRIRtIJQcOOygn1IE8JkOmmHTiZxZiKGkH9x46+4caEUNy78F6dtQG09cOFwzr0z9x4/ZlQqy/o0SkvLK6tr5fXKxubW9o65u9eWUSIwaeGIRaLrI0kY5aSlqGKkGwuCQp+Rjj+6mvidByIkjfitSmPihmjAaUAxUlryzIs7L3MoD1Saw0voBALh7NEL8sxh+pE+yqEjaUjuC8u2fhzPrFo1awq4SOyCVEGBpmeOnX6Ek5BwhRmSsmdbsXIzJBTFjOQVJ5EkRniEBqSnKUchkW42vTGHR1rpwyASuriCU/X3RIZCKdPQ150hUkM5703E/7xeooJzN6M8ThThePZRkDCoIjgJDPapIFixVBOEBdW7QjxEOgylY63oEOz5kxdJ+6Rmn9bqN6fVRr2IowwOwCE4BjY4Aw1wDZqgBTB4Ai/gDbwbz8arMTY+Zq0lo5jZB39gfH0DSb+lSA==</latexit>

xf ' 10

<latexit sha1_base64="mIxKjGV/Ip8hXoKxkEkrJ0H6Nz4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoLkFvHiMYB6QLGF20psMmdndzMwGQ8h3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnDR2nimGdxSJWrYBqFDzCuuFGYCtRSGUgsBkM7+Z+c4xK8zh6NJMEfUn7EQ85o8ZK/lM3JB3NJY6I53aLJbfsLkDWiZeREmSodYtfnV7MUomRYYJq3fbcxPhTqgxnAmeFTqoxoWxI+9i2NKIStT9dHD0jF1bpkTBWtiJDFurviSmVWk9kYDslNQO96s3F/7x2asJbf8qjJDUYseWiMBXExGSeAOlxhcyIiSWUKW5vJWxAFWXG5lSwIXirL6+TxlXZuy5XHq5L1UoWRx7O4BwuwYMbqMI91KAODEbwDK/w5oydF+fd+Vi25pxs5hT+wPn8AaDZkVg=</latexit>

improved semi-analytic approach

exceptions: co-annihilations, up-scattering, resonances

[Beacom, Dasgupta, Steigman 1204.3622]

[Griest, Seckel PRD 43, ’91]

improved estimate �(xf ) = n
(0)
X h�vi = H(xf )

<latexit sha1_base64="kN3bAjKVFYb0l3ywPWaToU/jEtQ=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYK2kWh4EKXFWwtdOpwJ83UYJIZkkyxDP0WN/6KGxeKuhL8GNNpF74OBA7nnMvNPWHCmTau++HMzS8sLi2vrBbW1jc2t4rbO20dp4rQFol5rDohaMqZpC3DDKedRFEQIadX4e3pxL8aUqVZLC/NKKE9AQPJIkbAWCko1vwzEALKd0F0iOtYBp3rrOwejrHPQQ44xb5mAwF4iH01Fer4PE8HxZJbcXPgv8SbkRKaoRkU3/x+TFJBpSEctO56bmJ6GSjDCKfjgp9qmgC5hQHtWipBUN3L8hPH+MAqfRzFyj5pcK5+n8hAaD0SoU0KMDf6tzcR//O6qYlOehmTSWqoJNNFUcqxifGkL9xnihLDR5YAUcz+FZMbUECMbbVgS/B+n/yXtI8qXrVSu6iWGrVZHStoD+2jMvLQMWqgc9RELUTQPXpEz+jFeXCenFfnfRqdc2Yzu+gHnM8vFhKhiA==</latexit>

exf

p
xf

=
3g1p
(2⇡)3g⇤| {z }
0.1

h�vimMPl

<latexit sha1_base64="36T68xfAwYzV25x9C9sWUbM5xX0="></latexit>

tools [DarkSUSY, micrOMEGAs]



