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Phase Transitions
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- model parameter space,
- cosmology: EWPhTr, GWs, BHs, B-fields
- solid state, chemistry, ...
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Effective potential

A barrier can come from tree-level, quantum or thermal corrections
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fields

V = Vtree + Vquantum + Vthermal
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Effective potential

A barrier can come from tree-level, quantum or thermal corrections
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Effective potential

A barrier can come from tree-level, quantum or thermal corrections
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Effective potential

V = Vtree + Vquantum + Vthermal
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Quantum fluctuations

given by vacuum fluctuations from off-shell particles

includes fields that couple to the scalar at a given loop level

infinite result, as expected in D=4 QFT

made finite by renormalization in dimensional regularization
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scalars

Effective (quantum) potential @ 1 loop Coleman, Weinberg ’73, Jackiw ’74, 
Iliopoulous et al. ’75

Martin hep-ph/0111209
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UV infinite, need to regularize and renormalize
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scalars

see any QFT book, 
e.g. Peskin-Schröder
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remove with c.t.s in MS-bar

see any QFT book, 
e.g. Peskin-Schröder



Final result

Generic effective (quantum) 1 loop potential

MS-bar scheme

Landau gauge

simple but less ‘physical’, vevs and masses move at one loop

also simple, would-be-goldstones massless in the minima
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MS-bar scheme

Landau gauge

simple but less ‘physical’, vevs and masses move at one loop

also simple, would-be-goldstones massless in the minima



Final result

Generic effective (quantum) 1 loop potential

mi(')

<latexit sha1_base64="P0JuJVv6kwyMKGTIi08Q7hbdOu0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFNSLFLx4rGA/oLuUbJptQ5PdkGQLZenf8OJBEa/+GW/+G9N2D9r6YODx3gwz80LJmTau++0UNja3tneKu6W9/YPDo/LxSVsnqSK0RRKeqG6INeUspi3DDKddqSgWIaedcHw/9zsTqjRL4iczlTQQeBiziBFsrOSLPqv6E6zkiF32yxW35i6A1omXkwrkaPbLX/4gIamgsSEca93zXGmCDCvDCKezkp9qKjEZ4yHtWRpjQXWQLW6eoQurDFCUKFuxQQv190SGhdZTEdpOgc1Ir3pz8T+vl5roJshYLFNDY7JcFKUcmQTNA0ADpigxfGoJJorZWxEZYYWJsTGVbAje6svrpH1V8+q128d6pXGXx1GEMziHKnhwDQ14gCa0gICEZ3iFNyd1Xpx352PZWnDymVP4A+fzB5Y7kWY=</latexit>

ni

<latexit sha1_base64="khbw/li9k6tg7eygHAhBeeunwU0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoF6k4MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMCxPBjfW8b1RaW9/Y3CpvV3Z29/YPqodHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyV3ud56YNjxWj3aasECSkeIRp8TmkhpwPKjWvLo3B14lfkFqUKA5qH71hzFNJVOWCmJMz/cSG2REW04Fm1X6qWEJoRMyYj1HFZHMBNn81hk+c8oQR7F2pSyeq78nMiKNmcrQdUpix2bZy8X/vF5qo+sg4ypJLVN0sShKBbYxzh/HQ64ZtWLqCKGau1sxHRNNqHXxVFwI/vLLq6R9Ufcv6zcPl7XGbRFHGU7gFM7BhytowD00oQUUxvAMr/CGJHpB7+hj0VpCxcwx/AH6/AGqno4A</latexit>

Ci

<latexit sha1_base64="tkGpEq7EP7ZeIZO8AjUaf+zdyBY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k0IvHivYD2lA22027dLMJuxOhBH+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCSWPmdx65NiJWDzhNuB/RkRKhYBStdN8YiEG54lbdOcgq8XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJ/lTqp4YnlE3oiPcsVTTixs/mpz6RM6sMSRhrWwrJXP09kdHImGkU2M6I4tgsezPxP6+XYnjlZ0IlKXLFFovCVBKMyexvMhSaM5RTSyjTwt5K2JhqytCmU7IheMsvr5L2RdWrVa/vapX6TR5HEU7gFM7Bg0uowy00oQUMRvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AEn6Nqw==</latexit>

field dependent masses

degrees of freedom

renormalization constants

renormalization scaleµ

<latexit sha1_base64="ITToTOP1Tw4ogsFYv8/p57DtzcM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb1IwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10kNPpv1yxat6c+BV4uekAjka/fJXbxDTVDJlqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VBHJTJDNT53iM6cMcBRrV8riufp7IiPSmIkMXackdmSWvZn4n9dNbXQVZFwlqWWKLhZFqcA2xrO/8YBrRq2YOEKo5u5WTEdEE2pdOiUXgr/88ippXVT9WvX6vlap3+RxFOEETuEcfLiEOtxBA5pAYQjP8ApvSKAX9I4+Fq0FlM8cwx+gzx9gCo3e</latexit>

Vquantum =
1

64⇡2

X

i

nimi(')
4

✓
m2

i

µ2
� Ci

◆

<latexit sha1_base64="b+RgvX2gzRnVfmZqjj0Yk6r/X+s="></latexit>

CV =
3

2

<latexit sha1_base64="psk74dGAGo0Sn1F5eDw5bIouc7E=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlqQV0ohW5cVrAPaEOYTCft0MmDmYlSYj7FjQtF3Pol7vwbp20W2nrgwuGce7n3Hi/mTCrL+jYKa+sbm1vF7dLO7t7+gVk+7MgoEYS2ScQj0fOwpJyFtK2Y4rQXC4oDj9OuN2nO/O4DFZJF4b2axtQJ8ChkPiNYack1y023g67RwBeYpOdZWstcs2JVrTnQKrFzUoEcLdf8GgwjkgQ0VIRjKfu2FSsnxUIxwmlWGiSSxphM8Ij2NQ1xQKWTzk/P0KlWhsiPhK5Qobn6eyLFgZTTwNOdAVZjuezNxP+8fqL8SydlYZwoGpLFIj/hSEVolgMaMkGJ4lNNMBFM34rIGOsUlE6rpEOwl19eJZ1a1a5Xr+7qlcZNHkcRjuEEzsCGC2jALbSgDQQe4Rle4c14Ml6Md+Nj0Vow8pkj+APj8wfer5Mf</latexit>

Cf,s =
5

6

<latexit sha1_base64="iIAdlx6q6JLHHVcPr9DPwh25hQ4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF1ISqa+FUujGZQX7gDaEyXTSDp1MwsxEKEPAX3HjQhG3foc7/8Zpm4W2HrhwOOde7r0nSBiVynG+rcLS8srqWnG9tLG5tb1j7+61ZJwKTJo4ZrHoBEgSRjlpKqoY6SSCoChgpB2M6hO//UiEpDF/UOOEeBEacBpSjJSRfPug7uvwVGbwBvZCgbA+z/RF5ttlp+JMAReJm5MyyNHw7a9eP8ZpRLjCDEnZdZ1EeRoJRTEjWamXSpIgPEID0jWUo4hIT0/Pz+CxUfowjIUpruBU/T2hUSTlOApMZ4TUUM57E/E/r5uq8MrTlCepIhzPFoUpgyqGkyxgnwqCFRsbgrCg5laIh8ikoExiJROCO//yImmdVdxq5fq+Wq7d5nEUwSE4AifABZegBu5AAzQBBho8g1fwZj1ZL9a79TFrLVj5zD74A+vzBxtWlPQ=</latexit>

vector bosons fermions and scalars

MS-bar scheme

Landau gauge

simple but less ‘physical’, vevs and masses move at one loop

also simple, would-be-goldstones massless in the minima



Effective potential

Effective potential in the SM

� =

 
G+

h+v+iG0
p
2

!
!
✓

0
hp
2

◆

<latexit sha1_base64="FBcT7hT8KSv99VdJ+B//WyfKlac="></latexit>

Vquantum =
1

64⇡2

X

i

nimi(h)
4

✓
m2

i

µ2
� Ci

◆

<latexit sha1_base64="p8C7wDczL8KUEG1Muu8fwwSJ0UM="></latexit>



Effective potential

Effective potential in the SM

degrees of freedom

{nW , nZ , nt, nG+ , nG0 , nh} = {6, 3,�12, 2, 1, 1}
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Effective potential

Effective potential in the SM

degrees of freedom

field dependent masses

{nW , nZ , nt, nG+ , nG0 , nh} = {6, 3,�12, 2, 1, 1}
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Effective potential

Effective potential beyond the SM

degrees of freedom nV = 3⇥ dV
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Effective potential

Effective potential beyond the SM

degrees of freedom nV = 3⇥ dV
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counter-terms change e.g. to on-shell mass to relate to physical observables 
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Effective potential

Effective potential beyond the SM

degrees of freedom

field dependent masses consider full mass matrices and 
mixings and diagonalize

see                   for a general one and two loop VeffMartin ’01
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Thermal fluctuations Linde ’83

Quiros review, books by Laine & Vuorinen 1701.01554 

Kapusta & Gale, LeBellac

gas of particles in a 
scalar field background

Thermal potential



Thermal potential

Compactify time to temperature T and go to D=3
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thermal functions

BSM may create a thermal barrier.  The SM cannot, Higgs is too heavy.

Compactify time to temperature T and go to D=3

Thermal fluctuations Linde ’83

Quiros review, books by Laine & Vuorinen 1701.01554 

Kapusta & Gale, LeBellac



Cosmological phase transitions

Order of the phase transitions characterized by the (dis)-continuity 

of the free energy (effective potential) at some temperature

high-T expansion

(other expansions, 
tools to compute)
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Cosmological phase transitions

SM calculation
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cubic term creates a barrier, not from fermions

‘mass term’ important at the origin, drives 
symmetry restoration

critical temperature, defines the point of SSB



Cosmological phase transitions

SM high T approximation
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Second order PhTr
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Above     , only the origin is stable, symmetry gets restored
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critical temperature

critical field value, vev



Electroweak Baryogenesis

critical temperaturecritical vev Tc
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<latexit sha1_base64="G6Qk6RRDMTGLM3sY0ylYRZTHKUE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxov2ANpTNdtIu3WzC7qZQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rTEqzWP5ZCYJ+hEdSB5yRo2VHsc91itX3Ko7B1klXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkvdVGNC2YgOsGOppBFqP5ufOiVnVumTMFa2pCFz9fdERiOtJ1FgOyNqhnrZm4n/eZ3UhNd+xmWSGpRssShMBTExmf1N+lwhM2JiCWWK21sJG1JFmbHplGwI3vLLq6R5UfUuqzcPl5XabR5HEU7gFM7BgyuowT3UoQEMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVxiN2A==</latexit>

�sph = 2.8⇥ 105 T 4
⇣↵2

4⇡

⌘4
✓
Esph

2T

◆7

e�Esph/T

<latexit sha1_base64="6NjUkatmrDmqC+QU+WSBlK4XOr0="></latexit>

sphaleron rate 
at finite temp.

Quiros hep-ph/9901312



Electroweak Baryogenesis

critical temperaturecritical vev Tc

<latexit sha1_base64="Zd1oMkAyBpiwe18oDyF6WKP3WDs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxYr+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g2zCRBP6JDyUPOqLHSY6PP+uWKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l9ebhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8jTI22</latexit>

vc

<latexit sha1_base64="G6Qk6RRDMTGLM3sY0ylYRZTHKUE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxov2ANpTNdtIu3WzC7qZQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rTEqzWP5ZCYJ+hEdSB5yRo2VHsc91itX3Ko7B1klXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkvdVGNC2YgOsGOppBFqP5ufOiVnVumTMFa2pCFz9fdERiOtJ1FgOyNqhnrZm4n/eZ3UhNd+xmWSGpRssShMBTExmf1N+lwhM2JiCWWK21sJG1JFmbHplGwI3vLLq6R5UfUuqzcPl5XabR5HEU7gFM7BgyuowT3UoQEMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVxiN2A==</latexit>

�sph = 2.8⇥ 105 T 4
⇣↵2

4⇡

⌘4
✓
Esph

2T

◆7

e�Esph/T

<latexit sha1_base64="6NjUkatmrDmqC+QU+WSBlK4XOr0="></latexit>

Esph

Tc
& 37� 45

<latexit sha1_base64="NaHnKE36cZblEYh2Xzk74C1OXrU=">AAACE3icbVDLSgMxFM34rPU16tJNsAgiWGa0Ut1IQQSXFfqCThkyaaYNzTxI7ohlmH9w46+4caGIWzfu/BvTx0JbDwQO59zDzT1eLLgCy/o2FhaXlldWc2v59Y3NrW1zZ7ehokRSVqeRiGTLI4oJHrI6cBCsFUtGAk+wpje4HvnNeyYVj8IaDGPWCUgv5D6nBLTkmseOLwlNb9zUAfYAqYr7WZalNZdm2OmBDgb4rIxPcOncNQtW0RoDzxN7SgpoiqprfjndiCYBC4EKolTbtmLopEQCp4JleSdRLCZ0QHqsrWlIAqY66fimDB9qpYv9SOoXAh6rvxMpCZQaBp6eDAj01aw3Ev/z2gn4F52Uh3ECLKSTRX4iMER4VBDucskoiKEmhEqu/4ppn+iSQNeY1yXYsyfPk8Zp0S4VL+9KhcrVtI4c2kcH6AjZqIwq6BZVUR1R9Iie0St6M56MF+Pd+JiMLhjTzB76A+PzB2FDncc=</latexit>

sphaleron rate 
at finite temp.

requirement for sphaleron 
rate to be active

Quiros hep-ph/9901312



Electroweak Baryogenesis

critical temperaturecritical vev Tc

<latexit sha1_base64="Zd1oMkAyBpiwe18oDyF6WKP3WDs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxYr+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g2zCRBP6JDyUPOqLHSY6PP+uWKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l9ebhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8jTI22</latexit>

vc

<latexit sha1_base64="G6Qk6RRDMTGLM3sY0ylYRZTHKUE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxov2ANpTNdtIu3WzC7qZQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rTEqzWP5ZCYJ+hEdSB5yRo2VHsc91itX3Ko7B1klXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkvdVGNC2YgOsGOppBFqP5ufOiVnVumTMFa2pCFz9fdERiOtJ1FgOyNqhnrZm4n/eZ3UhNd+xmWSGpRssShMBTExmf1N+lwhM2JiCWWK21sJG1JFmbHplGwI3vLLq6R5UfUuqzcPl5XabR5HEU7gFM7BgyuowT3UoQEMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVxiN2A==</latexit>

�sph = 2.8⇥ 105 T 4
⇣↵2

4⇡

⌘4
✓
Esph

2T

◆7

e�Esph/T

<latexit sha1_base64="6NjUkatmrDmqC+QU+WSBlK4XOr0="></latexit>

vc
Tc

⇠ 1

36

Esph

Tc
& 1.3� 1.0

<latexit sha1_base64="Vjbd2Whl0L2JcWY/GST49lJQZxg="></latexit>

Esph

Tc
& 37� 45

<latexit sha1_base64="NaHnKE36cZblEYh2Xzk74C1OXrU=">AAACE3icbVDLSgMxFM34rPU16tJNsAgiWGa0Ut1IQQSXFfqCThkyaaYNzTxI7ohlmH9w46+4caGIWzfu/BvTx0JbDwQO59zDzT1eLLgCy/o2FhaXlldWc2v59Y3NrW1zZ7ehokRSVqeRiGTLI4oJHrI6cBCsFUtGAk+wpje4HvnNeyYVj8IaDGPWCUgv5D6nBLTkmseOLwlNb9zUAfYAqYr7WZalNZdm2OmBDgb4rIxPcOncNQtW0RoDzxN7SgpoiqprfjndiCYBC4EKolTbtmLopEQCp4JleSdRLCZ0QHqsrWlIAqY66fimDB9qpYv9SOoXAh6rvxMpCZQaBp6eDAj01aw3Ev/z2gn4F52Uh3ECLKSTRX4iMER4VBDucskoiKEmhEqu/4ppn+iSQNeY1yXYsyfPk8Zp0S4VL+9KhcrVtI4c2kcH6AjZqIwq6BZVUR1R9Iie0St6M56MF+Pd+JiMLhjTzB76A+PzB2FDncc=</latexit>

sphaleron rate 
at finite temp.

