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Effective potential

A barrier can come from tree-level, or thermal corrections

V = %ree =+ unantum =+ V:chermal
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Effective potential

A barrier can come from tree-level, or thermal corrections

V = %ree =+ unantum =+ %hermal
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Effective potential

A barrier can come from tree-level, or thermal corrections

V = %ree =+ unantum =+ V:chermal

= | htv+iG° | 7 | b
Y5 5 fields
Viree = _¢T¢ ‘|‘ (¢T¢) tree level
2
@Veree =0, (h)?=0v= 128 minimize
minimize | dh
get masses
m3 =




Effective potential
V = V:cree + unantum + %hermal

fluctuations

given by vacuum fluctuations from off-shell particles
includes fields that couple to the scalar at a given loop level
infinite result, as expected in D=4 QFT

made finite by renormalization in dimensional regularization



: : Coleman,Weinberg ’73, Jackiw ’74,
Effective ( ) potential @ | loop liopoulous et al. 75

Martin hep-ph/Ol | 1209
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Effective (quantum) potential: | loop but infinite number of quartic insertions

:1/ d’k log (kQ—I—mz(gp))

unantum 9 (27_‘_)4
field dependent mass



Effective potential

1 [ d*%
scalars una,ntum — 5 / (27_‘_)4 log (k2 -+ mQ(SO))

field dependent mass

UV infinite, need to regularize and renormalize

AVgnantum 4 / dk 1 see any QFT book,

m? () 92 (2m)4 k2 + m2(p) e.g. Peskin-Schroder




Effective potential

scalars

unantum —

2 ] Gy e (4 + )

field dependent mass

UV infinite, need to regularize and renormalize

dvquantum

m2(p)

unantum — 6472 m4(90) <lOg

_Iu4—d/ d? 1
2 (2m)% k2 + m2(yp)

see any QFT book,
e.g. Peskin-Schroder

remove with c.t.s in MS-bar
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Final result

Generic effective (quantum) | loop potential

MS-bar scheme simple but less ‘physical’, vevs and masses move at one loop

Landau gauge also simple, would-be-goldstones massless in the minima
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Final result

Generic effective (quantum) | loop potential

MS-bar scheme simple but less ‘physical’, vevs and masses move at one loop

Landau gauge also simple, would-be-goldstones massless in the minima

1
unantum — 6472

m; (QO) field dependent masses I3 renormalization scale

T degrees of freedom ,
vector bosons fermions and scalars

3 D

07; renormalization constants CV — — Cf,s — 6
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Effective potential
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Effective potential in the SM




Effective potential
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Effective potential in the SM
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Effective potential

GT 0
¢ =\ ntvtic® | =7 | n
V2 V2

degrees of freedom

{nw,nz,ne,ng+,ngo,npt =1{6,3,—12,2,1,1}

field dependent masses




Effective potential

Effective potential beyond the SM

degrees of freedom Ny = 3 X dy ny = 1 X d nye = —df X chiralities



Effective potential

Effective potential beyond the SM

degrees of freedom Ny = 3 X dy ny = 1 X d nye = —df X chiralities

counter-terms  change e.g. to on-shell mass to relate to physical observables



Effective potential

Effective potential beyond the SM

degrees of freedom Ny = 3 X dy ny = 1 X d nye = —df X chiralities
counter-terms  change e.g. to on-shell mass to relate to physical observables

field dependent masses  consider full mass matrices and
mixings and diagonalize

M?(p) — diagm? ()

1

see Martin ’0| for a general one and two loop Ve



Thermal potential

Thermal fluctuations Linde 83

Quiros review, books by Laine & Vuorinen 1701.01554
Kapusta & Gale, LeBellac




Thermal potential

Thermal fluctuations Linde 83

Quiros review, books by Laine & Vuorinen 1701.01554
Kapusta & Gale, LeBellac

Compactify time to temperature T and go to D=3

T4 m?
‘[chermal — 2—7_‘_2 anJF/B ( Crbz—,(sp))



Thermal potential

Thermal fluctuations Linde 83

Quiros review, books by Laine & Vuorinen 1701.01554
Kapusta & Gale, LeBellac

Compactify time to temperature T and go to D=3

‘[chermal 27_‘_2 anJF/B ( T(;O)>

thermal functions JF/B (yQ) = / x° log (1 + eV 9‘32+92)
0

BSM may create a thermal barrier. The SM cannot, Higgs is too heavy.