WIMP
exp. valueDark matter abundance ⌦DM ' 0.12h�2 = 0.265

<latexit sha1_base64="dv2m3hGqhLsDaTrXqpWz3S94HJA=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSDaGHZDfKQQAlrYiBHMA5IYZic3yZCZ3XVmVgjLfoKNv2JjoYitpZ1/4+RRaOKBC2fOuZe597gBZ0rb9reVmJtfWFxKLqdWVtfWN9KbWxXlh5JCmfrclzWXKODMg7JmmkMtkECEy6Hq9s+HfvUBpGK+d6sHATQF6XqswyjRRmql9xvXArqkFV1cxbihmIB7bGedHO7dRYe5GJ+ZV+74CLfSGTtrj4BniTMhGTRBqZX+arR9GgrwNOVEqbpjB7oZEakZ5RCnGqGCgNA+6ULdUI8IUM1odFCM94zSxh1fmvI0Hqm/JyIilBoI13QKontq2huK/3n1UHdOmxHzglCDR8cfdUKOtY+H6eA2k0A1HxhCqGRmV0x7RBKqTYYpE4IzffIsqeSyTj5buMlnioVJHEm0g3bRAXLQCSqiS1RCZUTRI3pGr+jNerJerHfrY9yasCYz2+gPrM8fj0CZsg==</latexit>

DM energy density ⇢DM (Tf ) = mn1 = mY1 T 3
f

<latexit sha1_base64="qdyNm5xG+mNenCafNUxz029zb0A=">AAACJHicbVBLSwMxGMzWV62vVY9egkWoIGVXC1pEKOjBi1ChL+nWJZtm29BsdkmyQln6Y7z4V7x48IEHL/4W04eorQOBycx8JN94EaNSWdaHkZqbX1hcSi9nVlbX1jfMza2aDGOBSRWHLBQND0nCKCdVRRUjjUgQFHiM1L3e+dCv3xEhacgrqh+RVoA6nPoUI6Ul1zx1RDd0k4urQa7i+vvwDAbQOYDcTRzKfdUffCs3P4q+6eztkWtmrbw1Apwl9oRkwQRl13x12iGOA8IVZkjKpm1FqpUgoShmZJBxYkkihHuoQ5qachQQ2UpGSw7gnlba0A+FPlzBkfp7IkGBlP3A08kAqa6c9obif14zVv5JK6E8ihXhePyQHzOoQjhsDLapIFixviYIC6r/CnEXCYSV7jWjS7CnV54ltcO8XcgXrwvZUnFSRxrsgF2QAzY4BiVwCcqgCjC4B4/gGbwYD8aT8Wa8j6MpYzKzDf7A+PwCj+2iSg==</latexit>

⇢DM = mY1 T 3
0

✓
a1T1

a0T0

◆3

⇠ mY1 T 3
0

30

<latexit sha1_base64="bFZonHP62WvndI/vdqA7pjGeQyw="></latexit>

at freeze-out

today:

Normalized density ⌦DM =
⇢DM

⇢cr
=

Y1 mT 3
0

30 ⇢cr
=

xf mT 3
0

� 30 ⇢cr

<latexit sha1_base64="RmstlO3c7KB61Jbuzr0IE/mpkro="></latexit>

⌦DM ' 0.3h�2
⇣xf

10

⌘⇣ g⇤
100

⌘1/2 10�39 cm2

h�vi

<latexit sha1_base64="xS8DKO9gxQQicYyHYtEXxLvfXVg="></latexit>

weak cross-section = WIMP



Sterile neutrinos

See-saw L⌫s =
i

2
⌫s /@⌫s �

1

2
ms⌫

T
s C ⌫s � yD⌫s H L

<latexit sha1_base64="XPrYRz+aZvOQMlk3ouhxL1kST1Y="></latexit>

M⌫ =

✓
0 mD

mT
D ms

◆

<latexit sha1_base64="Xpcg1vfdMI9mOtRaB849nzdJ4sY="></latexit>

masses

mD = yD v

<latexit sha1_base64="gOpMzsyDMaznWGzo5Y4d2K8/d34=">AAAB/nicbVDLSgMxFL1TX7W+qi7dBIvgopQZKWgXQkEXLivYB7RjyWQybWgmMySZQhkKfoZbXbgTt/6K+DOm7Sy09UDC4dx7bm6OF3OmtG1/Wbm19Y3Nrfx2YWd3b/+geHjUUlEiCW2SiEey42FFORO0qZnmtBNLikOP07Y3upnV22MqFYvEg57E1A3xQLCAEayN9Bj2b9E1mpi7V0bjfrFkV+w50CpxMlKCDI1+8bvnRyQJqdCEY6W6jh1rN8VSM8LptNBLFI0xGeEB7RoqcEiVm863nqIzo/goiKQ5QqO5+tuR4lCpSeiVkTKzh9Q3lhDroVpumon/1bqJDq7clIk40VSQxYtBwpGO0CwL5DNJieYTQzCRzCyNyBBLTLRJrGDScJb/vkpaFxWnWqndV0v1WpZLHk7gFM7BgUuowx00oAkEJDzDC7xaT9ab9W59LFpzVuY5hj+wPn8AKt6UVg==</latexit>

has to be diagonalized, therefore sterile and active neutrinos mix

⌫ ' ⌫L � ✓ ⌫s, ⌫4 ' ⌫s + ✓ ⌫L

<latexit sha1_base64="NBcIAw5bWANEdF6mcPJ49EK0vCA="></latexit>

mixings

M⌫

<latexit sha1_base64="xOPBFq675CDq62ZrvPVyZiJf2yc=">AAAB9XicdVDLSsNAFL3xWeur6tLNYBFcSEhqwXZXcONGqGDaQhvKZDJph04mYWailNBvcKsLd+LW7xF/xukLVPTAhcO598zce4KUM6Ud58NaWV1b39gsbBW3d3b39ksHhy2VZJJQjyQ8kZ0AK8qZoJ5mmtNOKimOA07bwehq2m/fU6lYIu70OKV+jAeCRYxgbSTvpt8TWb9UduyqU6m5F2hOHHdJasi1nRnKsECzX/rshQnJYio04Vipruuk2s+x1IxwOin2MkVTTEZ4QLuGChxT5eezZSfo1CghihJpSmg0U787chwrNY6Dc6TM20MaGkuM9VD9HpqKf/W6mY5qfs5EmmkqyPzHKONIJ2gaAQqZpETzsSGYSGaWRmSIJSbaBFU0aSxPRv+TVsV2q3b9tlpu1Be5FOAYTuAMXLiEBlxDEzwgwOARnuDZerBerFfrbT66Yi08R/AD1vsXBIuSNw==</latexit>

m⌫ ' m2
D

ms

<latexit sha1_base64="ceEzv3CwV6XugWzAJuTIWYfKJng=">AAACEHicbVDLSgMxFM34tr5GXQoSLIILKTOloN0VdOFSwdpCpw6Z9E4bmmTGJCOUoTu/wM9wqwt34tY/EH/GtHahrQdCDufec5N7opQzbTzv05mbX1hcWl5ZLaytb2xuuds7NzrJFIU6TXiimhHRwJmEumGGQzNVQETEoRH1z0b1xj0ozRJ5bQYptAXpShYzSoyVQndfhIHMcKCZgDscxIrQXITnt+WhvfQwdIteyRsDzxJ/QopogsvQ/Qo6Cc0ESEM50brle6lp50QZRjkMC0GmISW0T7rQslQSAbqdj/cY4kOrdHCcKHukwWP1tyMnQuuBiI6xtrN70LEWQUxPTzeNxP9qrczEp+2cyTQzIOnPi3HGsUnwKB3cYQqo4QNLCFXMfhrTHrGhGJthwabhT+8+S27KJb9Sql5VirXqJJcVtIcO0BHy0QmqoQt0ieqIogf0hJ7Ri/PovDpvzvtP65wz8eyiP3A+vgFd8ZzN</latexit>

m⌫4 ' ms

<latexit sha1_base64="RgNDJF7nl8guanPf1/SrtFFszaw=">AAACBnicbVDLSgMxFM3UV62v+ti5CRbBhZQZKWh3BTcuK9gHtMOQydy2oUlmTDJCHbr3M9zqwp249TfEnzF9LLT1wIXDufck954w4Uwb1/1yciura+sb+c3C1vbO7l5x/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fB60m89gNIslndmlIAvSF+yHqPEWCkoHokg68o0qIxxVzMB91gEOiiW3LI7BV4m3pyU0Bz1oPjdjWKaCpCGcqJ1x3MT42dEGUY5jAvdVENC6JD0oWOpJAK0n023H+NTq0S4Fytb0uCp+tuREaH1SITnWNu3BxBZiyBmoBeHJuJ/vU5qeld+xmSSGpB09mMv5djEeJIJjpgCavjIEkIVs0tjOiCKUGOTK9g0vMXbl0nzouxVytXbSqlWneeSR8foBJ0hD12iGrpBddRAFD2iZ/SCXp0n5815dz5mozln7jlEf+B8/gBe1Zhs</latexit>