requirement for sphaleron 
rate to be active

condition for a strong 1st 
order phase transition

Quiros hep-ph/9901312



Local minima may be meta-stable and long lived Kobzarev, Okun, Voloshin ’74

true
vacuum

false
vacuum

'+
<latexit sha1_base64="GrsHwAhkCfz3EjE8jAU6qyUsjGg=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBZBEEoignorevFYwdhKG8pmu2mX7m7C7qZQQn+FFw8qXv073vw3btsctPXBwOO9GWbmRSln2njet1NaWV1b3yhvVra2d3b33P2DR51kitCAJDxRrQhrypmkgWGG01aqKBYRp81oeDv1myOqNEvkgxmnNBS4L1nMCDZWeuqMsEoHrHvWdatezZsBLRO/IFUo0Oi6X51eQjJBpSEca932vd SEOVaGEU4nlU6maYrJEPdp21KJBdVhPjt4gk6s0kNxomxJg2bq74kcC63HIrKdApuBXvSm4n9eOzPxVZgzmWaGSjJfFGccmQRNv0c9pigxfGwJJorZWxEZYIWJsRlVbAj+4svLJDivXdf8+4tq/aZIowxHcAyn4MMl1OEOGhAAAQHP8ApvjnJenHfnY95acoqZQ/gD5/MHB/SQGA==</latexit><latexit sha1_base64="GrsHwAhkCfz3EjE8jAU6qyUsjGg=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBZBEEoignorevFYwdhKG8pmu2mX7m7C7qZQQn+FFw8qXv073vw3btsctPXBwOO9GWbmRSln2njet1NaWV1b3yhvVra2d3b33P2DR51kitCAJDxRrQhrypmkgWGG01aqKBYRp81oeDv1myOqNEvkgxmnNBS4L1nMCDZWeuqMsEoHrHvWdatezZsBLRO/IFUo0Oi6X51eQjJBpSEca932vd SEOVaGEU4nlU6maYrJEPdp21KJBdVhPjt4gk6s0kNxomxJg2bq74kcC63HIrKdApuBXvSm4n9eOzPxVZgzmWaGSjJfFGccmQRNv0c9pigxfGwJJorZWxEZYIWJsRlVbAj+4svLJDivXdf8+4tq/aZIowxHcAyn4MMl1OEOGhAAAQHP8ApvjnJenHfnY95acoqZQ/gD5/MHB/SQGA==</latexit><latexit sha1_base64="GrsHwAhkCfz3EjE8jAU6qyUsjGg=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBZBEEoignorevFYwdhKG8pmu2mX7m7C7qZQQn+FFw8qXv073vw3btsctPXBwOO9GWbmRSln2njet1NaWV1b3yhvVra2d3b33P2DR51kitCAJDxRrQhrypmkgWGG01aqKBYRp81oeDv1myOqNEvkgxmnNBS4L1nMCDZWeuqMsEoHrHvWdatezZsBLRO/IFUo0Oi6X51eQjJBpSEca932vd SEOVaGEU4nlU6maYrJEPdp21KJBdVhPjt4gk6s0kNxomxJg2bq74kcC63HIrKdApuBXvSm4n9eOzPxVZgzmWaGSjJfFGccmQRNv0c9pigxfGwJJorZWxEZYIWJsRlVbAj+4svLJDivXdf8+4tq/aZIowxHcAyn4MMl1OEOGhAAAQHP8ApvjnJenHfnY95acoqZQ/gD5/MHB/SQGA==</latexit><latexit sha1_base64="GrsHwAhkCfz3EjE8jAU6qyUsjGg=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBZBEEoignorevFYwdhKG8pmu2mX7m7C7qZQQn+FFw8qXv073vw3btsctPXBwOO9GWbmRSln2njet1NaWV1b3yhvVra2d3b33P2DR51kitCAJDxRrQhrypmkgWGG01aqKBYRp81oeDv1myOqNEvkgxmnNBS4L1nMCDZWeuqMsEoHrHvWdatezZsBLRO/IFUo0Oi6X51eQjJBpSEca932vd SEOVaGEU4nlU6maYrJEPdp21KJBdVhPjt4gk6s0kNxomxJg2bq74kcC63HIrKdApuBXvSm4n9eOzPxVZgzmWaGSjJfFGccmQRNv0c9pigxfGwJJorZWxEZYIWJsRlVbAj+4svLJDivXdf8+4tq/aZIowxHcAyn4MMl1OEOGhAAAQHP8ApvjnJenHfnY95acoqZQ/gD5/MHB/SQGA==</latexit>

j

VHjL

j-

V-

j+

V+

Theory of false vacuum decay Coleman ’77

local ground states

'�
<latexit sha1_base64="qQD5mJ9QwLvXUfKs7r5jpxWkHMc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGylDWWz3bRLdzdhd1Moob/CiwcVr/4db/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrK6tb5Q3K1vbO7t77v7Bo04yRWhAEp6oVoQ15UzSwDDDaStVFIuI02Y0vJ36zRFVmiXywYxTGgrclyxmBBsrPXVGWKUD1j3rulWv5s2AlolfkCoUaHTdr04vIZmg0hCOtW77XmrCHCvDCKeTSifTNMVkiPu0banEguownx08QSdW6aE4UbakQTP190SOhdZjEdlOgc1AL3pT8T+vnZn4KsyZTDNDJZkvijOOTIKm36MeU5QYPrYEE8XsrYgMsMLE2IwqNgR/8eVlEpzXrmv+/UW1flOkUYYjOIZT8OES6nAHDQiAgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDCvqQGg==</latexit><latexit sha1_base64="qQD5mJ9QwLvXUfKs7r5jpxWkHMc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGylDWWz3bRLdzdhd1Moob/CiwcVr/4db/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrK6tb5Q3K1vbO7t77v7Bo04yRWhAEp6oVoQ15UzSwDDDaStVFIuI02Y0vJ36zRFVmiXywYxTGgrclyxmBBsrPXVGWKUD1j3rulWv5s2AlolfkCoUaHTdr04vIZmg0hCOtW77XmrCHCvDCKeTSifTNMVkiPu0banEguownx08QSdW6aE4UbakQTP190SOhdZjEdlOgc1AL3pT8T+vnZn4KsyZTDNDJZkvijOOTIKm36MeU5QYPrYEE8XsrYgMsMLE2IwqNgR/8eVlEpzXrmv+/UW1flOkUYYjOIZT8OES6nAHDQiAgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDCvqQGg==</latexit><latexit sha1_base64="qQD5mJ9QwLvXUfKs7r5jpxWkHMc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGylDWWz3bRLdzdhd1Moob/CiwcVr/4db/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrK6tb5Q3K1vbO7t77v7Bo04yRWhAEp6oVoQ15UzSwDDDaStVFIuI02Y0vJ36zRFVmiXywYxTGgrclyxmBBsrPXVGWKUD1j3rulWv5s2AlolfkCoUaHTdr04vIZmg0hCOtW77XmrCHCvDCKeTSifTNMVkiPu0banEguownx08QSdW6aE4UbakQTP190SOhdZjEdlOgc1AL3pT8T+vnZn4KsyZTDNDJZkvijOOTIKm36MeU5QYPrYEE8XsrYgMsMLE2IwqNgR/8eVlEpzXrmv+/UW1flOkUYYjOIZT8OES6nAHDQiAgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDCvqQGg==</latexit><latexit sha1_base64="qQD5mJ9QwLvXUfKs7r5jpxWkHMc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGylDWWz3bRLdzdhd1Moob/CiwcVr/4db/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrK6tb5Q3K1vbO7t77v7Bo04yRWhAEp6oVoQ15UzSwDDDaStVFIuI02Y0vJ36zRFVmiXywYxTGgrclyxmBBsrPXVGWKUD1j3rulWv5s2AlolfkCoUaHTdr04vIZmg0hCOtW77XmrCHCvDCKeTSifTNMVkiPu0banEguownx08QSdW6aE4UbakQTP190SOhdZjEdlOgc1AL3pT8T+vnZn4KsyZTDNDJZkvijOOTIKm36MeU5QYPrYEE8XsrYgMsMLE2IwqNgR/8eVlEpzXrmv+/UW1flOkUYYjOIZT8OES6nAHDQiAgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDCvqQGg==</latexit>

False vacuum decay rate



Ĥ = (E + i�) 

<latexit sha1_base64="KIQvvuI8BZNLzPUB6jSQqmwWOhk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahIpRECupBKYjYYwX7AU0ok+22XbqbhN2NUErPXvwrXjwo4tVf4M1/4zbtQasPBh7vzTAzL4g5U9pxvqzMwuLS8kp2Nbe2vrG5ZW/v1FWUSEJrJOKRbAagKGchrWmmOW3GkoIIOG0Eg6uJ37inUrEovNPDmPoCeiHrMgLaSG173+uDxhXsxYrhC1y4xseYYe8GhICjVG3beafopMB/iTsjeTRDtW1/ep2IJIKGmnBQquU6sfZHIDUjnI5zXqJoDGQAPdoyNARBlT9KXxnjQ6N0cDeSpkKNU/XnxAiEUkMRmE4Buq/mvYn4n9dKdPfMH7EwTjQNyXRRN+FYR3iSC+4wSYnmQ0OASGZuxaQPEog26eVMCO78y39J/aTolornt6V8+XIWRxbtoQNUQC46RWVUQVVUQwQ9oCf0gl6tR+vZerPep60Zazazi37B+vgG0tyX1A==</latexit>

P =

Z
| |2 / e��t

<latexit sha1_base64="MVwSICUFW+nKjiFSRPNNUsWqizk=">AAACHXicbVA9SwNBEN3z2/gVtbRZDIKN4S4E1EIJWGgZwSRCLoa9zVyyZPfu2J0TwiV/xMa/YmOhiIWN+G/cxBR+PVh4+94MM/OCRAqDrvvhzMzOzS8sLi3nVlbX1jfym1t1E6eaQ43HMtbXATMgRQQ1FCjhOtHAVCChEfTPxn7jFrQRcXSFgwRainUjEQrO0ErtfLlKT6gvIqS+hBCH1E+MoL4W3R4Ob0r2q+MEYwo32YF/zpRiFEftfMEtuhPQv8SbkgKZotrOv/mdmKcKIuSSGdP03ARbGdMouIRRzk8NJIz3WRealkZMgWllk+tGdM8qHRrG2j6750T93pExZcxABbZSMeyZ395Y/M9rphgetTIRJSlCxL8Ghamk9txxVLQjNHCUA0sY18LuSnmPacbRBpqzIXi/T/5L6qWiVy4eX5YLldNpHEtkh+ySfeKRQ1IhF6RKaoSTO/JAnsizc+88Oi/O61fpjDPt2SY/4Lx/AujioTs=</latexit>

� = �0 e
�W

<latexit sha1_base64="FIjMHGoYSQzkvj59QHy10c1e4Fs=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgEF1pmpKAulIILXVawF+iMQybNtKFJZkgyQhm6cOOruHGhiFsfwp1vY9rOQlt/CHz85xxOzh8mjCrtON/WwuLS8spqYa24vrG5tW3v7DZVnEpMGjhmsWyHSBFGBWloqhlpJ5IgHjLSCgdX43rrgUhFY3GnhwnxOeoJGlGMtLECu+RdI84RvIBTCBzoHUFynx23RoFddirORHAe3BzKIFc9sL+8boxTToTGDCnVcZ1E+xmSmmJGRkUvVSRBeIB6pGNQIE6Un02OGMED43RhFEvzhIYT9/dEhrhSQx6aTo50X83WxuZ/tU6qozM/oyJJNRF4uihKGdQxHCcCu1QSrNnQAMKSmr9C3EcSYW1yK5oQ3NmT56F5UnGrlfPbarl2mcdRACWwDw6BC05BDdyAOmgADB7BM3gFb9aT9WK9Wx/T1gUrn9kDf2R9/gDaKZZS</latexit>

�0 ⇠ 1

t0

<latexit sha1_base64="bNMuULILl+ofcyUVwCmw0CaoNBE=">AAACBHicbVBNS8NAEJ3Ur1q/oh57WSyCp5KIoF6k4EGPFewHNCFstpt26W4SdjdCCT148a948aCIV3+EN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbZVWVtfWN8qbla3tnd09e/+grZJMEtoiCU9kN8SKchbTlmaa024qKRYhp51wdD31Ow9UKpbE93qcUl/gQcwiRrA2UmBXvRssBA4c5CkmkBdJTHJ3kuvAmQR2zak7M6Bl4hakBgWagf3l9ROSCRprwrFSPddJtZ9jqRnhdFLxMkVTTEZ4QHuGxlhQ5eezJybo2Ch9FCXSVKzRTP09kWOh1FiEplNgPVSL3lT8z+tlOrrwcxanmaYxmS+KMo50gqaJoD6TlGg+NgQTycytiAyxyUGb3ComBHfx5WXSPq27Z/XLu7Na46qIowxVOIITcOEcGnALTWgBgUd4hld4s56sF+vd+pi3lqxi5hD+wPr8AchMl5A=</latexit>

W =

Z b

a

p
2V dx

<latexit sha1_base64="cEsiaWTm5c0bgd6Ixb+8pwJ9Ezk=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYU1IVScOOygn1Ap5ZMJtOGZjJjckdahn6AG3/FjQtF3PoB7vwb03YW2nogcDjnXG7u8WLBNdj2t7W0vLK6tp7byG9ube/sFvb2GzpKFGV1GolItTyimeCS1YGDYK1YMRJ6gjW9wdXEbz4wpXkkb2EUs05IepIHnBIwUrdQbOIL7HIJXXLnYVffK0jLuDHGLrAhpNgf46FJ2SV7CrxInIwUUYZat/Dl+hFNQiaBCqJ127Fj6KREAaeCjfNuollM6ID0WNtQSUKmO+n0mDE+NoqPg0iZJwFP1d8TKQm1HoWeSYYE+nrem4j/ee0EgrNOymWcAJN0tihIBIYIT5rBPleMghgZQqji5q+Y9okiFEx/eVOCM3/yImmUS06ldH5TKVYvszpy6BAdoRPkoFNURdeohuqIokf0jF7Rm/VkvVjv1scsumRlMwfoD6zPH+NImkc=</latexit>

False vacuum decay rate

Basics of false vacuum decay
Quantum mechanics

Alpha decay

j

VHjL

j-

V-

j+

V+

false

vacuum

true

vacuum



Computing the 
transition rate Coleman ’77�/V = Ae�B/~ +O(~)

<latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit><latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit><latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit><latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit>

Callan, Coleman ’77

Theory of B

Theory of A

Semi-classical approximation

1D QM WKB ’26 

The bounce

L =
1

2
q̇2 � V (q)

<latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit><latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit><latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit><latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit>