Cosmological phase transitions

Order of the phase transitions characterized by the (dis)-continuity

of the free energy (effective potential) at some temperature

Quiros hep-ph/9901312

A(Z) w

V(e, T)=D (T* - T3) > — ET ° |

™ mimy  w [(m? 3/2
high-T expansion Jp ~ T + T2 § (—) + ...

(other expansions,
tools to compute)



Cosmological phase transitions

SM calculation

D — 2MX2A/ + M% T Qm% ‘mass term’ important at the origin, drives
N 2 symmetry restoration
2 2
m; — 8Bv 3 A ) )
Ty = 1D B = 6420l (QMW+MZ—4mt)

critical temperature, defines the point of SSB

cubic term creates a barrier, not from fermions




Cosmological phase transitions

SM high T approximation
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Second order Phlr

A
Ve, T) = D (1% = T5) ¢ + 7¢°
2D
T =0: Spgnin — TTOQ ~ (174 GeV)2 > () broken phase

dV 2D(T? — T2
— =0 Omin = ()7 \/ ( 0 ) 2nd min. exists only below T()
dp A

Above 1g, only the origin is stable, symmetry gets restored

No barrier, the 2d minimum goes to zero smoothly



First order PhTr
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Electroweak Baryogenesis

Quiros hep-ph/9901312

Ve critical vev I, critical temperature

at finite temp. A

sphaleron rate oo\ % [ Fsph !
P Dopn = 2.8 x 10° T (32 ( P > e~ Beon/T



Electroweak Baryogenesis

Quiros hep-ph/9901312

Ve critical vev I, critical temperature

sphaleron rate oo\ % [ Fsph !
; Dopn = 2.8 x 10° T (32 ( b > e~ Beon /T

at finite temp. A

Esph
1e

> 37 — 45 requirement for sphaleron
~ rate to be active



Electroweak Baryogenesis

Quiros hep-ph/9901312

Ve critical vev I, critical temperature

sphaleron rate oo\ % [ Fsph !
; Dopn = 2.8 x 10° T (32 ( b > e~ Beon /T

at finite temp.

ESPh > 37 _ 45 requirement for sphaleron
. - rate to be active
C
Ve 1 Esph

=~ Z 1.3—1.0 cogdltlohn for a strong | st
TC 36 Tc order phase transition



False vacuum decay rate

Local minima may be meta-stable and long lived Kobzarev, Okun,Voloshin '74
Theory of false vacuum decay Coleman ’77
Vig)

true 90
vacuum

false local ground states
vacuum



False vacuum decay rate

Quantum mechanics

Hiy = (E + i)

V(p)
/ W% o e

Basics of false vacuum decay

Alpha decay
I' = FO G_W
@ T ~ i
P N 0 P
0
true false
vacuum vacuum b



The bounce

Computing the
transition rate

Semi-classical approximation

ID QM Lzéf—V@

barrier
penetration

O

>
qo \q

B

T'/)V =Ae B/" 4+ O(h)

2 /U dg+/2V (q)

Theory of B

Coleman ’77

Theory of A

Callan, Coleman ’77

WKB 26



Computing the
transition rate

The bounce

)V =Ae B/" + O(R)