✓ ' mD

ms
'

r
m⌫

m⌫4

= 3⇥ 10�3
⇣ m⌫

0.01 eV

⌘1/2 ⇣ m⌫4

keV

⌘�1/2

<latexit sha1_base64="fBKF6pc1SFEHK291g51jhf6dGsA="></latexit>



Sterile neutrinos
h�vi ' ✓2G2

FT
2

<latexit sha1_base64="w6rT6vd6LXAk2ZgYhIKT8DcgJbc=">AAACJHicbVDLSgMxFM34tr6qLt0Ei+BCykwR1J0gqEsFq0KnljvpbRtMMmNyRyjF//AL/Ay3unAnLkTwW0xrEV8HEg7n3nOTe5JMSUdh+BqMjI6NT0xOTRdmZufmF4qLS6cuza3AqkhVas8TcKikwSpJUnieWQSdKDxLLvf69bNrtE6m5oS6GdY1tI1sSQHkpUaxEiswbYU8drKtgV/z2H4JGq94TB0kuKjwg8a+v08uKo1iKSyHA/C/JBqSEhviqFF8i5upyDUaEgqcq0VhRvUeWJJC4U0hzh1mIC6hjTVPDWh09d5gtxu+5pUmb6XWH0N8oH539EA719XJBnd+dgeb3qKBOu53U1/8r1bLqbVd70mT5YRGfL7YyhWnlPcT401pUZDqegLCSv9pLjpgQZDPteDTiH7v/pecVsrRZnnneLO0uzPMZYqtsFW2ziK2xXbZITtiVSbYLbtnD+wxuAuegufg5bN1JBh6ltkPBO8fP/SjTA==</latexit>

[Dodelson, Widrow ’93]�⌫4 ' neqh�vi ' ✓2G2
FT

5

<latexit sha1_base64="y5xXdkcj015DhaJUno4ToQxHhdw="></latexit>



Sterile neutrinos
h�vi ' ✓2G2

FT
2

<latexit sha1_base64="w6rT6vd6LXAk2ZgYhIKT8DcgJbc=">AAACJHicbVDLSgMxFM34tr6qLt0Ei+BCykwR1J0gqEsFq0KnljvpbRtMMmNyRyjF//AL/Ay3unAnLkTwW0xrEV8HEg7n3nOTe5JMSUdh+BqMjI6NT0xOTRdmZufmF4qLS6cuza3AqkhVas8TcKikwSpJUnieWQSdKDxLLvf69bNrtE6m5oS6GdY1tI1sSQHkpUaxEiswbYU8drKtgV/z2H4JGq94TB0kuKjwg8a+v08uKo1iKSyHA/C/JBqSEhviqFF8i5upyDUaEgqcq0VhRvUeWJJC4U0hzh1mIC6hjTVPDWh09d5gtxu+5pUmb6XWH0N8oH539EA719XJBnd+dgeb3qKBOu53U1/8r1bLqbVd70mT5YRGfL7YyhWnlPcT401pUZDqegLCSv9pLjpgQZDPteDTiH7v/pecVsrRZnnneLO0uzPMZYqtsFW2ziK2xXbZITtiVSbYLbtnD+wxuAuegufg5bN1JBh6ltkPBO8fP/SjTA==</latexit>