B = 2

Z �

q0

dq
p

2V (q)
<latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit><latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit><latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit><latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit>

barrier 
penetration

V (q)
<latexit sha1_base64="6BOy/KuDnLhKkHKPhmA+lqMxzm8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0N4KXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYOKV3+RN/+NmzYHbX0w8Hhvhpl5YcKZNq777aytb2xubZd2yrt7+weHlaPjto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc39zhNVmsXywUwTGgg8kixiBJtcatceLwaVqlt350CrxCtIFQq0BpWv/jAmqaDSEI617nluYoIMK8 MIp7NyP9U0wWSCR7RnqcSC6iCb3zpD51YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQTZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nrINwVt+eZX4l/VG3bu/qjYbRRolOIUzqIEH19CEO2iBDwTG8Ayv8OYI58V5dz4WrWtOMXMCf+B8/gC0S42F</latexit><latexit sha1_base64="6BOy/KuDnLhKkHKPhmA+lqMxzm8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0N4KXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYOKV3+RN/+NmzYHbX0w8Hhvhpl5YcKZNq777aytb2xubZd2yrt7+weHlaPjto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc39zhNVmsXywUwTGgg8kixiBJtcatceLwaVqlt350CrxCtIFQq0BpWv/jAmqaDSEI617nluYoIMK8 MIp7NyP9U0wWSCR7RnqcSC6iCb3zpD51YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQTZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nrINwVt+eZX4l/VG3bu/qjYbRRolOIUzqIEH19CEO2iBDwTG8Ayv8OYI58V5dz4WrWtOMXMCf+B8/gC0S42F</latexit><latexit sha1_base64="6BOy/KuDnLhKkHKPhmA+lqMxzm8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0N4KXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYOKV3+RN/+NmzYHbX0w8Hhvhpl5YcKZNq777aytb2xubZd2yrt7+weHlaPjto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc39zhNVmsXywUwTGgg8kixiBJtcatceLwaVqlt350CrxCtIFQq0BpWv/jAmqaDSEI617nluYoIMK8 MIp7NyP9U0wWSCR7RnqcSC6iCb3zpD51YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQTZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nrINwVt+eZX4l/VG3bu/qjYbRRolOIUzqIEH19CEO2iBDwTG8Ayv8OYI58V5dz4WrWtOMXMCf+B8/gC0S42F</latexit><latexit sha1_base64="6BOy/KuDnLhKkHKPhmA+lqMxzm8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0N4KXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYOKV3+RN/+NmzYHbX0w8Hhvhpl5YcKZNq777aytb2xubZd2yrt7+weHlaPjto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc39zhNVmsXywUwTGgg8kixiBJtcatceLwaVqlt350CrxCtIFQq0BpWv/jAmqaDSEI617nluYoIMK8 MIp7NyP9U0wWSCR7RnqcSC6iCb3zpD51YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQTZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nrINwVt+eZX4l/VG3bu/qjYbRRolOIUzqIEH19CEO2iBDwTG8Ayv8OYI58V5dz4WrWtOMXMCf+B8/gC0S42F</latexit>

q0
<latexit sha1_base64="TnagHZLiuG7uqPIRmNRv/6NFYFA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWNFpoQ9lsJ+3SzSbuboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAh3B0NfUfnlBpnsg7M04xiOlA8ogzaqx0+9hze9WaW3dnIMvEK0gNCrR61a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9UbduzmvNRtFGmU4gmM4BQ8uoAnX0AIfGAzgGV7hzRHOi/PufMxbS04xcwh/4Hz+AGqajWM=</latexit><latexit sha1_base64="TnagHZLiuG7uqPIRmNRv/6NFYFA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWNFpoQ9lsJ+3SzSbuboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAh3B0NfUfnlBpnsg7M04xiOlA8ogzaqx0+9hze9WaW3dnIMvEK0gNCrR61a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9UbduzmvNRtFGmU4gmM4BQ8uoAnX0AIfGAzgGV7hzRHOi/PufMxbS04xcwh/4Hz+AGqajWM=</latexit><latexit sha1_base64="TnagHZLiuG7uqPIRmNRv/6NFYFA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWNFpoQ9lsJ+3SzSbuboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAh3B0NfUfnlBpnsg7M04xiOlA8ogzaqx0+9hze9WaW3dnIMvEK0gNCrR61a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9UbduzmvNRtFGmU4gmM4BQ8uoAnX0AIfGAzgGV7hzRHOi/PufMxbS04xcwh/4Hz+AGqajWM=</latexit><latexit sha1_base64="TnagHZLiuG7uqPIRmNRv/6NFYFA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWNFpoQ9lsJ+3SzSbuboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAh3B0NfUfnlBpnsg7M04xiOlA8ogzaqx0+9hze9WaW3dnIMvEK0gNCrR61a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9UbduzmvNRtFGmU4gmM4BQ8uoAnX0AIfGAzgGV7hzRHOi/PufMxbS04xcwh/4Hz+AGqajWM=</latexit>

�
<latexit sha1_base64="woWoBhWDbA2Yh8VdNEBNcJOOZ8Q=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0RNLeAF48R3CSQLGF2MpuMmccyMyuEJf/gxYOKVz/Im3/jJNmDJhY0FFXddHfFKWfG+v63t7a+sbm1Xdop7+7tHxxWjo5bRmWa0JAornQnxoZyJmlomeW0k2qKRcxpOx7fzvz2E9WGKflgJymNBB5KljCCrZNaPcOGAvcrVb/mz4FWSVCQKhRo9itfvYEimaDSEo6N6QZ+aqMca8sIp9NyLzM0xWSMh7TrqMSCmiifXztF504ZoERpV9Kiufp7IsfCmImIXafAdmSWvZn4n9fNbHIT5UymmaWSLBYlGUdWodnraMA0JZZPHMFEM3crIiOsMbEuoLILIVh+eZWEl7V6Lbi/qjbqRRolOIUzuIAArqEBd9CEEAg8wjO8wpunvBfv3ftYtK55xcwJ/IH3+QMGFo7u</latexit><latexit sha1_base64="woWoBhWDbA2Yh8VdNEBNcJOOZ8Q=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0RNLeAF48R3CSQLGF2MpuMmccyMyuEJf/gxYOKVz/Im3/jJNmDJhY0FFXddHfFKWfG+v63t7a+sbm1Xdop7+7tHxxWjo5bRmWa0JAornQnxoZyJmlomeW0k2qKRcxpOx7fzvz2E9WGKflgJymNBB5KljCCrZNaPcOGAvcrVb/mz4FWSVCQKhRo9itfvYEimaDSEo6N6QZ+aqMca8sIp9NyLzM0xWSMh7TrqMSCmiifXztF504ZoERpV9Kiufp7IsfCmImIXafAdmSWvZn4n9fNbHIT5UymmaWSLBYlGUdWodnraMA0JZZPHMFEM3crIiOsMbEuoLILIVh+eZWEl7V6Lbi/qjbqRRolOIUzuIAArqEBd9CEEAg8wjO8wpunvBfv3ftYtK55xcwJ/IH3+QMGFo7u</latexit><latexit sha1_base64="woWoBhWDbA2Yh8VdNEBNcJOOZ8Q=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0RNLeAF48R3CSQLGF2MpuMmccyMyuEJf/gxYOKVz/Im3/jJNmDJhY0FFXddHfFKWfG+v63t7a+sbm1Xdop7+7tHxxWjo5bRmWa0JAornQnxoZyJmlomeW0k2qKRcxpOx7fzvz2E9WGKflgJymNBB5KljCCrZNaPcOGAvcrVb/mz4FWSVCQKhRo9itfvYEimaDSEo6N6QZ+aqMca8sIp9NyLzM0xWSMh7TrqMSCmiifXztF504ZoERpV9Kiufp7IsfCmImIXafAdmSWvZn4n9fNbHIT5UymmaWSLBYlGUdWodnraMA0JZZPHMFEM3crIiOsMbEuoLILIVh+eZWEl7V6Lbi/qjbqRRolOIUzuIAArqEBd9CEEAg8wjO8wpunvBfv3ftYtK55xcwJ/IH3+QMGFo7u</latexit><latexit sha1_base64="woWoBhWDbA2Yh8VdNEBNcJOOZ8Q=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0RNLeAF48R3CSQLGF2MpuMmccyMyuEJf/gxYOKVz/Im3/jJNmDJhY0FFXddHfFKWfG+v63t7a+sbm1Xdop7+7tHxxWjo5bRmWa0JAornQnxoZyJmlomeW0k2qKRcxpOx7fzvz2E9WGKflgJymNBB5KljCCrZNaPcOGAvcrVb/mz4FWSVCQKhRo9itfvYEimaDSEo6N6QZ+aqMca8sIp9NyLzM0xWSMh7TrqMSCmiifXztF504ZoERpV9Kiufp7IsfCmImIXafAdmSWvZn4n9fNbHIT5UymmaWSLBYlGUdWodnraMA0JZZPHMFEM3crIiOsMbEuoLILIVh+eZWEl7V6Lbi/qjbqRRolOIUzuIAArqEBd9CEEAg8wjO8wpunvBfv3ftYtK55xcwJ/IH3+QMGFo7u</latexit>

q
<latexit sha1_base64="XjQ/yn3cuYGNC+kNuRB5qZRDpLc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YGyhDWWznbRrN5u4uxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoXieZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsg7M04xiOlA8ogzaqzUfOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kW1VvWal5V6LU+jCCdwCufgwRXU4RYa4AMDhGd4hTfnwXlx3p2PRWvByWeO4Q+czx9HVYzA</latexit><latexit sha1_base64="XjQ/yn3cuYGNC+kNuRB5qZRDpLc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YGyhDWWznbRrN5u4uxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoXieZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsg7M04xiOlA8ogzaqzUfOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kW1VvWal5V6LU+jCCdwCufgwRXU4RYa4AMDhGd4hTfnwXlx3p2PRWvByWeO4Q+czx9HVYzA</latexit><latexit sha1_base64="XjQ/yn3cuYGNC+kNuRB5qZRDpLc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YGyhDWWznbRrN5u4uxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoXieZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsg7M04xiOlA8ogzaqzUfOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kW1VvWal5V6LU+jCCdwCufgwRXU4RYa4AMDhGd4hTfnwXlx3p2PRWvByWeO4Q+czx9HVYzA</latexit><latexit sha1_base64="XjQ/yn3cuYGNC+kNuRB5qZRDpLc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YGyhDWWznbRrN5u4uxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoXieZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsg7M04xiOlA8ogzaqzUfOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kW1VvWal5V6LU+jCCdwCufgwRXU4RYa4AMDhGd4hTfnwXlx3p2PRWvByWeO4Q+czx9HVYzA</latexit>



Computing the 
transition rate Coleman ’77�/V = Ae�B/~ +O(~)

<latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit><latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit><latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit><latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit>

Callan, Coleman ’77

Theory of B

Theory of A

WKB ’26 

multi-D Banks, Bender, Wu ’73

L =
1

2
q̇2 � V (q)

<latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit><latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit><latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit><latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit>

B = 2

Z �

q0

dq
p

2V (q)
<latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit><latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit><latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit><latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit>

L =
1

2
~̇q · ~̇q � V (~q)

<latexit sha1_base64="mYkWNGnritDUYH8xrNTp/4bd09c=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoC8tMEbSLQsGNCxcVnLbQGUomzbShmYdJplCG+Ro3/oobF1UEV/6KmXYWtvVA4Nxz7k1yjxsxKqRhfGuFjc2t7Z3ibmlv/+DwSD8+aYsw5phYOGQh77pIEEYDYkkqGelGnCDfZaTjju8yvzMhXNAweJLTiDg+GgbUoxhJJfX1xgNsQNvjCCdmmtRSaA9CCRN7QjB8VhXOymXtCrYrC37Z18tG1ZgDrhMzJ2WQo9XXZ+ouHPskkJghIXqmEUknQVxSzEhasmNBIoTHaEh6igbIJ8JJ5mum8EIpA+iFXJ1Awrn6dyJBvhBT31WdPpIjsepl4n9eL5berZPQIIolCfDiIS9mUIYwywwOKCdYsqkiCHOq/grxCKnMpEq2pEIwV1deJ1atWq+aj9flZj1PowjOwDmoABPcgCa4By1gAQxewBuYgQ/tVXvXPrWvRWtBy2dOwRK0n19EZKNd</latexit><latexit sha1_base64="mYkWNGnritDUYH8xrNTp/4bd09c=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoC8tMEbSLQsGNCxcVnLbQGUomzbShmYdJplCG+Ro3/oobF1UEV/6KmXYWtvVA4Nxz7k1yjxsxKqRhfGuFjc2t7Z3ibmlv/+DwSD8+aYsw5phYOGQh77pIEEYDYkkqGelGnCDfZaTjju8yvzMhXNAweJLTiDg+GgbUoxhJJfX1xgNsQNvjCCdmmtRSaA9CCRN7QjB8VhXOymXtCrYrC37Z18tG1ZgDrhMzJ2WQo9XXZ+ouHPskkJghIXqmEUknQVxSzEhasmNBIoTHaEh6igbIJ8JJ5mum8EIpA+iFXJ1Awrn6dyJBvhBT31WdPpIjsepl4n9eL5berZPQIIolCfDiIS9mUIYwywwOKCdYsqkiCHOq/grxCKnMpEq2pEIwV1deJ1atWq+aj9flZj1PowjOwDmoABPcgCa4By1gAQxewBuYgQ/tVXvXPrWvRWtBy2dOwRK0n19EZKNd</latexit><latexit sha1_base64="mYkWNGnritDUYH8xrNTp/4bd09c=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoC8tMEbSLQsGNCxcVnLbQGUomzbShmYdJplCG+Ro3/oobF1UEV/6KmXYWtvVA4Nxz7k1yjxsxKqRhfGuFjc2t7Z3ibmlv/+DwSD8+aYsw5phYOGQh77pIEEYDYkkqGelGnCDfZaTjju8yvzMhXNAweJLTiDg+GgbUoxhJJfX1xgNsQNvjCCdmmtRSaA9CCRN7QjB8VhXOymXtCrYrC37Z18tG1ZgDrhMzJ2WQo9XXZ+ouHPskkJghIXqmEUknQVxSzEhasmNBIoTHaEh6igbIJ8JJ5mum8EIpA+iFXJ1Awrn6dyJBvhBT31WdPpIjsepl4n9eL5berZPQIIolCfDiIS9mUIYwywwOKCdYsqkiCHOq/grxCKnMpEq2pEIwV1deJ1atWq+aj9flZj1PowjOwDmoABPcgCa4By1gAQxewBuYgQ/tVXvXPrWvRWtBy2dOwRK0n19EZKNd</latexit><latexit sha1_base64="mYkWNGnritDUYH8xrNTp/4bd09c=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoC8tMEbSLQsGNCxcVnLbQGUomzbShmYdJplCG+Ro3/oobF1UEV/6KmXYWtvVA4Nxz7k1yjxsxKqRhfGuFjc2t7Z3ibmlv/+DwSD8+aYsw5phYOGQh77pIEEYDYkkqGelGnCDfZaTjju8yvzMhXNAweJLTiDg+GgbUoxhJJfX1xgNsQNvjCCdmmtRSaA9CCRN7QjB8VhXOymXtCrYrC37Z18tG1ZgDrhMzJ2WQo9XXZ+ouHPskkJghIXqmEUknQVxSzEhasmNBIoTHaEh6igbIJ8JJ5mum8EIpA+iFXJ1Awrn6dyJBvhBT31WdPpIjsepl4n9eL5berZPQIIolCfDiIS9mUIYwywwOKCdYsqkiCHOq/grxCKnMpEq2pEIwV1deJ1atWq+aj9flZj1PowjOwDmoABPcgCa4By1gAQxewBuYgQ/tVXvXPrWvRWtBy2dOwRK0n19EZKNd</latexit>

B = 2

Z ~�

~q0

ds
p
2V (~q)