Semi-classical approximation

= 2/ dg+/2V (q
q0

B:2/ ds\/2V(q)
qo

Theory of B

Coleman ’77

Theory of A
Callan, Coleman °77

WKB 26

Banks, Bender,VWu ’73



The bounce

Computing the
transition rate F/ V

Semi-classical approximation

barrier
penetration

Qi

Theory of B

— A G_B/h -+ O(h) Coleman ’77

Theory of A
Callan, Coleman °77

= 2 / dg\/2V (q WKB 26
q0

B = 2/ ds+\/2V(§) Banks, Bender,Wu ’73
q0

Recast to variational principle

5/ dsv2V =0 equivalent when
q0 E—0
5/ ds\/2(E—V) =0 V==V
q0



The bounce

Variational principle

—

loi 9 — - .
5/ dS\/Q(E—V):O from ﬁ:_ﬁ_‘i and ldq. dq_|_
do dt? 8q 2dt dt



The bounce

Variational principle

—

Voi 2 5 .
5/ dS\/Z(E—V):O from ﬁ:—a—v and 1dq.dq+v

- - = E
i dt? 0q 2.dt dt
.. : : . 1dg dq
Transition to Euclidean time r=it and E=0 -4.%9 _y_g
2dr drt
— — B loi 0
2dr dt 2 7, e
bounce Q(T:_OO) — o V=0 ¢=0
qg(t=0) =o, V =0, g=0

O
B = / drLr = Sg  Euclidean action



The bounce

Variational principle

—

Voi 2 5 .
5/ dS\/Q(E—V):O from ﬁ:—a—v and 1dq.dq+v

- — = F
7 dt? BY, 2dt  dt
.. : ) . 1dg dq
Transition to Euclidean time r=it and E=0 -4.%9 _y_g
2dr drt
1dq da B 7 0
LE:—dq'dq+V —:/ dS\/QV:/ dTLE
2dr dt 2 7, e
bounce Q(T - _OO) — o V=0 ¢=0
qg(t=0) =o, V =0, g=0
B = / drLr = Sg  Euclidean action
Generalize to single real scalar field theory in flat ST Coleman '77

[,—1'2 Vv B=S —/deSx L (o 2—|—
_590_ (%) m R 2\ OT

> (2@) V()



The bounce

Generalize to single real scalar field theory
1 5= [are L (20) 41 (22)
[,_590 —V(gp) BSE/de$<2 (87‘) —|—2 s —|—V(g0)

Bounce solution Euclidean O(4) symmetric Coleman, Glaser, Martin '78

2 42 2 Euclidean time =
pr=1+ Z Li radius of the bubble




The bounce

Generalize to single real scalar field theory
1 5= [are L (20) 41 (22)
[,_590 —V(gp) BSE/de$<2 (87‘) —|—2 s —|—V(g0)

Bounce solution Euclidean O(4) symmetric Coleman, Glaser, Martin '78

2 42 2 Euclidean time =
pr=1+ Z Li radius of the bubble

“...there always exists an O(4)-invariant bounce and it
always has strictly lower action than any non-0(4) invariant
bounce. The rigor of our proof is matched only by its
tedium; | wouldn’t lecture on it to my worst enemy.”
Coleman, Erice lectures ’77

Extended to multi-fields Blum, Honda, Sato, Takimoto, Tobioka ’16



The bounce

D dimensional O(D) spherically symmetric Euclidean action

2 1
2
D=4:FVdecayat T =0 Coleman '77
D = 3 :FV nucleation at finite T Affleck "81, Linde '83
, . D—-1. . Boundary SO(O) — $0,
Bounce equation © + T o =dV conditions o(00) = oy,
friction
Vip) .
particle
analogy

inverted 7 L
© potential




Vi) . o :
Thin wall approximation Coleman 77

A 2 © — v w3V
V(gp):§(gp2—v2) —|—€< 2’0 ), 51: 3

small € limit o >~¢- until p=R




Vip)

Thin wall approximation Coleman 77
o )\ 2 2 2 90 — U . fUS\/X
V(go)—g(gp —v) +5( 5 ), S = 3

small € limit o >~¢- until p=R

VA
(—v, p<L R sol(p)vtanh< 2%)
Field B N
solution pp)=q¢ilp—R), p=R
Y p> R Extremize the action




Vip)

Thin wall approximation Coleman 77
o )\ 2 2 2 90 — U . 7]3\/X
V(go)—g(gp —v) +5( 5 ), S = 3

small € limit o >~¢- until p=R

A
(—v, p<L R sol(p)vtanh<‘g”p>
Field B N
solution pp)=q¢ilp—R), p=R
Y p> R Extremize the action
dSg 39,
Bounce o o 1.2 dSe _, _ p_38
action Sg =27 /O p-dp (290 + V) dR B
1
— __7-‘-2R45 + 7T2R351

2

volume surface




4D = vacuum, T=0

Bounce . 2 > 3 1 )
actions S4 = 2m / pdp (590 —l_V) I' 5
1, y oA

= —§7T2R45 +m° RS,

fluctuations

3D = finite temperature

>0 1
Ss :47r/ p2dp <§¢2+V>
0 , E T4 o—S3/T
4 R3 dp %4
~ — VY+2rR?* [ = | OR
3 (V)42 (512)

fluctuations

Multi-fields are harder; but possible to do semi-analytically.