[Dodelson, Widrow ’93]�⌫4 ' neqh�vi ' ✓2G2
FT

5

<latexit sha1_base64="y5xXdkcj015DhaJUno4ToQxHhdw="></latexit>

⌦⌫h
2 ⇠ 0.1

✓
✓2

3⇥ 10�9

◆⇣ m⌫4

3 keV

⌘1.8

<latexit sha1_base64="BcNcCRRikYNi84jmZVCBIL9JYsE="></latexit>

Freeze-in dY⌫4

dT
= �h�vin2

SM

HTs

<latexit sha1_base64="asYfNe5ZS0EAFhNVonpUtIfs1WA="></latexit>

✓ ! ✓e↵ ⇠ ✓

1 + (T/T0)6

<latexit sha1_base64="jDzknl2+eHtnOr9JBisoDLvkubg="></latexit>

T0 ⇠ 100 MeV

<latexit sha1_base64="rTzkCuImuqFOt6Ohxkx4xzNZzG8=">AAACCnicbZDLSgMxFIYz9VbrrepGcBMsggspM1LQ7gpu3AgVeoN2GDLpaRuauZCcEctQn8DHcKsLd+LWlxBfxvSy0NYfAh//OSfJ+f1YCo22/WVlVlbX1jeym7mt7Z3dvfz+QUNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT94fWk3rwHpUUU1nAUgxuwfih6gjM0lpc/qnk27WgRUMc2gPCAKb2FxtjLF+yiPRVdBmcOBTJX1ct/d7oRTwIIkUumdduxY3RTplBwCeNcJ9EQMz5kfWgbDFkA2k2nG4zpqXG6tBcpc0KkU/f3RMoCrUeBf061uXsAXTMSMBzoxaaJ+V+tnWDvyk1FGCcIIZ+92EskxYhOcqFdoYCjHBlgXAnzacoHTDGOJr2cScNZ3H0ZGhdFp1Qs35UKlfI8lyw5JifkjDjkklTIDamSOuHkkTyTF/JqPVlv1rv1MWvNWPOZQ/JH1ucPPxKYvg==</latexit>



Sterile neutrinos

X raysdw
ar
fs

KATRIN reach overproduction

underproduction

DW

1 10 102 103
10-20
10-18
10-16
10-14
10-12
10-10
10-8
10-6

m4 (keV)

si
n2
2�

h�vi ' ✓2G2
FT

2

<latexit sha1_base64="w6rT6vd6LXAk2ZgYhIKT8DcgJbc=">AAACJHicbVDLSgMxFM34tr6qLt0Ei+BCykwR1J0gqEsFq0KnljvpbRtMMmNyRyjF//AL/Ay3unAnLkTwW0xrEV8HEg7n3nOTe5JMSUdh+BqMjI6NT0xOTRdmZufmF4qLS6cuza3AqkhVas8TcKikwSpJUnieWQSdKDxLLvf69bNrtE6m5oS6GdY1tI1sSQHkpUaxEiswbYU8drKtgV/z2H4JGq94TB0kuKjwg8a+v08uKo1iKSyHA/C/JBqSEhviqFF8i5upyDUaEgqcq0VhRvUeWJJC4U0hzh1mIC6hjTVPDWh09d5gtxu+5pUmb6XWH0N8oH539EA719XJBnd+dgeb3qKBOu53U1/8r1bLqbVd70mT5YRGfL7YyhWnlPcT401pUZDqegLCSv9pLjpgQZDPteDTiH7v/pecVsrRZnnneLO0uzPMZYqtsFW2ziK2xXbZITtiVSbYLbtnD+wxuAuegufg5bN1JBh6ltkPBO8fP/SjTA==</latexit>

[Dodelson, Widrow ’93]

[de Gouvêa, Sen, Tangarife, Zhang ’19]