<latexit sha1_base64="vXEofArOHSupT9JfWU6olN/LU1Y=">AAACKHicbVBNSwMxFMz6WetX1aOXYBH0UnaLoB6EohePFVwVunXJpmkNJtk1eVsoy/4dL/4VLwoqvfpLTNs9aOtAYJiZx8ubKBHcgOsOnbn5hcWl5dJKeXVtfWOzsrV9Y+JUU+bTWMT6LiKGCa6YDxwEu0s0IzIS7DZ6vBj5t32mDY/VNQwS1pakp3iXUwJWCiuNc3yG6zjgCsIs6DOKn0I3v5/QwPCeJDnOAi1xJ8fGKk8asjq+OZhkD/OwUnVr7hh4lngFqaICzbDyHnRimkqmgApiTMtzE2hnRAOnguXlIDUsIfSR9FjLUkUkM+1sfGmO963Swd1Y26cAj9XfExmRxgxkZJOSwIOZ9kbif14rhe5JO+MqSYEpOlnUTQWGGI9qwx2uGQUxsIRQze1fMX0gmlCw5ZZtCd70ybPEr9dOa97VUbVxWrRRQrtoDx0gDx2jBrpETeQjip7RK/pAn86L8+Z8OcNJdM4pZnbQHzjfP0mJpQg=</latexit><latexit sha1_base64="vXEofArOHSupT9JfWU6olN/LU1Y=">AAACKHicbVBNSwMxFMz6WetX1aOXYBH0UnaLoB6EohePFVwVunXJpmkNJtk1eVsoy/4dL/4VLwoqvfpLTNs9aOtAYJiZx8ubKBHcgOsOnbn5hcWl5dJKeXVtfWOzsrV9Y+JUU+bTWMT6LiKGCa6YDxwEu0s0IzIS7DZ6vBj5t32mDY/VNQwS1pakp3iXUwJWCiuNc3yG6zjgCsIs6DOKn0I3v5/QwPCeJDnOAi1xJ8fGKk8asjq+OZhkD/OwUnVr7hh4lngFqaICzbDyHnRimkqmgApiTMtzE2hnRAOnguXlIDUsIfSR9FjLUkUkM+1sfGmO963Swd1Y26cAj9XfExmRxgxkZJOSwIOZ9kbif14rhe5JO+MqSYEpOlnUTQWGGI9qwx2uGQUxsIRQze1fMX0gmlCw5ZZtCd70ybPEr9dOa97VUbVxWrRRQrtoDx0gDx2jBrpETeQjip7RK/pAn86L8+Z8OcNJdM4pZnbQHzjfP0mJpQg=</latexit><latexit sha1_base64="vXEofArOHSupT9JfWU6olN/LU1Y=">AAACKHicbVBNSwMxFMz6WetX1aOXYBH0UnaLoB6EohePFVwVunXJpmkNJtk1eVsoy/4dL/4VLwoqvfpLTNs9aOtAYJiZx8ubKBHcgOsOnbn5hcWl5dJKeXVtfWOzsrV9Y+JUU+bTWMT6LiKGCa6YDxwEu0s0IzIS7DZ6vBj5t32mDY/VNQwS1pakp3iXUwJWCiuNc3yG6zjgCsIs6DOKn0I3v5/QwPCeJDnOAi1xJ8fGKk8asjq+OZhkD/OwUnVr7hh4lngFqaICzbDyHnRimkqmgApiTMtzE2hnRAOnguXlIDUsIfSR9FjLUkUkM+1sfGmO963Swd1Y26cAj9XfExmRxgxkZJOSwIOZ9kbif14rhe5JO+MqSYEpOlnUTQWGGI9qwx2uGQUxsIRQze1fMX0gmlCw5ZZtCd70ybPEr9dOa97VUbVxWrRRQrtoDx0gDx2jBrpETeQjip7RK/pAn86L8+Z8OcNJdM4pZnbQHzjfP0mJpQg=</latexit><latexit sha1_base64="vXEofArOHSupT9JfWU6olN/LU1Y=">AAACKHicbVBNSwMxFMz6WetX1aOXYBH0UnaLoB6EohePFVwVunXJpmkNJtk1eVsoy/4dL/4VLwoqvfpLTNs9aOtAYJiZx8ubKBHcgOsOnbn5hcWl5dJKeXVtfWOzsrV9Y+JUU+bTWMT6LiKGCa6YDxwEu0s0IzIS7DZ6vBj5t32mDY/VNQwS1pakp3iXUwJWCiuNc3yG6zjgCsIs6DOKn0I3v5/QwPCeJDnOAi1xJ8fGKk8asjq+OZhkD/OwUnVr7hh4lngFqaICzbDyHnRimkqmgApiTMtzE2hnRAOnguXlIDUsIfSR9FjLUkUkM+1sfGmO963Swd1Y26cAj9XfExmRxgxkZJOSwIOZ9kbif14rhe5JO+MqSYEpOlnUTQWGGI9qwx2uGQUxsIRQze1fMX0gmlCw5ZZtCd70ybPEr9dOa97VUbVxWrRRQrtoDx0gDx2jBrpETeQjip7RK/pAn86L8+Z8OcNJdM4pZnbQHzjfP0mJpQg=</latexit>

1D QM

The bounce

Semi-classical approximation



Computing the 
transition rate Coleman ’77�/V = Ae�B/~ +O(~)

<latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit><latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit><latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit><latexit sha1_base64="FkDvDdMX/mAZu4LO4VRjlBzcxwk=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQUZNdEdSDEONBb0YwD8jG0DuZJENmdpeZWSEs+Q4v/ooXDyoe9eTfOHkc1FjQUFR1093lhZwpbdtfVmJmdm5+IbmYWlpeWV1Lr29UVBBJQssk4IGseaAoZz4ta6Y5rYWSgvA4rXq9i6FfvadSscC/1f2QNgR0fNZmBLSRmmnHvQQhIF/BZ/gcu/uY3sUHxbzb9UAO8B52BeguAR5fD7IjcbeZztg5ewQ8TZwJyaAJSs30h9sKSCSorwkHpeqOHepGDFIzwukg5UaKhkB60KF1Q30QVDXi0WsDvGOUFm4H0pSv8Uj9ORGDUKovPNM5vFT99Ybif1490u2TRsz8MNLUJ+NF7YhjHeBhTrjFJCWa9w0BIpm5FZMuSCDapJkyITh/X54m5cPcac65OcoUipM0kmgLbaMsctAxKqArVEJlRNADekIv6NV6tJ6tN+t93JqwJjOb6Besz29cuZ43</latexit>

Callan, Coleman ’77

Theory of B

Theory of A

WKB ’26 

multi-D Banks, Bender, Wu ’73

V (~q)
<latexit sha1_base64="61O2+9IAFobHci9nP7M+VM2+heE=">AAAB73icbVBNTwIxEJ31E/EL9eilkZjghewaE+VG4sUjJi5gYEO6pQsNbXdtuyRkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz321lb39jc2i7sFHf39g8OS0fHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDvzW2OqNIvlg5kkNBB4IFnECDZWemxWumNK0NNFr1R2q+4caJV4OSlDjkav9NXtxyQVVBrCsdYdz0 1MkGFlGOF0WuymmiaYjPCAdiyVWFAdZPODp+jcKn0UxcqWNGiu/p7IsNB6IkLbKbAZ6mVvJv7ndVIT3QQZk0lqqCSLRVHKkYnR7HvUZ4oSwyeWYKKYvRWRIVaYGJtR0YbgLb+8SvzLaq3q3V+V67U8jQKcwhlUwINrqMMdNMAHAgKe4RXeHOW8OO/Ox6J1zclnTuAPnM8fEz+PcQ==</latexit><latexit sha1_base64="61O2+9IAFobHci9nP7M+VM2+heE=">AAAB73icbVBNTwIxEJ31E/EL9eilkZjghewaE+VG4sUjJi5gYEO6pQsNbXdtuyRkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz321lb39jc2i7sFHf39g8OS0fHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDvzW2OqNIvlg5kkNBB4IFnECDZWemxWumNK0NNFr1R2q+4caJV4OSlDjkav9NXtxyQVVBrCsdYdz0 1MkGFlGOF0WuymmiaYjPCAdiyVWFAdZPODp+jcKn0UxcqWNGiu/p7IsNB6IkLbKbAZ6mVvJv7ndVIT3QQZk0lqqCSLRVHKkYnR7HvUZ4oSwyeWYKKYvRWRIVaYGJtR0YbgLb+8SvzLaq3q3V+V67U8jQKcwhlUwINrqMMdNMAHAgKe4RXeHOW8OO/Ox6J1zclnTuAPnM8fEz+PcQ==</latexit><latexit sha1_base64="61O2+9IAFobHci9nP7M+VM2+heE=">AAAB73icbVBNTwIxEJ31E/EL9eilkZjghewaE+VG4sUjJi5gYEO6pQsNbXdtuyRkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz321lb39jc2i7sFHf39g8OS0fHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDvzW2OqNIvlg5kkNBB4IFnECDZWemxWumNK0NNFr1R2q+4caJV4OSlDjkav9NXtxyQVVBrCsdYdz0 1MkGFlGOF0WuymmiaYjPCAdiyVWFAdZPODp+jcKn0UxcqWNGiu/p7IsNB6IkLbKbAZ6mVvJv7ndVIT3QQZk0lqqCSLRVHKkYnR7HvUZ4oSwyeWYKKYvRWRIVaYGJtR0YbgLb+8SvzLaq3q3V+V67U8jQKcwhlUwINrqMMdNMAHAgKe4RXeHOW8OO/Ox6J1zclnTuAPnM8fEz+PcQ==</latexit><latexit sha1_base64="61O2+9IAFobHci9nP7M+VM2+heE=">AAAB73icbVBNTwIxEJ31E/EL9eilkZjghewaE+VG4sUjJi5gYEO6pQsNbXdtuyRkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz321lb39jc2i7sFHf39g8OS0fHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDvzW2OqNIvlg5kkNBB4IFnECDZWemxWumNK0NNFr1R2q+4caJV4OSlDjkav9NXtxyQVVBrCsdYdz0 1MkGFlGOF0WuymmiaYjPCAdiyVWFAdZPODp+jcKn0UxcqWNGiu/p7IsNB6IkLbKbAZ6mVvJv7ndVIT3QQZk0lqqCSLRVHKkYnR7HvUZ4oSwyeWYKKYvRWRIVaYGJtR0YbgLb+8SvzLaq3q3V+V67U8jQKcwhlUwINrqMMdNMAHAgKe4RXeHOW8OO/Ox6J1zclnTuAPnM8fEz+PcQ==</latexit>

~q
<latexit sha1_base64="XVJNcxnBPE9S5Ou3+xmoDeNUIFw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKpi20oWy2k3btJht3N4VS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0DJTDH0mhVStkGoUPEHfcCOwlSqkcSiwGQ5vZ35zhEpzmTyYcYpBTPsJjzijxkqNzggZeeqWym7FnYOsEi8nZchR75a+Oj3JshgTwwTVuu25qQkmVBnOBE6LnUxjStmQ9rFtaUJj1MFkfu2UnFulRyKpbCWGzNXfExMaaz2OQ9sZUzPQy95M/M9rZya6CSY8STODCVssijJBjCSz10mPK2RGjC2hTHF7K2EDqigzNqCiDcFbfnmV+JeVasW7vyrXqnkaBTiFM7gAD66hBndQBx8YPMIzvMKbI50X5935WLSuOfnMCfyB8/kDoeyOrA==</latexit><latexit sha1_base64="XVJNcxnBPE9S5Ou3+xmoDeNUIFw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKpi20oWy2k3btJht3N4VS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0DJTDH0mhVStkGoUPEHfcCOwlSqkcSiwGQ5vZ35zhEpzmTyYcYpBTPsJjzijxkqNzggZeeqWym7FnYOsEi8nZchR75a+Oj3JshgTwwTVuu25qQkmVBnOBE6LnUxjStmQ9rFtaUJj1MFkfu2UnFulRyKpbCWGzNXfExMaaz2OQ9sZUzPQy95M/M9rZya6CSY8STODCVssijJBjCSz10mPK2RGjC2hTHF7K2EDqigzNqCiDcFbfnmV+JeVasW7vyrXqnkaBTiFM7gAD66hBndQBx8YPMIzvMKbI50X5935WLSuOfnMCfyB8/kDoeyOrA==</latexit><latexit sha1_base64="XVJNcxnBPE9S5Ou3+xmoDeNUIFw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKpi20oWy2k3btJht3N4VS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0DJTDH0mhVStkGoUPEHfcCOwlSqkcSiwGQ5vZ35zhEpzmTyYcYpBTPsJjzijxkqNzggZeeqWym7FnYOsEi8nZchR75a+Oj3JshgTwwTVuu25qQkmVBnOBE6LnUxjStmQ9rFtaUJj1MFkfu2UnFulRyKpbCWGzNXfExMaaz2OQ9sZUzPQy95M/M9rZya6CSY8STODCVssijJBjCSz10mPK2RGjC2hTHF7K2EDqigzNqCiDcFbfnmV+JeVasW7vyrXqnkaBTiFM7gAD66hBndQBx8YPMIzvMKbI50X5935WLSuOfnMCfyB8/kDoeyOrA==</latexit><latexit sha1_base64="XVJNcxnBPE9S5Ou3+xmoDeNUIFw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKpi20oWy2k3btJht3N4VS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0DJTDH0mhVStkGoUPEHfcCOwlSqkcSiwGQ5vZ35zhEpzmTyYcYpBTPsJjzijxkqNzggZeeqWym7FnYOsEi8nZchR75a+Oj3JshgTwwTVuu25qQkmVBnOBE6LnUxjStmQ9rFtaUJj1MFkfu2UnFulRyKpbCWGzNXfExMaaz2OQ9sZUzPQy95M/M9rZya6CSY8STODCVssijJBjCSz10mPK2RGjC2hTHF7K2EDqigzNqCiDcFbfnmV+JeVasW7vyrXqnkaBTiFM7gAD66hBndQBx8YPMIzvMKbI50X5935WLSuOfnMCfyB8/kDoeyOrA==</latexit>

~q0
<latexit sha1_base64="AceeWhegb3QmIwxkssaKA2GxXH8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulm026uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR3dxvTlBpHstHM00wiOhA8j5n1Fip1ZkgI+Ou2y1X3Kq7AFknXk4qkKPRLX91ejFLI5SGCap123MTE2RUGc4EzkqdVGNC2YgOsG2ppBHqIFvcOyMXVumRfqxsSUMW6u+JjEZaT6PQdkbUDPWqNxf/89qp6d8GGZdJalCy5aJ+KoiJyfx50uMKmRFTSyhT3N5K2JAqyoyNqGRD8FZfXif+VbVW9R6uK/VankYRzuAcLsGDG6jDPTTABwYCnuEV3pyx8+K8Ox/L1oKTz5zCHzifP8i5j08=</latexit><latexit sha1_base64="AceeWhegb3QmIwxkssaKA2GxXH8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulm026uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR3dxvTlBpHstHM00wiOhA8j5n1Fip1ZkgI+Ou2y1X3Kq7AFknXk4qkKPRLX91ejFLI5SGCap123MTE2RUGc4EzkqdVGNC2YgOsG2ppBHqIFvcOyMXVumRfqxsSUMW6u+JjEZaT6PQdkbUDPWqNxf/89qp6d8GGZdJalCy5aJ+KoiJyfx50uMKmRFTSyhT3N5K2JAqyoyNqGRD8FZfXif+VbVW9R6uK/VankYRzuAcLsGDG6jDPTTABwYCnuEV3pyx8+K8Ox/L1oKTz5zCHzifP8i5j08=</latexit><latexit sha1_base64="AceeWhegb3QmIwxkssaKA2GxXH8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulm026uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR3dxvTlBpHstHM00wiOhA8j5n1Fip1ZkgI+Ou2y1X3Kq7AFknXk4qkKPRLX91ejFLI5SGCap123MTE2RUGc4EzkqdVGNC2YgOsG2ppBHqIFvcOyMXVumRfqxsSUMW6u+JjEZaT6PQdkbUDPWqNxf/89qp6d8GGZdJalCy5aJ+KoiJyfx50uMKmRFTSyhT3N5K2JAqyoyNqGRD8FZfXif+VbVW9R6uK/VankYRzuAcLsGDG6jDPTTABwYCnuEV3pyx8+K8Ox/L1oKTz5zCHzifP8i5j08=</latexit><latexit sha1_base64="AceeWhegb3QmIwxkssaKA2GxXH8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulm026uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR3dxvTlBpHstHM00wiOhA8j5n1Fip1ZkgI+Ou2y1X3Kq7AFknXk4qkKPRLX91ejFLI5SGCap123MTE2RUGc4EzkqdVGNC2YgOsG2ppBHqIFvcOyMXVumRfqxsSUMW6u+JjEZaT6PQdkbUDPWqNxf/89qp6d8GGZdJalCy5aJ+KoiJyfx50uMKmRFTSyhT3N5K2JAqyoyNqGRD8FZfXif+VbVW9R6uK/VankYRzuAcLsGDG6jDPTTABwYCnuEV3pyx8+K8Ox/L1oKTz5zCHzifP8i5j08=</latexit>