Multi-fields

B D—1 dV
Pj T+ ———Y; =
p dpi

Shooting method impractical

= highly non-linear
¥2

- multi-dimensional field space

%‘(0) — P0i

Path in field space




Multi-fields

. D-1. aVv
pi + YT o »i(0) = o

Shooting method impractical

= highly non-linear
¥2

- multi-dimensional field space Path in field space

CosmoTransitions  Wainwright ’| |

bounce and path deformation separate,
oscillations, Runge-Kutta PDE solver

AnyBubble Masoumi, Olum, Shlaer ’16

multiple shooting, damping approximations

Other recent approaches

tunneling potential machine learning

Espinosa, Konstandin |8 Piscopo, Spannowsky, Waite ’19



Multi-fields

2
V(i) =Y (—uiel + Ajop) + Aapleos + i o

1=1

no oscillations

converges in a few iterations

works for thin wall

works for D=3 and 4

tested for up to 20 fields

Action

Multi—Field PBy_;5:  101.726
Multi—Field PBN: 100- 100.996
100.939

Shooting:
CosmoTransition: 101.267

AnyBubble: 100.375

————————Number of Iterations: 3




FindBounce Guada, Nemevsek, Pintar ’20

FindBounce [V [x], x, {miny;, minz}]
computes the bounce for potential V[x] for field x.

FindBounce [V [X, ¥V, «..]y {Xy, ¥y «uul}y, {ming, minz}]
works with multiple scalar fields.

FindBounce [{{Xx1, ¥1}, {X2, ¥2}, «+.}]
works with a single field potential given as a list of points.

» Details
v Examples (37
v Basic Examples (4)

Load the package:

(1=  Needs["FindBounce "]

Find bounce of a single field potential with known location on minima at 0 and 1.

nizj= bf = FindBounce[1/4x"4-4/10x"3+1/10x"2, x, {0, 1}]

) Action: 139.
Out2]= BounceFunction -
Dimension: 4

Resulting BounceFunction expression contains different properties of computed solution. In the notebook interface it is formatted with a nice expandable summary box. Value of Euclidean action can be extracted from the
BounceFunction among other properties.

2= bf ["Action"]

Out[2)= 139.25

Find field value for and radius. Result is always returned as a list of fields, even for single field case.
()= Through [bf ["Bounce"][5.]]

Outja)= {0.647905}

We can get the same result with a more general syntax which assumes that a single field potential is just a multi-field potential with length one.

5= FindBounce[1/4x"4-4/10x"3+1/10x"2, {x}, {{0}, {1}}]

) Action: 139.
Out5]= BounceFunction -
Dimension: 4



Guada, Nemevsek, Pintar '20

Define a simple two field potential with known location of minima at {0,0} and {1,1}.

ni1= Clear[V]
Vix 4, v ] i=(x"24+5y"2) (5(x=-1)"2+(y=-1)"2)+2(1/4yn4-1/3y"3)
minima = {{0, 0}, {1, 1}};

Calculate its bounce filed configuration in 3 dimensions.

niz= bf2 = FindBounce[V[X, Y], {X, Y}, minima, "Dimension" - 3]

l Action: 1790.
Out[2]= BounceFunction j\ Dimension: 3

See what is the value of Euclidean action.
3= bf2["Action"]

ou3)= 1788.76

Visualise contour plot of two field potential with bounce path between two minima marked with red points.

n4}= ContourPlot[
VIx, y], {x, -0.2, 1.2}, {y, -0.2, 1.2},
Contours - 25,
ContourShading -» LightGray,
PlotRange » {-1, 5},
FrameLabel -» {"o,", "0,"},
Epilog - {
{Red, PointSize[Large], Point[minima]},
{Orange, Thick, Line[bf2["Path"]]}
}

Ok, we got the rate. However, the universe is

expanding and we have to take this into account.