�⌫4 ' neqh�vi ' ✓2G2
FT

5

<latexit sha1_base64="y5xXdkcj015DhaJUno4ToQxHhdw="></latexit>

⌦⌫h
2 ⇠ 0.1

✓
✓2

3⇥ 10�9

◆⇣ m⌫4

3 keV

⌘1.8

<latexit sha1_base64="BcNcCRRikYNi84jmZVCBIL9JYsE="></latexit>

m⌫4 in keV

<latexit sha1_base64="gVEcUNlMGKlVQBiUfC5GyoaC9hc=">AAACCnicbVDLSgNBEJyNrxhfUS+Cl8EgeJCwKwHNLeDFYwTzgCQss5NOMmR2dpnpFcMSv8DP8KoHb+LVnxB/xsnjoIkFDUV110x3BbEUBl33y8msrK6tb2Q3c1vbO7t7+f2DuokSzaHGIxnpZsAMSKGghgIlNGMNLAwkNILh9aTfuAdtRKTucBRDJ2R9JXqCM7SSnz8K/bStEr80pm2EB0ypUHQI9bGfL7hFdwq6TLw5KZA5qn7+u92NeBKCQi6ZMS3PjbGTMo2CSxjn2omBmPEh60PLUsVCMJ10esGYnlqlS3uRtqWQTtXfjpSFxozC4Jwa+/YAutYSMhyYxaGJ+F+vlWDvqpMKFScIis9+7CWSYkQnudCu0MBRjixhXAu7NOUDphlHm17OpuEt3r5M6hdFr1Qs35YKlfI8lyw5JifkjHjkklTIDamSGuHkkTyTF/LqPDlvzrvzMRvNOHPPIfkD5/MHYc+aEA==</latexit>

4✓2

<latexit sha1_base64="oU/P5a6hnQa+rJSgYCm/Q0ddVFA=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgQcJuCGhuAS8eI5gHJmuYnXSSIbOzy0yvENb8hVc9eBOv/oz4M04eB00saCiqu2a6K4ilMOi6X05mbX1jcyu7ndvZ3ds/yB8eNUyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMrqf95iNoIyJ1h+MY/JANlOgLztBK92XawSEgeyh18wW36M5AV4m3IAWyQK2b/+70Ip6EoJBLZkzbc2 P0U6ZRcAmTXCcxEDM+YgNoW6pYCMZPZxtP6JlVerQfaVsK6Uz97UhZaMw4DC6osW8PoWctIcOhWR6aiv/12gn2r/xUqDhBUHz+Yz+RFCM6zYH2hAaOcmwJ41rYpSkfMs042rRyNg1v+fZV0igVvXKxclsuVCuLXLLkhJySc+KRS1IlN6RG6oQTRZ7JC3l1npw35935mI9mnIXnmPyB8/kDqcyTnQ==</latexit>

ruled out by X-ray searches

anomaly at 7 keV

‘saved’ with additional interactions

� ⇠10�28 s�1

✓
✓

4⇥ 10�6

◆2

⇥
⇣ m⌫4

7 keV

⌘5

<latexit sha1_base64="LRBjnlRGbEOJrwxQKxUFzJ3/Y9s="></latexit>

Freeze-in dY⌫4

dT
= �h�vin2

SM

HTs

<latexit sha1_base64="asYfNe5ZS0EAFhNVonpUtIfs1WA="></latexit>

✓ ! ✓e↵ ⇠ ✓

1 + (T/T0)6

<latexit sha1_base64="jDzknl2+eHtnOr9JBisoDLvkubg="></latexit>

T0 ⇠ 100 MeV

<latexit sha1_base64="rTzkCuImuqFOt6Ohxkx4xzNZzG8=">AAACCnicbZDLSgMxFIYz9VbrrepGcBMsggspM1LQ7gpu3AgVeoN2GDLpaRuauZCcEctQn8DHcKsLd+LWlxBfxvSy0NYfAh//OSfJ+f1YCo22/WVlVlbX1jeym7mt7Z3dvfz+QUNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT94fWk3rwHpUUU1nAUgxuwfih6gjM0lpc/qnk27WgRUMc2gPCAKb2FxtjLF+yiPRVdBmcOBTJX1ct/d7oRTwIIkUumdduxY3RTplBwCeNcJ9EQMz5kfWgbDFkA2k2nG4zpqXG6tBcpc0KkU/f3RMoCrUeBf061uXsAXTMSMBzoxaaJ+V+tnWDvyk1FGCcIIZ+92EskxYhOcqFdoYCjHBlgXAnzacoHTDGOJr2cScNZ3H0ZGhdFp1Qs35UKlfI8lyw5JifkjDjkklTIDamSOuHkkTyTF/JqPVlv1rv1MWvNWPOZQ/JH1ucPPxKYvg==</latexit>