~�
<latexit sha1_base64="jFbbc6KxqvccXB5OtYrbuFenohI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0N4KXjxWMLaQhLLZbtqlu5uwOymU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diobm1vbO9Xd2t7+weFR/fjkyaS5psynqUh1LyaGCa6YDxwE62WaERkL1o3Hd3O/O2Ha8FQ9wjRjkSRDxRNOCVgpCCeM4tDwoST9esNtugvgdeKVpIFKdPr1r3CQ0lwyBVQQYwLPzSAqiAZOBZvVwtywjNAxGbLAUkUkM1GxOHmGL6wywEmqbSnAC/X3REGkMVMZ205JYGRWvbn4nxfkkNxGBVdZDkzR5aIkFxhSPP8fD7hmFMTUEkI1t7diOiKaULAp1WwI3urL68S/araa3sN1o90q06iiM3SOLpGHblAb3aMO8hFFKXpGr+jNAefFeXc+lq0Vp5w5RX/gfP4AaYGQ2g==</latexit><latexit sha1_base64="jFbbc6KxqvccXB5OtYrbuFenohI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0N4KXjxWMLaQhLLZbtqlu5uwOymU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diobm1vbO9Xd2t7+weFR/fjkyaS5psynqUh1LyaGCa6YDxwE62WaERkL1o3Hd3O/O2Ha8FQ9wjRjkSRDxRNOCVgpCCeM4tDwoST9esNtugvgdeKVpIFKdPr1r3CQ0lwyBVQQYwLPzSAqiAZOBZvVwtywjNAxGbLAUkUkM1GxOHmGL6wywEmqbSnAC/X3REGkMVMZ205JYGRWvbn4nxfkkNxGBVdZDkzR5aIkFxhSPP8fD7hmFMTUEkI1t7diOiKaULAp1WwI3urL68S/araa3sN1o90q06iiM3SOLpGHblAb3aMO8hFFKXpGr+jNAefFeXc+lq0Vp5w5RX/gfP4AaYGQ2g==</latexit><latexit sha1_base64="jFbbc6KxqvccXB5OtYrbuFenohI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0N4KXjxWMLaQhLLZbtqlu5uwOymU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diobm1vbO9Xd2t7+weFR/fjkyaS5psynqUh1LyaGCa6YDxwE62WaERkL1o3Hd3O/O2Ha8FQ9wjRjkSRDxRNOCVgpCCeM4tDwoST9esNtugvgdeKVpIFKdPr1r3CQ0lwyBVQQYwLPzSAqiAZOBZvVwtywjNAxGbLAUkUkM1GxOHmGL6wywEmqbSnAC/X3REGkMVMZ205JYGRWvbn4nxfkkNxGBVdZDkzR5aIkFxhSPP8fD7hmFMTUEkI1t7diOiKaULAp1WwI3urL68S/araa3sN1o90q06iiM3SOLpGHblAb3aMO8hFFKXpGr+jNAefFeXc+lq0Vp5w5RX/gfP4AaYGQ2g==</latexit><latexit sha1_base64="jFbbc6KxqvccXB5OtYrbuFenohI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0N4KXjxWMLaQhLLZbtqlu5uwOymU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diobm1vbO9Xd2t7+weFR/fjkyaS5psynqUh1LyaGCa6YDxwE62WaERkL1o3Hd3O/O2Ha8FQ9wjRjkSRDxRNOCVgpCCeM4tDwoST9esNtugvgdeKVpIFKdPr1r3CQ0lwyBVQQYwLPzSAqiAZOBZvVwtywjNAxGbLAUkUkM1GxOHmGL6wywEmqbSnAC/X3REGkMVMZ205JYGRWvbn4nxfkkNxGBVdZDkzR5aIkFxhSPP8fD7hmFMTUEkI1t7diOiKaULAp1WwI3urL68S/araa3sN1o90q06iiM3SOLpGHblAb3aMO8hFFKXpGr+jNAefFeXc+lq0Vp5w5RX/gfP4AaYGQ2g==</latexit>

barrier 
penetration

Recast to variational principle

�

Z ~�

~q0

ds
p

2(E � V ) = 0
<latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit>

�

Z ~�

~q0

ds
p
2V = 0

<latexit sha1_base64="j5o3hDYSOwKHVBWdOwXfam+xCHo=">AAACJXicbZBNSwMxEIazflu/qh69BIvgqeyKoB6EghePFawK3bpks9M2mGTXZFYoy/4aL/4VLx5UBE/+FdOPg1pfCDy8M8Nk3jiTwqLvf3ozs3PzC4tLy5WV1bX1jerm1pVNc8OhxVOZmpuYWZBCQwsFSrjJDDAVS7iO786G9esHMFak+hIHGXQU62nRFZyhs6LqaZiAREZDoTEqwgfg9D7yy9sxhlb0FCtpERpFk5Ja59wbLA7oVUlPqR9Va37dH4lOQzCBGpmoGVVfwyTluQKNXDJr24GfYadgBgWXUFbC3ELG+B3rQduhZgpspxidWdI95yS0mxr3NNKR+3OiYMragYpdp2LYt39rQ/O/WjvH7nGnEDrLETQfL+rmkmJKh5nRRBjgKAcOGDfC/ZXyPjOMo0u24kII/p48Da2D+kk9uDisNU4maSyRHbJL9klAjkiDnJMmaRFOHskzeSVv3pP34r17H+PWGW8ys01+yfv6BlACpJA=</latexit><latexit sha1_base64="j5o3hDYSOwKHVBWdOwXfam+xCHo=">AAACJXicbZBNSwMxEIazflu/qh69BIvgqeyKoB6EghePFawK3bpks9M2mGTXZFYoy/4aL/4VLx5UBE/+FdOPg1pfCDy8M8Nk3jiTwqLvf3ozs3PzC4tLy5WV1bX1jerm1pVNc8OhxVOZmpuYWZBCQwsFSrjJDDAVS7iO786G9esHMFak+hIHGXQU62nRFZyhs6LqaZiAREZDoTEqwgfg9D7yy9sxhlb0FCtpERpFk5Ja59wbLA7oVUlPqR9Va37dH4lOQzCBGpmoGVVfwyTluQKNXDJr24GfYadgBgWXUFbC3ELG+B3rQduhZgpspxidWdI95yS0mxr3NNKR+3OiYMragYpdp2LYt39rQ/O/WjvH7nGnEDrLETQfL+rmkmJKh5nRRBjgKAcOGDfC/ZXyPjOMo0u24kII/p48Da2D+kk9uDisNU4maSyRHbJL9klAjkiDnJMmaRFOHskzeSVv3pP34r17H+PWGW8ys01+yfv6BlACpJA=</latexit><latexit sha1_base64="j5o3hDYSOwKHVBWdOwXfam+xCHo=">AAACJXicbZBNSwMxEIazflu/qh69BIvgqeyKoB6EghePFawK3bpks9M2mGTXZFYoy/4aL/4VLx5UBE/+FdOPg1pfCDy8M8Nk3jiTwqLvf3ozs3PzC4tLy5WV1bX1jerm1pVNc8OhxVOZmpuYWZBCQwsFSrjJDDAVS7iO786G9esHMFak+hIHGXQU62nRFZyhs6LqaZiAREZDoTEqwgfg9D7yy9sxhlb0FCtpERpFk5Ja59wbLA7oVUlPqR9Va37dH4lOQzCBGpmoGVVfwyTluQKNXDJr24GfYadgBgWXUFbC3ELG+B3rQduhZgpspxidWdI95yS0mxr3NNKR+3OiYMragYpdp2LYt39rQ/O/WjvH7nGnEDrLETQfL+rmkmJKh5nRRBjgKAcOGDfC/ZXyPjOMo0u24kII/p48Da2D+kk9uDisNU4maSyRHbJL9klAjkiDnJMmaRFOHskzeSVv3pP34r17H+PWGW8ys01+yfv6BlACpJA=</latexit><latexit sha1_base64="j5o3hDYSOwKHVBWdOwXfam+xCHo=">AAACJXicbZBNSwMxEIazflu/qh69BIvgqeyKoB6EghePFawK3bpks9M2mGTXZFYoy/4aL/4VLx5UBE/+FdOPg1pfCDy8M8Nk3jiTwqLvf3ozs3PzC4tLy5WV1bX1jerm1pVNc8OhxVOZmpuYWZBCQwsFSrjJDDAVS7iO786G9esHMFak+hIHGXQU62nRFZyhs6LqaZiAREZDoTEqwgfg9D7yy9sxhlb0FCtpERpFk5Ja59wbLA7oVUlPqR9Va37dH4lOQzCBGpmoGVVfwyTluQKNXDJr24GfYadgBgWXUFbC3ELG+B3rQduhZgpspxidWdI95yS0mxr3NNKR+3OiYMragYpdp2LYt39rQ/O/WjvH7nGnEDrLETQfL+rmkmJKh5nRRBjgKAcOGDfC/ZXyPjOMo0u24kII/p48Da2D+kk9uDisNU4maSyRHbJL9klAjkiDnJMmaRFOHskzeSVv3pP34r17H+PWGW8ys01+yfv6BlACpJA=</latexit>

equivalent when

E = 0

V ! �V
<latexit sha1_base64="e7A4NpPRv7r9GrebEUOw/+PFxsA=">AAAB+3icbVBNS8NAEJ34WetXtEcvi8XixZKIoD0IBRE8VjBtoQlls920Szcf7G6EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMPD/hTCrL+jZWVtfWNzZLW+Xtnd29ffPgsC3jVBDqkJjHoutjSTmLqKOY4rSbCIpDn9OOP76Z+p1HKiSLoweVJdQL8TBiASNYaalvVm5R7RpZyHVRG9VcFaOzdt+sWnVrBrRM7IJUoUCrb365g5ikIY0U4VjKnm0lysuxUIxwOim7qaQJJmM8pD1NIxxS6eWz4yfoRCsDFMRCV6TQTP09keNQyiz0dWeI1UguelPxP6+XquDKy1mUpIpGZL4oSDnSP06TQAMmKFE80wQTwfStiIywwETpvMo6BHvx5WXinNcbdfv+otpsFGmU4AiO4RRsuIQm3EELHCCQwTO8wpvxZLwY78bHvHXFKGYq8AfG5w+2AJHC</latexit><latexit sha1_base64="e7A4NpPRv7r9GrebEUOw/+PFxsA=">AAAB+3icbVBNS8NAEJ34WetXtEcvi8XixZKIoD0IBRE8VjBtoQlls920Szcf7G6EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMPD/hTCrL+jZWVtfWNzZLW+Xtnd29ffPgsC3jVBDqkJjHoutjSTmLqKOY4rSbCIpDn9OOP76Z+p1HKiSLoweVJdQL8TBiASNYaalvVm5R7RpZyHVRG9VcFaOzdt+sWnVrBrRM7IJUoUCrb365g5ikIY0U4VjKnm0lysuxUIxwOim7qaQJJmM8pD1NIxxS6eWz4yfoRCsDFMRCV6TQTP09keNQyiz0dWeI1UguelPxP6+XquDKy1mUpIpGZL4oSDnSP06TQAMmKFE80wQTwfStiIywwETpvMo6BHvx5WXinNcbdfv+otpsFGmU4AiO4RRsuIQm3EELHCCQwTO8wpvxZLwY78bHvHXFKGYq8AfG5w+2AJHC</latexit><latexit sha1_base64="e7A4NpPRv7r9GrebEUOw/+PFxsA=">AAAB+3icbVBNS8NAEJ34WetXtEcvi8XixZKIoD0IBRE8VjBtoQlls920Szcf7G6EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMPD/hTCrL+jZWVtfWNzZLW+Xtnd29ffPgsC3jVBDqkJjHoutjSTmLqKOY4rSbCIpDn9OOP76Z+p1HKiSLoweVJdQL8TBiASNYaalvVm5R7RpZyHVRG9VcFaOzdt+sWnVrBrRM7IJUoUCrb365g5ikIY0U4VjKnm0lysuxUIxwOim7qaQJJmM8pD1NIxxS6eWz4yfoRCsDFMRCV6TQTP09keNQyiz0dWeI1UguelPxP6+XquDKy1mUpIpGZL4oSDnSP06TQAMmKFE80wQTwfStiIywwETpvMo6BHvx5WXinNcbdfv+otpsFGmU4AiO4RRsuIQm3EELHCCQwTO8wpvxZLwY78bHvHXFKGYq8AfG5w+2AJHC</latexit><latexit sha1_base64="e7A4NpPRv7r9GrebEUOw/+PFxsA=">AAAB+3icbVBNS8NAEJ34WetXtEcvi8XixZKIoD0IBRE8VjBtoQlls920Szcf7G6EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMPD/hTCrL+jZWVtfWNzZLW+Xtnd29ffPgsC3jVBDqkJjHoutjSTmLqKOY4rSbCIpDn9OOP76Z+p1HKiSLoweVJdQL8TBiASNYaalvVm5R7RpZyHVRG9VcFaOzdt+sWnVrBrRM7IJUoUCrb365g5ikIY0U4VjKnm0lysuxUIxwOim7qaQJJmM8pD1NIxxS6eWz4yfoRCsDFMRCV6TQTP09keNQyiz0dWeI1UguelPxP6+XquDKy1mUpIpGZL4oSDnSP06TQAMmKFE80wQTwfStiIywwETpvMo6BHvx5WXinNcbdfv+otpsFGmU4AiO4RRsuIQm3EELHCCQwTO8wpvxZLwY78bHvHXFKGYq8AfG5w+2AJHC</latexit>

L =
1

2
q̇2 � V (q)

<latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit><latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit><latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit><latexit sha1_base64="2CrunhLgwIc3kN1XdE8gIenikqI=">AAACB3icbVC7TsMwFHXKq5RXgJEBiwqpDFRJhQQdkCqxMDAUibSV2lA5rtNadZzUdpCqKCMLv8LCAIiVX2Djb3DbDNBypCsdnXOvfe/xIkalsqxvI7e0vLK6ll8vbGxube+Yu3sNGcYCEweHLBQtD0nCKCeOooqRViQICjxGmt7wauI3H4iQNOR3ahwRN0B9Tn2KkdJS1zy8gZew4wuEEztNKins9EIFR/cVeAobpdFJ1yxaZWsKuEjsjBRBhnrX/NIv4DggXGGGpGzbVqTcBAlFMSNpoRNLEiE8RH3S1pSjgEg3mR6SwmOt9KAfCl1cwan6eyJBgZTjwNOdAVIDOe9NxP+8dqz8CzehPIoV4Xj2kR8zqEI4SQX2qCBYsbEmCAuqd4V4gHQqSmdX0CHY8ycvEqdSrpbt27NirZqlkQcH4AiUgA3OQQ1cgzpwAAaP4Bm8gjfjyXgx3o2PWWvOyGb2wR8Ynz9ZeJcp</latexit>

B = 2

Z �

q0

dq
p

2V (q)
<latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit><latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit><latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit><latexit sha1_base64="0UoXKf4Vau/OcmzXYfG4RdqVQoY=">AAACGXicbVBNS8NAEN34WetX1aOXxSLUS0mKoD0IRS8eKxgVmhg22227uLtJdydCCfkdXvwrXjyoeNST/8Zt7cGvBwOP92aYmRenghtw3Q9nZnZufmGxtFReXlldW69sbF6YJNOU+TQRib6KiWGCK+YDB8GuUs2IjAW7jG9Oxv7lLdOGJ+ocRikLJekr3uOUgJWiineMj3ADB1xBlA8jt7jOA8P7khQ4D7TE3QIPcWCGGvIGvqgN94qoUnXr7gT4L/GmpIqmaEeVt6Cb0EwyBVQQYzqem0KYEw2cClaUg8ywlNAb0mcdSxWRzIT55LUC71qli3uJtqUAT9TvEzmRxoxkbDslgYH57Y3F/7xOBr3DMOcqzYAp+rWolwkMCR7nhLtcMwpiZAmhmttbMR0QTSjYNMs2BO/3y3+J36g3697ZfrXVnKZRQttoB9WQhw5QC52iNvIRRXfoAT2hZ+feeXRenNev1hlnOrOFfsB5/wQgzJ9C</latexit>