Nucleation temperature Ouires 95

Radiation dominated 2
early universe



Nucleation temperature

Radiation dominated 2

early universe 30

, a\® 8w R Me 1 [6
time vs. temperature — ] = 3002, Py =07y C= - -



Nucleation temperature

Radiation dominated 2
, py = —g«(T)T* g+(T > v) = 106.75
early universe

time vs. temperature

3 00 4
Vg(T) _ <2<¥P1> - /T ? <2C¥P1> 6_S3/T _ 0(1)

Nucleation happens at 7,

10 E)? 100 GeV
UOE)" | 4 1oq 100 Ge

Pev(T,,) ~ O(1) S3(T) ~ 137 + log D 7




Gravitational Waves



bubble nucleation

Iy

bubble expansion




sound
waves

bubble collisions

turbulence



Gravitational wave sources

Current ‘point sources’ LIGO/VIRGO events

mergers of BH with O(10) solar masses, neutron star mergers

from the LIGO webpage
60 -

50

40 - S

30 Suet® ¥ _—
GW150914 -

Solar IVlasses

20 - Tt

GW170104 GW170814

LVT151012
GW151226

X-Ray Studies



Characteristic Strain = fractional change in length

10

101

10 -16

10

10 %

10 %

10 %

10 %

Experimental status

Stochastic from h . | rcom
B IPTA om http://gwplotter.co
Massive binaries LIGO
operates at
LISA LIGO
aLIGO
Extreme mass Type IA
ratio inspirals supernov
Compact binary
inspirals
phase transitions
107 10°° 10° 10 1072 10° 102 10° 10°

Frequency /Hz



Gravitational wave redux see e.g. notes by Sean Carroll, section 6

G,uz/ — 87TGNTMV

We are interested in the graviton excitations above the metric

Juv = Nuv + h,u]/ metric tensor
Nuv = diag{l, —1, —1, —1} flat Minkowski metric
huy graviton degrees of freedom, massless, need to fix the gauge (headaches)

‘hluy| < 1 weak field limit

1
le/ — R,UJV — 577/“/}%

1
"2 (@;C%hz + 0 0uhy, — 0p0yh — Ol — 1,,0,0, W + 1, 0h)



Gravitational wave redux

trace-reversed
perturbation

Einstein equation
becomes

in vacuum

plane waves

) K
L = et

see e.g. notes by Sean Carroll, section 6

G,w/ — SWGNTMV

- 1

hyw = hpyy — 577Wh

Ry, = —167GT,

Ry =0

(0 0 0 0\

0 Ci1 Ci2 0
0 Ci2 —Ci; O

\0 0 0 0

ko k" =0

plane waves,
propagates at the
speed of light

Ch — C

two polarizations,
as any massless particle



Point source solution see e.g. notes by Sean Carroll, section 6

take a distant point

source, like BH/NS 0,.G (27 —y°) = 54 (27 — y°)

mergers

solution to graviton B/u/ (z°) = —167G / G (z° — y°) T, (y°) d4y
propagation

o 2G dQQz'j
3R dt?

R...distance to the binary source

iLz’j (t, X)
gij quadrupole moment : dij (t) =3 / yiijOO (t, y)d?’y M...mass of the stars

T°(t,x) = M6 (z°) [6 (z" —rcosQt) 6 (z2 — rsin ) +
0 (:Ul + rcosQt) d (332 + rsin Q) |



Primordial sources

inflation

defects, strings, domain walls

first order phase transitions

axions, BH evaporation, ...