!j

W

νk

γ

N1 νi



Right-handed neutrinos
[Bezrukov et al. ’09, Nemevšek et al. ’11]Additional gauge interactions

SU(3)c ⇥ SU(2)L ⇥ SU(2)R ⇥ U(1)B�L

<latexit sha1_base64="BJ6gUARwAHeA/G7QzSi3yragRK4=">AAACIHicbVDLTgIxFO34RHyNunTTSExgIZlBEnRjiG5csMDHAAlMJp3SgYbOI23HhEz4FDf+ihsXGqM7/RoLjImAJ2lyzrn35vYeN2JUSMP40paWV1bX1jMb2c2t7Z1dfW+/IcKYY2LhkIW85SJBGA2IJalkpBVxgnyXkaY7uBrXmw+ECxoG93IYEdtHvYB6FCOpLEev3Fn504KDYUdSnwioZKng1Gbl7a+08mbBSS5PaiNHzxlFYwK4SMyU5ECKuqN/drohjn0SSMyQEG3TiKSdIC4pZmSU7cSCRAgPUI+0FQ2Q2mcnkwNH8Fg5XeiFXL1Awon7dyJBvhBD31WdPpJ9MV8bm//V2rH0zuyEBlEsSYCni7yYQRnCcVqwSznBkg0VQZhT9VeI+4gjLFWmWRWCOX/yImmUima5eH5TzlUv0jgy4BAcgTwwQQVUwTWoAwtg8AiewSt40560F+1d+5i2LmnpzAGYgfb9A61rn5w=</latexit>

matter comes in symmetric representations, three right-handed neutrinos 

required by gauge anomaly cancellation

LL =

✓
⌫L
eL

◆

<latexit sha1_base64="D5FFHLwqpKqFiVWrNCNq8GCUVH4=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwVWakoC6UghsXXVSwD+gMJZPetqGZzJBkxDL0N9z4K25cKOJSV/6NmbaIth4IOZxzL/feE8ScKe04X1ZuaXlldS2/XtjY3NresXf3GipKJIU6jXgkWwFRwJmAumaaQyuWQMKAQzMYXmV+8w6kYpG41aMY/JD0BesxSrSROrZT7VTxBfYC6DORxiHRkt2PsScSo3sehuwD0f2xOnbRKTkT4EXizkgRzVDr2B9eN6JJCEJTTpRqu06s/ZRIzSiHccFLFMSEDkkf2oYKEoLy08llY3xklC7uRdI8ofFE/d2RklCpURiYSrPfQM17mfif105078xPmYgTDYJOB/USjnWEs5hwl0mgmo8MIVQysyumAyIJ1SbMggnBnT95kTROSm65dH5TLlYuZ3Hk0QE6RMfIRaeogq5RDdURRQ/oCb2gV+vRerberPdpac6a9eyjP7A+vwGu6aAn</latexit>

LR =

✓
⌫R
eR

◆
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Left-right symmetry and parity restoration
[Pati, Salam ’74, Mohapatra, Pati ’75, 
Mohapatra, Senjanović, ’75…’79]
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weaker coupling = earlier freeze-out, around the QCD phase transition
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Over-abundance and entropy dilution

un-suppressed additional species leads to over-production [Lee, Weinberg ’77]
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either many d.o.f suppress the abundance or there’s explicit dilution

similar to electron annihilation, heavy particle (diluter) 

dominates the universe, decays to radiation and heats 

up the photons w.r.t. to DM

[Scherrer, Turner ’85]
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Over-abundance and entropy dilution [Nemevšek, Senjanović, Zhang ’12]

final dilution factor and DM abundance
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sudden decay approx
reheating temperature 

above MeV for BBN



Over-abundance and entropy dilution

final dilution factor and DM abundance

[Nemevšek, Senjanović, Zhang ’12]
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Warm dark matter in Left-Right [Nemevšek, Senjanović, Zhang ’12]
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2) Phase transitions and gravitational waves [~2hr]
    
      effective potential/basics of thermal field theory

      first order phase transitions

       false vacuum decay

       energy budget of gravitational waves

       GW spectra and sensitivities

[Coleman lectures]

[Quiros ICTP lectures, 
Laine&Vuorinen, 
Kapusta & Gale]