L =
1

2
~̇q · ~̇q � V (~q)

<latexit sha1_base64="mYkWNGnritDUYH8xrNTp/4bd09c=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoC8tMEbSLQsGNCxcVnLbQGUomzbShmYdJplCG+Ro3/oobF1UEV/6KmXYWtvVA4Nxz7k1yjxsxKqRhfGuFjc2t7Z3ibmlv/+DwSD8+aYsw5phYOGQh77pIEEYDYkkqGelGnCDfZaTjju8yvzMhXNAweJLTiDg+GgbUoxhJJfX1xgNsQNvjCCdmmtRSaA9CCRN7QjB8VhXOymXtCrYrC37Z18tG1ZgDrhMzJ2WQo9XXZ+ouHPskkJghIXqmEUknQVxSzEhasmNBIoTHaEh6igbIJ8JJ5mum8EIpA+iFXJ1Awrn6dyJBvhBT31WdPpIjsepl4n9eL5berZPQIIolCfDiIS9mUIYwywwOKCdYsqkiCHOq/grxCKnMpEq2pEIwV1deJ1atWq+aj9flZj1PowjOwDmoABPcgCa4By1gAQxewBuYgQ/tVXvXPrWvRWtBy2dOwRK0n19EZKNd</latexit><latexit sha1_base64="mYkWNGnritDUYH8xrNTp/4bd09c=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoC8tMEbSLQsGNCxcVnLbQGUomzbShmYdJplCG+Ro3/oobF1UEV/6KmXYWtvVA4Nxz7k1yjxsxKqRhfGuFjc2t7Z3ibmlv/+DwSD8+aYsw5phYOGQh77pIEEYDYkkqGelGnCDfZaTjju8yvzMhXNAweJLTiDg+GgbUoxhJJfX1xgNsQNvjCCdmmtRSaA9CCRN7QjB8VhXOymXtCrYrC37Z18tG1ZgDrhMzJ2WQo9XXZ+ouHPskkJghIXqmEUknQVxSzEhasmNBIoTHaEh6igbIJ8JJ5mum8EIpA+iFXJ1Awrn6dyJBvhBT31WdPpIjsepl4n9eL5berZPQIIolCfDiIS9mUIYwywwOKCdYsqkiCHOq/grxCKnMpEq2pEIwV1deJ1atWq+aj9flZj1PowjOwDmoABPcgCa4By1gAQxewBuYgQ/tVXvXPrWvRWtBy2dOwRK0n19EZKNd</latexit><latexit sha1_base64="mYkWNGnritDUYH8xrNTp/4bd09c=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoC8tMEbSLQsGNCxcVnLbQGUomzbShmYdJplCG+Ro3/oobF1UEV/6KmXYWtvVA4Nxz7k1yjxsxKqRhfGuFjc2t7Z3ibmlv/+DwSD8+aYsw5phYOGQh77pIEEYDYkkqGelGnCDfZaTjju8yvzMhXNAweJLTiDg+GgbUoxhJJfX1xgNsQNvjCCdmmtRSaA9CCRN7QjB8VhXOymXtCrYrC37Z18tG1ZgDrhMzJ2WQo9XXZ+ouHPskkJghIXqmEUknQVxSzEhasmNBIoTHaEh6igbIJ8JJ5mum8EIpA+iFXJ1Awrn6dyJBvhBT31WdPpIjsepl4n9eL5berZPQIIolCfDiIS9mUIYwywwOKCdYsqkiCHOq/grxCKnMpEq2pEIwV1deJ1atWq+aj9flZj1PowjOwDmoABPcgCa4By1gAQxewBuYgQ/tVXvXPrWvRWtBy2dOwRK0n19EZKNd</latexit><latexit sha1_base64="mYkWNGnritDUYH8xrNTp/4bd09c=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoC8tMEbSLQsGNCxcVnLbQGUomzbShmYdJplCG+Ro3/oobF1UEV/6KmXYWtvVA4Nxz7k1yjxsxKqRhfGuFjc2t7Z3ibmlv/+DwSD8+aYsw5phYOGQh77pIEEYDYkkqGelGnCDfZaTjju8yvzMhXNAweJLTiDg+GgbUoxhJJfX1xgNsQNvjCCdmmtRSaA9CCRN7QjB8VhXOymXtCrYrC37Z18tG1ZgDrhMzJ2WQo9XXZ+ouHPskkJghIXqmEUknQVxSzEhasmNBIoTHaEh6igbIJ8JJ5mum8EIpA+iFXJ1Awrn6dyJBvhBT31WdPpIjsepl4n9eL5berZPQIIolCfDiIS9mUIYwywwOKCdYsqkiCHOq/grxCKnMpEq2pEIwV1deJ1atWq+aj9flZj1PowjOwDmoABPcgCa4By1gAQxewBuYgQ/tVXvXPrWvRWtBy2dOwRK0n19EZKNd</latexit>

B = 2

Z ~�

~q0

ds
p
2V (~q)

<latexit sha1_base64="vXEofArOHSupT9JfWU6olN/LU1Y=">AAACKHicbVBNSwMxFMz6WetX1aOXYBH0UnaLoB6EohePFVwVunXJpmkNJtk1eVsoy/4dL/4VLwoqvfpLTNs9aOtAYJiZx8ubKBHcgOsOnbn5hcWl5dJKeXVtfWOzsrV9Y+JUU+bTWMT6LiKGCa6YDxwEu0s0IzIS7DZ6vBj5t32mDY/VNQwS1pakp3iXUwJWCiuNc3yG6zjgCsIs6DOKn0I3v5/QwPCeJDnOAi1xJ8fGKk8asjq+OZhkD/OwUnVr7hh4lngFqaICzbDyHnRimkqmgApiTMtzE2hnRAOnguXlIDUsIfSR9FjLUkUkM+1sfGmO963Swd1Y26cAj9XfExmRxgxkZJOSwIOZ9kbif14rhe5JO+MqSYEpOlnUTQWGGI9qwx2uGQUxsIRQze1fMX0gmlCw5ZZtCd70ybPEr9dOa97VUbVxWrRRQrtoDx0gDx2jBrpETeQjip7RK/pAn86L8+Z8OcNJdM4pZnbQHzjfP0mJpQg=</latexit><latexit sha1_base64="vXEofArOHSupT9JfWU6olN/LU1Y=">AAACKHicbVBNSwMxFMz6WetX1aOXYBH0UnaLoB6EohePFVwVunXJpmkNJtk1eVsoy/4dL/4VLwoqvfpLTNs9aOtAYJiZx8ubKBHcgOsOnbn5hcWl5dJKeXVtfWOzsrV9Y+JUU+bTWMT6LiKGCa6YDxwEu0s0IzIS7DZ6vBj5t32mDY/VNQwS1pakp3iXUwJWCiuNc3yG6zjgCsIs6DOKn0I3v5/QwPCeJDnOAi1xJ8fGKk8asjq+OZhkD/OwUnVr7hh4lngFqaICzbDyHnRimkqmgApiTMtzE2hnRAOnguXlIDUsIfSR9FjLUkUkM+1sfGmO963Swd1Y26cAj9XfExmRxgxkZJOSwIOZ9kbif14rhe5JO+MqSYEpOlnUTQWGGI9qwx2uGQUxsIRQze1fMX0gmlCw5ZZtCd70ybPEr9dOa97VUbVxWrRRQrtoDx0gDx2jBrpETeQjip7RK/pAn86L8+Z8OcNJdM4pZnbQHzjfP0mJpQg=</latexit><latexit sha1_base64="vXEofArOHSupT9JfWU6olN/LU1Y=">AAACKHicbVBNSwMxFMz6WetX1aOXYBH0UnaLoB6EohePFVwVunXJpmkNJtk1eVsoy/4dL/4VLwoqvfpLTNs9aOtAYJiZx8ubKBHcgOsOnbn5hcWl5dJKeXVtfWOzsrV9Y+JUU+bTWMT6LiKGCa6YDxwEu0s0IzIS7DZ6vBj5t32mDY/VNQwS1pakp3iXUwJWCiuNc3yG6zjgCsIs6DOKn0I3v5/QwPCeJDnOAi1xJ8fGKk8asjq+OZhkD/OwUnVr7hh4lngFqaICzbDyHnRimkqmgApiTMtzE2hnRAOnguXlIDUsIfSR9FjLUkUkM+1sfGmO963Swd1Y26cAj9XfExmRxgxkZJOSwIOZ9kbif14rhe5JO+MqSYEpOlnUTQWGGI9qwx2uGQUxsIRQze1fMX0gmlCw5ZZtCd70ybPEr9dOa97VUbVxWrRRQrtoDx0gDx2jBrpETeQjip7RK/pAn86L8+Z8OcNJdM4pZnbQHzjfP0mJpQg=</latexit><latexit sha1_base64="vXEofArOHSupT9JfWU6olN/LU1Y=">AAACKHicbVBNSwMxFMz6WetX1aOXYBH0UnaLoB6EohePFVwVunXJpmkNJtk1eVsoy/4dL/4VLwoqvfpLTNs9aOtAYJiZx8ubKBHcgOsOnbn5hcWl5dJKeXVtfWOzsrV9Y+JUU+bTWMT6LiKGCa6YDxwEu0s0IzIS7DZ6vBj5t32mDY/VNQwS1pakp3iXUwJWCiuNc3yG6zjgCsIs6DOKn0I3v5/QwPCeJDnOAi1xJ8fGKk8asjq+OZhkD/OwUnVr7hh4lngFqaICzbDyHnRimkqmgApiTMtzE2hnRAOnguXlIDUsIfSR9FjLUkUkM+1sfGmO963Swd1Y26cAj9XfExmRxgxkZJOSwIOZ9kbif14rhe5JO+MqSYEpOlnUTQWGGI9qwx2uGQUxsIRQze1fMX0gmlCw5ZZtCd70ybPEr9dOa97VUbVxWrRRQrtoDx0gDx2jBrpETeQjip7RK/pAn86L8+Z8OcNJdM4pZnbQHzjfP0mJpQg=</latexit>

1D QM

The bounce

Semi-classical approximation



�

Z ~�

~q0

ds
p

2(E � V ) = 0
<latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit>

Variational principle

d2~q

dt2
= �@V

@~q
<latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit><latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit><latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit><latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit>

from
1

2

d~q

dt
· d~q
dt

+ V = E
<latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit><latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit><latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit><latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit>

and

The bounce



Transition to Euclidean time

�

Z ~�

~q0

ds
p

2(E � V ) = 0
<latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit>

Variational principle

d2~q

dt2
= �@V

@~q
<latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit><latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit><latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit><latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit>

from
1

2

d~q

dt
· d~q
dt

+ V = E
<latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit><latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit><latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit><latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit>

and

⌧ = i t
<latexit sha1_base64="y5741ZYe7xpM9TIPA3OKzvcRSWM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoD0IBS8eKxhbaELZbDft0s2Hu5NCCf0dXjyoePXPePPfuG1z0NYHA4/3ZpiZF6RSaLTtb2tldW19Y7O0Vd7e2d3brxwcPuokU4y7LJGJagdUcyli7qJAydup4jQKJG8Fw9up3xpxpUUSP+A45X5E+7EIBaNoJN9DmpEbIoh3TrBbqdo1ewayTJyCVKFAs1v58noJyyIeI5NU645jp+jnVKFgkk/KXqZ5StmQ9nnH0JhGXPv57OgJOTVKj4SJMhUjmam/J3IaaT2OAtMZURzoRW8q/ud1Mgyv/VzEaYY8ZvNFYSYJJmSaAOkJxRnKsSGUKWFuJWxAFWVociqbEJzFl5eJe1Gr15z7y2qjXqRRgmM4gTNw4AoacAdNcIHBEzzDK7xZI+vFerc+5q0rVjFzBH9gff4AKCKQjw==</latexit><latexit sha1_base64="y5741ZYe7xpM9TIPA3OKzvcRSWM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoD0IBS8eKxhbaELZbDft0s2Hu5NCCf0dXjyoePXPePPfuG1z0NYHA4/3ZpiZF6RSaLTtb2tldW19Y7O0Vd7e2d3brxwcPuokU4y7LJGJagdUcyli7qJAydup4jQKJG8Fw9up3xpxpUUSP+A45X5E+7EIBaNoJN9DmpEbIoh3TrBbqdo1ewayTJyCVKFAs1v58noJyyIeI5NU645jp+jnVKFgkk/KXqZ5StmQ9nnH0JhGXPv57OgJOTVKj4SJMhUjmam/J3IaaT2OAtMZURzoRW8q/ud1Mgyv/VzEaYY8ZvNFYSYJJmSaAOkJxRnKsSGUKWFuJWxAFWVociqbEJzFl5eJe1Gr15z7y2qjXqRRgmM4gTNw4AoacAdNcIHBEzzDK7xZI+vFerc+5q0rVjFzBH9gff4AKCKQjw==</latexit><latexit sha1_base64="y5741ZYe7xpM9TIPA3OKzvcRSWM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoD0IBS8eKxhbaELZbDft0s2Hu5NCCf0dXjyoePXPePPfuG1z0NYHA4/3ZpiZF6RSaLTtb2tldW19Y7O0Vd7e2d3brxwcPuokU4y7LJGJagdUcyli7qJAydup4jQKJG8Fw9up3xpxpUUSP+A45X5E+7EIBaNoJN9DmpEbIoh3TrBbqdo1ewayTJyCVKFAs1v58noJyyIeI5NU645jp+jnVKFgkk/KXqZ5StmQ9nnH0JhGXPv57OgJOTVKj4SJMhUjmam/J3IaaT2OAtMZURzoRW8q/ud1Mgyv/VzEaYY8ZvNFYSYJJmSaAOkJxRnKsSGUKWFuJWxAFWVociqbEJzFl5eJe1Gr15z7y2qjXqRRgmM4gTNw4AoacAdNcIHBEzzDK7xZI+vFerc+5q0rVjFzBH9gff4AKCKQjw==</latexit><latexit sha1_base64="y5741ZYe7xpM9TIPA3OKzvcRSWM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoD0IBS8eKxhbaELZbDft0s2Hu5NCCf0dXjyoePXPePPfuG1z0NYHA4/3ZpiZF6RSaLTtb2tldW19Y7O0Vd7e2d3brxwcPuokU4y7LJGJagdUcyli7qJAydup4jQKJG8Fw9up3xpxpUUSP+A45X5E+7EIBaNoJN9DmpEbIoh3TrBbqdo1ewayTJyCVKFAs1v58noJyyIeI5NU645jp+jnVKFgkk/KXqZ5StmQ9nnH0JhGXPv57OgJOTVKj4SJMhUjmam/J3IaaT2OAtMZURzoRW8q/ud1Mgyv/VzEaYY8ZvNFYSYJJmSaAOkJxRnKsSGUKWFuJWxAFWVociqbEJzFl5eJe1Gr15z7y2qjXqRRgmM4gTNw4AoacAdNcIHBEzzDK7xZI+vFerc+5q0rVjFzBH9gff4AKCKQjw==</latexit>

and E = 0
<latexit sha1_base64="MKhTQZHh10ETMz9QjkE9TNvskJM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI2oNQEMFjBWMLbSib7aRdutmE3Y1QQn+DFw8qXv1D3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnaKm/v7O7tVw4OH3WSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqZ+6wmV5ol8MOMUg5gOJI84o8ZK/i25Jm6vUnVr7gxkmXgFqUKBZq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBTmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy8T/7xWr3n3F9VGvUijBMdwAmfgwSU04A6a4AMDDs/wCm+OdF6cd+dj3rriFDNH8AfO5w+gDY1p</latexit><latexit sha1_base64="MKhTQZHh10ETMz9QjkE9TNvskJM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI2oNQEMFjBWMLbSib7aRdutmE3Y1QQn+DFw8qXv1D3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnaKm/v7O7tVw4OH3WSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqZ+6wmV5ol8MOMUg5gOJI84o8ZK/i25Jm6vUnVr7gxkmXgFqUKBZq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBTmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy8T/7xWr3n3F9VGvUijBMdwAmfgwSU04A6a4AMDDs/wCm+OdF6cd+dj3rriFDNH8AfO5w+gDY1p</latexit><latexit sha1_base64="MKhTQZHh10ETMz9QjkE9TNvskJM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI2oNQEMFjBWMLbSib7aRdutmE3Y1QQn+DFw8qXv1D3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnaKm/v7O7tVw4OH3WSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqZ+6wmV5ol8MOMUg5gOJI84o8ZK/i25Jm6vUnVr7gxkmXgFqUKBZq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBTmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy8T/7xWr3n3F9VGvUijBMdwAmfgwSU04A6a4AMDDs/wCm+OdF6cd+dj3rriFDNH8AfO5w+gDY1p</latexit><latexit sha1_base64="MKhTQZHh10ETMz9QjkE9TNvskJM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI2oNQEMFjBWMLbSib7aRdutmE3Y1QQn+DFw8qXv1D3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnaKm/v7O7tVw4OH3WSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqZ+6wmV5ol8MOMUg5gOJI84o8ZK/i25Jm6vUnVr7gxkmXgFqUKBZq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBTmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy8T/7xWr3n3F9VGvUijBMdwAmfgwSU04A6a4AMDDs/wCm+OdF6cd+dj3rriFDNH8AfO5w+gDY1p</latexit>