Physical picture (p) =0 T>T

150

1.0

0.5

V(@) in (100 GeV)*

0.0

[
o
&)

bubbles collide, sound waves and bubbles nucleate and expand

turbulence is formed afterwards
QT = Tn . PFV ~ 1

1T >"1T, Q




Simulation of bubble collisions

from David Weir’s webpage: https://saoghal.net/pages/older-visualisations.html



Parameters characterizing the GWV spectrum

nucleation T . : Ss3 (Tn)
n obtained by solving ~ 140
temperature T
n
1, ~v— f ~ mHz perfect e.g. for LISA

typically at v, but could be lower with supercooling

T > 1 strong
vacuum energy ap = AV(Tn) _ vacudm
fracti n
eeren P~ (Tn) total density
aT, <1 weak
| | 5 dS3
inverse duration — =] —
H ~ dT |,
bubbl.e wal Uw runaway in vacuum (Euclidean -> Minkowski)
velocity

complicated at finite T



Combine sources Qow = Qy + Qsw + Qpurb

LISA working group summary reports 1512.06239, 1910.13125 and 2003.07360

L (0, . . . bubble coIIisions)

—2.18
B 6 5/100 [y . ar 27 \? £\
Q, h% =5 x 10 \/g* <5> (13‘;&%) <E> (HQ(E)

: ar, , 1o, Tyl, B _ Ty s
f . . . redshifted frequency today f= g o= I = ey W ? He (100 GeV) (HTn>

B 5 T, g« \/6 B o
Jo=12x107° Hz TR AAST . characteristic collision frequency

K¢ . . . energy transfer efficiency see e.g. 2003.07360



Combine sources Qow = Qy + Qsw + Qpurb

LISA working group summary reports 1512.06239, 1910.13125 and 2003.07360

(st . . . sound waves )

—7/2
_ 100 Uw . Rsw T, ? f ° 3 f ’
Qe h? =4 x107° ¢ 1. Hp 7oy n 14+ =
X 0 B mm( 117, T )<1+04Tn) (fsw) ( +4 (fsw

Ve

sound waves have a finite duration associated to Ht Tgw = Qeff = QT (1 — /-igp)

/B 3 KEsw Xeff
4 1+aest

T, . 1/6
and a characteristic frequency  fow = 1.9 X 10™° Hz (100 GeV) (1900) %

Oleff

0.73 + 0.083 /et + et

as well as the energy efficiency coefficient Kgsw = (1 — /ﬁjgo)



See PTPlot

QGVV — ng =+ QSW =+ Qturb

1 -8
0 Wed May 27 08:07:07 2020 [SNRgy, = 70.4194]

— Qsw

10-9 LISA sensitivity

10714

10-15 4

10—16‘

107> 10~ 1073 1072 101



Combine sources Qow = Qy + Qsw + Qpurb

LISA working group summary reports 1512.06239, 1910.13125 and 2003.07360

Lﬂturb e turbulence)

Qi B2 =3 x 107° ¢

100 vy, KswQT, )2
g« B 1+ ar,

D))
: (fturb) b fturb L+ h

T, G 1/6
h, = 1.65x 10~° H n ( )
05 > 107~ Hz (100 GeV) 100 GeV

min (1, Hr, Tsw) (

_ T, g« \1/6 B
Jourb = 3 ? (100 GeV) 100/ oy



A simple example with a scalar singletS 75 :5 — —S§

A — 2 |H 2 Y4 Q2 -——é;4
% 2|]S+25+4 -
m5:9OGeV
&220.9

GW parameters

T = 0.8
—— = 398
Hr
E Z,-symmetric singlet scalar benchmark points T — 32 GeV
oSS . , , : e ~u \5:::\“ﬁk "

101 10°
a



100;_"| T T T A I I I I I I I T """I_E

10! _ Time dependence Spectral shape Optimal SNR _

—— fgata = 0.5y o pe{3,4,5) #30

[ ] [ ] L[] L[] _2_ - . E _:

Recent update on SWV sensitivities — it | | B e
107°F — lua = 40yr SEEE pe{1,2,3) — el -

, 10

. . ) B E 3
see Kai Schmitz’s 2005.10789 S -k
= E 3

=

> E 3

= w0

o F ]

% 107°F E

= E 3

) —oF .

Outlook for the future S W0k
4Gb_'20 10—10;_ _;

k= : ;

,xlj 10_115— 3

g : 3

upgrades 2 100k J
= 1071

< : ;

3 107k E

& : ;

Adv LIGO, AdvVIRGO, 107 Contusion noie
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