LE =
1

2

d~q

d⌧
· d~q
d⌧

+ V
<latexit sha1_base64="ldxRSQquiKx0P7feNyhXumTpCok=">AAACM3icdZDLSsNAFIYnXmu9VV26GSyCIJSkCNqFUBBB0EUFe4G2lMlk0g6dXJw5KZSQh3Ljg7gRwYWKW9/BSZuFtnpg4OP/z+HM+e1QcAWm+WIsLC4tr6zm1vLrG5tb24Wd3YYKIklZnQYikC2bKCa4z+rAQbBWKBnxbMGa9vAi9ZsjJhUP/DsYh6zrkb7PXU4JaKlXuL7pXeJz3HElobGVxOUkYwd3Rozi+yQlIJHWqRPAv+4xbvQKRbNkTgrPg5VBEWVV6xWeOk5AI4/5QAVRqm2ZIXRjIoFTwZJ8J1IsJHRI+qyt0SceU914cnSCD7XiYDeQ+vmAJ+rPiZh4So09W3d6BAZq1kvFv7x2BO5ZN+Z+GAHz6XSRGwkMAU4TxA6XjIIYayBUcv1XTAdEpwI657wOwZo9eR7q5VKlZN2eFKuVLI0c2kcH6AhZ6BRV0RWqoTqi6AE9ozf0bjwar8aH8TltXTCymT30q4yvb4nVqcU=</latexit><latexit sha1_base64="ldxRSQquiKx0P7feNyhXumTpCok=">AAACM3icdZDLSsNAFIYnXmu9VV26GSyCIJSkCNqFUBBB0EUFe4G2lMlk0g6dXJw5KZSQh3Ljg7gRwYWKW9/BSZuFtnpg4OP/z+HM+e1QcAWm+WIsLC4tr6zm1vLrG5tb24Wd3YYKIklZnQYikC2bKCa4z+rAQbBWKBnxbMGa9vAi9ZsjJhUP/DsYh6zrkb7PXU4JaKlXuL7pXeJz3HElobGVxOUkYwd3Rozi+yQlIJHWqRPAv+4xbvQKRbNkTgrPg5VBEWVV6xWeOk5AI4/5QAVRqm2ZIXRjIoFTwZJ8J1IsJHRI+qyt0SceU914cnSCD7XiYDeQ+vmAJ+rPiZh4So09W3d6BAZq1kvFv7x2BO5ZN+Z+GAHz6XSRGwkMAU4TxA6XjIIYayBUcv1XTAdEpwI657wOwZo9eR7q5VKlZN2eFKuVLI0c2kcH6AhZ6BRV0RWqoTqi6AE9ozf0bjwar8aH8TltXTCymT30q4yvb4nVqcU=</latexit><latexit sha1_base64="ldxRSQquiKx0P7feNyhXumTpCok=">AAACM3icdZDLSsNAFIYnXmu9VV26GSyCIJSkCNqFUBBB0EUFe4G2lMlk0g6dXJw5KZSQh3Ljg7gRwYWKW9/BSZuFtnpg4OP/z+HM+e1QcAWm+WIsLC4tr6zm1vLrG5tb24Wd3YYKIklZnQYikC2bKCa4z+rAQbBWKBnxbMGa9vAi9ZsjJhUP/DsYh6zrkb7PXU4JaKlXuL7pXeJz3HElobGVxOUkYwd3Rozi+yQlIJHWqRPAv+4xbvQKRbNkTgrPg5VBEWVV6xWeOk5AI4/5QAVRqm2ZIXRjIoFTwZJ8J1IsJHRI+qyt0SceU914cnSCD7XiYDeQ+vmAJ+rPiZh4So09W3d6BAZq1kvFv7x2BO5ZN+Z+GAHz6XSRGwkMAU4TxA6XjIIYayBUcv1XTAdEpwI657wOwZo9eR7q5VKlZN2eFKuVLI0c2kcH6AhZ6BRV0RWqoTqi6AE9ozf0bjwar8aH8TltXTCymT30q4yvb4nVqcU=</latexit><latexit sha1_base64="ldxRSQquiKx0P7feNyhXumTpCok=">AAACM3icdZDLSsNAFIYnXmu9VV26GSyCIJSkCNqFUBBB0EUFe4G2lMlk0g6dXJw5KZSQh3Ljg7gRwYWKW9/BSZuFtnpg4OP/z+HM+e1QcAWm+WIsLC4tr6zm1vLrG5tb24Wd3YYKIklZnQYikC2bKCa4z+rAQbBWKBnxbMGa9vAi9ZsjJhUP/DsYh6zrkb7PXU4JaKlXuL7pXeJz3HElobGVxOUkYwd3Rozi+yQlIJHWqRPAv+4xbvQKRbNkTgrPg5VBEWVV6xWeOk5AI4/5QAVRqm2ZIXRjIoFTwZJ8J1IsJHRI+qyt0SceU914cnSCD7XiYDeQ+vmAJ+rPiZh4So09W3d6BAZq1kvFv7x2BO5ZN+Z+GAHz6XSRGwkMAU4TxA6XjIIYayBUcv1XTAdEpwI657wOwZo9eR7q5VKlZN2eFKuVLI0c2kcH6AhZ6BRV0RWqoTqi6AE9ozf0bjwar8aH8TltXTCymT30q4yvb4nVqcU=</latexit>

1

2

d~q

d⌧
· d~q
d⌧

� V = 0
<latexit sha1_base64="g3KUtX6oWO6UAA484MNByDVBDNM=">AAACMXicdZDLSsNAFIYnXmu9RV26GSyCG0tSBO1CKLjRXQXTFtpQJpNJO3RyceakUEKeyY1PIrjQhYpbX8LpZaGtHhj4+P9zOHN+LxFcgWW9GEvLK6tr64WN4ubW9s6uubffUHEqKXNoLGLZ8ohigkfMAQ6CtRLJSOgJ1vQGV2O/OWRS8Ti6g1HC3JD0Ih5wSkBLXfOmE0hCMzvPKjmeso87Q0bxfT4mIKnWqR/Dv+4pbuBLbHXNklW2JoUXwZ5BCc2q3jWfOn5M05BFQAVRqm1bCbgZkcCpYHmxkyqWEDogPdbWGJGQKTebnJzjY634OIilfhHgifpzIiOhUqPQ050hgb6a98biX147heDCzXiUpMAiOl0UpAJDjMf5YZ9LRkGMNBAquf4rpn2ikwGdclGHYM+fvAhOpVwt27dnpVp1lkYBHaIjdIJsdI5q6BrVkYMoekDP6A29G4/Gq/FhfE5bl4zZzAH6VcbXNx2XqPM=</latexit><latexit sha1_base64="g3KUtX6oWO6UAA484MNByDVBDNM=">AAACMXicdZDLSsNAFIYnXmu9RV26GSyCG0tSBO1CKLjRXQXTFtpQJpNJO3RyceakUEKeyY1PIrjQhYpbX8LpZaGtHhj4+P9zOHN+LxFcgWW9GEvLK6tr64WN4ubW9s6uubffUHEqKXNoLGLZ8ohigkfMAQ6CtRLJSOgJ1vQGV2O/OWRS8Ti6g1HC3JD0Ih5wSkBLXfOmE0hCMzvPKjmeso87Q0bxfT4mIKnWqR/Dv+4pbuBLbHXNklW2JoUXwZ5BCc2q3jWfOn5M05BFQAVRqm1bCbgZkcCpYHmxkyqWEDogPdbWGJGQKTebnJzjY634OIilfhHgifpzIiOhUqPQ050hgb6a98biX147heDCzXiUpMAiOl0UpAJDjMf5YZ9LRkGMNBAquf4rpn2ikwGdclGHYM+fvAhOpVwt27dnpVp1lkYBHaIjdIJsdI5q6BrVkYMoekDP6A29G4/Gq/FhfE5bl4zZzAH6VcbXNx2XqPM=</latexit><latexit sha1_base64="g3KUtX6oWO6UAA484MNByDVBDNM=">AAACMXicdZDLSsNAFIYnXmu9RV26GSyCG0tSBO1CKLjRXQXTFtpQJpNJO3RyceakUEKeyY1PIrjQhYpbX8LpZaGtHhj4+P9zOHN+LxFcgWW9GEvLK6tr64WN4ubW9s6uubffUHEqKXNoLGLZ8ohigkfMAQ6CtRLJSOgJ1vQGV2O/OWRS8Ti6g1HC3JD0Ih5wSkBLXfOmE0hCMzvPKjmeso87Q0bxfT4mIKnWqR/Dv+4pbuBLbHXNklW2JoUXwZ5BCc2q3jWfOn5M05BFQAVRqm1bCbgZkcCpYHmxkyqWEDogPdbWGJGQKTebnJzjY634OIilfhHgifpzIiOhUqPQ050hgb6a98biX147heDCzXiUpMAiOl0UpAJDjMf5YZ9LRkGMNBAquf4rpn2ikwGdclGHYM+fvAhOpVwt27dnpVp1lkYBHaIjdIJsdI5q6BrVkYMoekDP6A29G4/Gq/FhfE5bl4zZzAH6VcbXNx2XqPM=</latexit><latexit sha1_base64="g3KUtX6oWO6UAA484MNByDVBDNM=">AAACMXicdZDLSsNAFIYnXmu9RV26GSyCG0tSBO1CKLjRXQXTFtpQJpNJO3RyceakUEKeyY1PIrjQhYpbX8LpZaGtHhj4+P9zOHN+LxFcgWW9GEvLK6tr64WN4ubW9s6uubffUHEqKXNoLGLZ8ohigkfMAQ6CtRLJSOgJ1vQGV2O/OWRS8Ti6g1HC3JD0Ih5wSkBLXfOmE0hCMzvPKjmeso87Q0bxfT4mIKnWqR/Dv+4pbuBLbHXNklW2JoUXwZ5BCc2q3jWfOn5M05BFQAVRqm1bCbgZkcCpYHmxkyqWEDogPdbWGJGQKTebnJzjY634OIilfhHgifpzIiOhUqPQ050hgb6a98biX147heDCzXiUpMAiOl0UpAJDjMf5YZ9LRkGMNBAquf4rpn2ikwGdclGHYM+fvAhOpVwt27dnpVp1lkYBHaIjdIJsdI5q6BrVkYMoekDP6A29G4/Gq/FhfE5bl4zZzAH6VcbXNx2XqPM=</latexit>

B

2
=

Z ~�

~q0

ds
p
2V =

Z 0

�1
d⌧LE

<latexit sha1_base64="78Dq0k7lt70jIdtA3zVzHVy+bXY="></latexit><latexit sha1_base64="78Dq0k7lt70jIdtA3zVzHVy+bXY="></latexit><latexit sha1_base64="78Dq0k7lt70jIdtA3zVzHVy+bXY="></latexit><latexit sha1_base64="78Dq0k7lt70jIdtA3zVzHVy+bXY="></latexit>

B =

Z 1

�1
d⌧LE = SE

<latexit sha1_base64="zmVysBg+wG2SmET08Vqh4Comqk8=">AAACEnicbVDLSgMxFM3UV62vUZdugkUQwTIjgnYhFKXgwkVFawttHTJppg3NZIbkjlCG/oMbf8WNCxW3rtz5N6aPhbZeCPdw7rncnOPHgmtwnG8rMze/sLiUXc6trK6tb9ibW3c6ShRlVRqJSNV9opngklWBg2D1WDES+oLV/N7FcF57YErzSN5CP2atkHQkDzglYCjPPjjHZ7jJJXjpoWkB9Af3447buAkkwVde2UhuvLJn552CMyo8C9wJyKNJVTz7q9mOaBIyCVQQrRuuE0MrJQo4FWyQayaaxYT2SIc1DJQkZLqVjjwN8J5h2jiIlHkS8Ij9vZGSUOt+6BtlSKCrp2dD8r9ZI4HgtJVyGSfAJB0fChKBIcLDgHCbK0ZBGP+cUMXNXzHtEkUomBhzJgR32vIsqB4VigX3+jhfKk7SyKIdtIv2kYtOUAldogqqIooe0TN6RW/Wk/VivVsfY2nGmuxsoz9lff4Aj5qcPA==</latexit><latexit sha1_base64="zmVysBg+wG2SmET08Vqh4Comqk8=">AAACEnicbVDLSgMxFM3UV62vUZdugkUQwTIjgnYhFKXgwkVFawttHTJppg3NZIbkjlCG/oMbf8WNCxW3rtz5N6aPhbZeCPdw7rncnOPHgmtwnG8rMze/sLiUXc6trK6tb9ibW3c6ShRlVRqJSNV9opngklWBg2D1WDES+oLV/N7FcF57YErzSN5CP2atkHQkDzglYCjPPjjHZ7jJJXjpoWkB9Af3447buAkkwVde2UhuvLJn552CMyo8C9wJyKNJVTz7q9mOaBIyCVQQrRuuE0MrJQo4FWyQayaaxYT2SIc1DJQkZLqVjjwN8J5h2jiIlHkS8Ij9vZGSUOt+6BtlSKCrp2dD8r9ZI4HgtJVyGSfAJB0fChKBIcLDgHCbK0ZBGP+cUMXNXzHtEkUomBhzJgR32vIsqB4VigX3+jhfKk7SyKIdtIv2kYtOUAldogqqIooe0TN6RW/Wk/VivVsfY2nGmuxsoz9lff4Aj5qcPA==</latexit><latexit sha1_base64="zmVysBg+wG2SmET08Vqh4Comqk8=">AAACEnicbVDLSgMxFM3UV62vUZdugkUQwTIjgnYhFKXgwkVFawttHTJppg3NZIbkjlCG/oMbf8WNCxW3rtz5N6aPhbZeCPdw7rncnOPHgmtwnG8rMze/sLiUXc6trK6tb9ibW3c6ShRlVRqJSNV9opngklWBg2D1WDES+oLV/N7FcF57YErzSN5CP2atkHQkDzglYCjPPjjHZ7jJJXjpoWkB9Af3447buAkkwVde2UhuvLJn552CMyo8C9wJyKNJVTz7q9mOaBIyCVQQrRuuE0MrJQo4FWyQayaaxYT2SIc1DJQkZLqVjjwN8J5h2jiIlHkS8Ij9vZGSUOt+6BtlSKCrp2dD8r9ZI4HgtJVyGSfAJB0fChKBIcLDgHCbK0ZBGP+cUMXNXzHtEkUomBhzJgR32vIsqB4VigX3+jhfKk7SyKIdtIv2kYtOUAldogqqIooe0TN6RW/Wk/VivVsfY2nGmuxsoz9lff4Aj5qcPA==</latexit><latexit sha1_base64="zmVysBg+wG2SmET08Vqh4Comqk8=">AAACEnicbVDLSgMxFM3UV62vUZdugkUQwTIjgnYhFKXgwkVFawttHTJppg3NZIbkjlCG/oMbf8WNCxW3rtz5N6aPhbZeCPdw7rncnOPHgmtwnG8rMze/sLiUXc6trK6tb9ibW3c6ShRlVRqJSNV9opngklWBg2D1WDES+oLV/N7FcF57YErzSN5CP2atkHQkDzglYCjPPjjHZ7jJJXjpoWkB9Af3447buAkkwVde2UhuvLJn552CMyo8C9wJyKNJVTz7q9mOaBIyCVQQrRuuE0MrJQo4FWyQayaaxYT2SIc1DJQkZLqVjjwN8J5h2jiIlHkS8Ij9vZGSUOt+6BtlSKCrp2dD8r9ZI4HgtJVyGSfAJB0fChKBIcLDgHCbK0ZBGP+cUMXNXzHtEkUomBhzJgR32vIsqB4VigX3+jhfKk7SyKIdtIv2kYtOUAldogqqIooe0TN6RW/Wk/VivVsfY2nGmuxsoz9lff4Aj5qcPA==</latexit>

bounce

Euclidean action

q(⌧ = �1) = q0, V = 0, q̇ = 0

q(⌧ = 0) = �, V = 0, q̇ = 0
<latexit sha1_base64="ZEY6xMpQS/cvtgpyVYd2r3JE4xs="></latexit><latexit sha1_base64="ZEY6xMpQS/cvtgpyVYd2r3JE4xs="></latexit><latexit sha1_base64="ZEY6xMpQS/cvtgpyVYd2r3JE4xs="></latexit><latexit sha1_base64="ZEY6xMpQS/cvtgpyVYd2r3JE4xs="></latexit>

The bounce



Transition to Euclidean time

Generalize to single real scalar field theory in flat ST

�

Z ~�

~q0

ds
p

2(E � V ) = 0
<latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit><latexit sha1_base64="iKmCXL1H+hUUvWcyME+7lmnxZ+Y="></latexit>

Variational principle

d2~q

dt2
= �@V

@~q
<latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit><latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit><latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit><latexit sha1_base64="rDNFxeSv7Lc7EczbOou0S0O7Vsg=">AAACJnicbVBLS8NAGNz4rPUV9ehlsQheLEkRtAel4MVjBdMWmrRsNpt26ebh7qZQQv6NF/+KF8EH4s2f4qYNqK0DC8PMfLv7jRszKqRhfGpLyyura+uljfLm1vbOrr633xJRwjGxcMQi3nGRIIyGxJJUMtKJOUGBy0jbHV3nfntMuKBReCcnMXECNAipTzGSSurrV7bPEU69Xg3aY4LhfZZ6UPZqGbyEpzPPjhGXFDHYyn54Ee7rFaNqTAEXiVmQCijQ7OsvthfhJCChxAwJ0TWNWDppfitmJCvbiSAxwiM0IF1FQxQQ4aTTPTN4rBQP+hFXJ5Rwqv6eSFEgxCRwVTJAcijmvVz8z+sm0r9wUhrGiSQhnj3kJwzKCOalQY9ygiWbKIIwp+qvEA+RKkeqasuqBHN+5UVi1ar1qnl7VmnUizZK4BAcgRNggnPQADegCSyAwQN4Aq/gTXvUnrV37WMWXdKKmQPwB9rXN7uypXY=</latexit>

from
1

2

d~q

dt
· d~q
dt

+ V = E
<latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit><latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit><latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit><latexit sha1_base64="ndSEIfFB43Cdd1dPp7hloTk+z1g=">AAACK3icbZDLSsNAFIYn9VbrrerSzWARBKEkRdAuhEIRXFawF2hKmUwm7dDJxZmTQgl5IDe+iiAurLj1PZy2WWjbAwMf/38OZ87vRIIrMM2pkdvY3Nreye8W9vYPDo+KxyctFcaSsiYNRSg7DlFM8IA1gYNgnUgy4juCtZ1Rfea3x0wqHgZPMIlYzyeDgHucEtBSv1i3PUloYqVJJcULdrE9ZhQ/p5pAi9QNYb11hVv4Dt/3iyWzbM4Lr4KVQQll1egX3203pLHPAqCCKNW1zAh6CZHAqWBpwY4ViwgdkQHragyIz1QvmR+b4gutuNgLpX4B4Ln6dyIhvlIT39GdPoGhWvZm4jqvG4N320t4EMXAArpY5MUCQ4hnyWGXS0ZBTDQQKrn+K6ZDomMBnW9Bh2Atn7wKzUq5WrYer0u1apZGHp2hc3SJLHSDaugBNVATUfSC3tAnmhqvxofxZXwvWnNGNnOK/pXx8wsdvKZm</latexit>

and

⌧ = i t
<latexit sha1_base64="y5741ZYe7xpM9TIPA3OKzvcRSWM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoD0IBS8eKxhbaELZbDft0s2Hu5NCCf0dXjyoePXPePPfuG1z0NYHA4/3ZpiZF6RSaLTtb2tldW19Y7O0Vd7e2d3brxwcPuokU4y7LJGJagdUcyli7qJAydup4jQKJG8Fw9up3xpxpUUSP+A45X5E+7EIBaNoJN9DmpEbIoh3TrBbqdo1ewayTJyCVKFAs1v58noJyyIeI5NU645jp+jnVKFgkk/KXqZ5StmQ9nnH0JhGXPv57OgJOTVKj4SJMhUjmam/J3IaaT2OAtMZURzoRW8q/ud1Mgyv/VzEaYY8ZvNFYSYJJmSaAOkJxRnKsSGUKWFuJWxAFWVociqbEJzFl5eJe1Gr15z7y2qjXqRRgmM4gTNw4AoacAdNcIHBEzzDK7xZI+vFerc+5q0rVjFzBH9gff4AKCKQjw==</latexit><latexit sha1_base64="y5741ZYe7xpM9TIPA3OKzvcRSWM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoD0IBS8eKxhbaELZbDft0s2Hu5NCCf0dXjyoePXPePPfuG1z0NYHA4/3ZpiZF6RSaLTtb2tldW19Y7O0Vd7e2d3brxwcPuokU4y7LJGJagdUcyli7qJAydup4jQKJG8Fw9up3xpxpUUSP+A45X5E+7EIBaNoJN9DmpEbIoh3TrBbqdo1ewayTJyCVKFAs1v58noJyyIeI5NU645jp+jnVKFgkk/KXqZ5StmQ9nnH0JhGXPv57OgJOTVKj4SJMhUjmam/J3IaaT2OAtMZURzoRW8q/ud1Mgyv/VzEaYY8ZvNFYSYJJmSaAOkJxRnKsSGUKWFuJWxAFWVociqbEJzFl5eJe1Gr15z7y2qjXqRRgmM4gTNw4AoacAdNcIHBEzzDK7xZI+vFerc+5q0rVjFzBH9gff4AKCKQjw==</latexit><latexit sha1_base64="y5741ZYe7xpM9TIPA3OKzvcRSWM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoD0IBS8eKxhbaELZbDft0s2Hu5NCCf0dXjyoePXPePPfuG1z0NYHA4/3ZpiZF6RSaLTtb2tldW19Y7O0Vd7e2d3brxwcPuokU4y7LJGJagdUcyli7qJAydup4jQKJG8Fw9up3xpxpUUSP+A45X5E+7EIBaNoJN9DmpEbIoh3TrBbqdo1ewayTJyCVKFAs1v58noJyyIeI5NU645jp+jnVKFgkk/KXqZ5StmQ9nnH0JhGXPv57OgJOTVKj4SJMhUjmam/J3IaaT2OAtMZURzoRW8q/ud1Mgyv/VzEaYY8ZvNFYSYJJmSaAOkJxRnKsSGUKWFuJWxAFWVociqbEJzFl5eJe1Gr15z7y2qjXqRRgmM4gTNw4AoacAdNcIHBEzzDK7xZI+vFerc+5q0rVjFzBH9gff4AKCKQjw==</latexit><latexit sha1_base64="y5741ZYe7xpM9TIPA3OKzvcRSWM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoD0IBS8eKxhbaELZbDft0s2Hu5NCCf0dXjyoePXPePPfuG1z0NYHA4/3ZpiZF6RSaLTtb2tldW19Y7O0Vd7e2d3brxwcPuokU4y7LJGJagdUcyli7qJAydup4jQKJG8Fw9up3xpxpUUSP+A45X5E+7EIBaNoJN9DmpEbIoh3TrBbqdo1ewayTJyCVKFAs1v58noJyyIeI5NU645jp+jnVKFgkk/KXqZ5StmQ9nnH0JhGXPv57OgJOTVKj4SJMhUjmam/J3IaaT2OAtMZURzoRW8q/ud1Mgyv/VzEaYY8ZvNFYSYJJmSaAOkJxRnKsSGUKWFuJWxAFWVociqbEJzFl5eJe1Gr15z7y2qjXqRRgmM4gTNw4AoacAdNcIHBEzzDK7xZI+vFerc+5q0rVjFzBH9gff4AKCKQjw==</latexit>

and E = 0
<latexit sha1_base64="MKhTQZHh10ETMz9QjkE9TNvskJM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI2oNQEMFjBWMLbSib7aRdutmE3Y1QQn+DFw8qXv1D3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnaKm/v7O7tVw4OH3WSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqZ+6wmV5ol8MOMUg5gOJI84o8ZK/i25Jm6vUnVr7gxkmXgFqUKBZq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBTmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy8T/7xWr3n3F9VGvUijBMdwAmfgwSU04A6a4AMDDs/wCm+OdF6cd+dj3rriFDNH8AfO5w+gDY1p</latexit><latexit sha1_base64="MKhTQZHh10ETMz9QjkE9TNvskJM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI2oNQEMFjBWMLbSib7aRdutmE3Y1QQn+DFw8qXv1D3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnaKm/v7O7tVw4OH3WSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqZ+6wmV5ol8MOMUg5gOJI84o8ZK/i25Jm6vUnVr7gxkmXgFqUKBZq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBTmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy8T/7xWr3n3F9VGvUijBMdwAmfgwSU04A6a4AMDDs/wCm+OdF6cd+dj3rriFDNH8AfO5w+gDY1p</latexit><latexit sha1_base64="MKhTQZHh10ETMz9QjkE9TNvskJM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI2oNQEMFjBWMLbSib7aRdutmE3Y1QQn+DFw8qXv1D3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnaKm/v7O7tVw4OH3WSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqZ+6wmV5ol8MOMUg5gOJI84o8ZK/i25Jm6vUnVr7gxkmXgFqUKBZq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBTmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy8T/7xWr3n3F9VGvUijBMdwAmfgwSU04A6a4AMDDs/wCm+OdF6cd+dj3rriFDNH8AfO5w+gDY1p</latexit><latexit sha1_base64="MKhTQZHh10ETMz9QjkE9TNvskJM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI2oNQEMFjBWMLbSib7aRdutmE3Y1QQn+DFw8qXv1D3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnaKm/v7O7tVw4OH3WSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqZ+6wmV5ol8MOMUg5gOJI84o8ZK/i25Jm6vUnVr7gxkmXgFqUKBZq/y1e0nLItRGiao1h3PTU2QU2U4EzgpdzONKWUjOsCOpZLGqIN8duyEnFqlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqRW8q/ud1MhNdBTmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IXiLLy8T/7xWr3n3F9VGvUijBMdwAmfgwSU04A6a4AMDDs/wCm+OdF6cd+dj3rriFDNH8AfO5w+gDY1p</latexit>

LE =
1

2

d~q

d⌧
· d~q
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+ V
<latexit sha1_base64="ldxRSQquiKx0P7feNyhXumTpCok=">AAACM3icdZDLSsNAFIYnXmu9VV26GSyCIJSkCNqFUBBB0EUFe4G2lMlk0g6dXJw5KZSQh3Ljg7gRwYWKW9/BSZuFtnpg4OP/z+HM+e1QcAWm+WIsLC4tr6zm1vLrG5tb24Wd3YYKIklZnQYikC2bKCa4z+rAQbBWKBnxbMGa9vAi9ZsjJhUP/DsYh6zrkb7PXU4JaKlXuL7pXeJz3HElobGVxOUkYwd3Rozi+yQlIJHWqRPAv+4xbvQKRbNkTgrPg5VBEWVV6xWeOk5AI4/5QAVRqm2ZIXRjIoFTwZJ8J1IsJHRI+qyt0SceU914cnSCD7XiYDeQ+vmAJ+rPiZh4So09W3d6BAZq1kvFv7x2BO5ZN+Z+GAHz6XSRGwkMAU4TxA6XjIIYayBUcv1XTAdEpwI657wOwZo9eR7q5VKlZN2eFKuVLI0c2kcH6AhZ6BRV0RWqoTqi6AE9ozf0bjwar8aH8TltXTCymT30q4yvb4nVqcU=</latexit><latexit sha1_base64="ldxRSQquiKx0P7feNyhXumTpCok=">AAACM3icdZDLSsNAFIYnXmu9VV26GSyCIJSkCNqFUBBB0EUFe4G2lMlk0g6dXJw5KZSQh3Ljg7gRwYWKW9/BSZuFtnpg4OP/z+HM+e1QcAWm+WIsLC4tr6zm1vLrG5tb24Wd3YYKIklZnQYikC2bKCa4z+rAQbBWKBnxbMGa9vAi9ZsjJhUP/DsYh6zrkb7PXU4JaKlXuL7pXeJz3HElobGVxOUkYwd3Rozi+yQlIJHWqRPAv+4xbvQKRbNkTgrPg5VBEWVV6xWeOk5AI4/5QAVRqm2ZIXRjIoFTwZJ8J1IsJHRI+qyt0SceU914cnSCD7XiYDeQ+vmAJ+rPiZh4So09W3d6BAZq1kvFv7x2BO5ZN+Z+GAHz6XSRGwkMAU4TxA6XjIIYayBUcv1XTAdEpwI657wOwZo9eR7q5VKlZN2eFKuVLI0c2kcH6AhZ6BRV0RWqoTqi6AE9ozf0bjwar8aH8TltXTCymT30q4yvb4nVqcU=</latexit><latexit sha1_base64="ldxRSQquiKx0P7feNyhXumTpCok=">AAACM3icdZDLSsNAFIYnXmu9VV26GSyCIJSkCNqFUBBB0EUFe4G2lMlk0g6dXJw5KZSQh3Ljg7gRwYWKW9/BSZuFtnpg4OP/z+HM+e1QcAWm+WIsLC4tr6zm1vLrG5tb24Wd3YYKIklZnQYikC2bKCa4z+rAQbBWKBnxbMGa9vAi9ZsjJhUP/DsYh6zrkb7PXU4JaKlXuL7pXeJz3HElobGVxOUkYwd3Rozi+yQlIJHWqRPAv+4xbvQKRbNkTgrPg5VBEWVV6xWeOk5AI4/5QAVRqm2ZIXRjIoFTwZJ8J1IsJHRI+qyt0SceU914cnSCD7XiYDeQ+vmAJ+rPiZh4So09W3d6BAZq1kvFv7x2BO5ZN+Z+GAHz6XSRGwkMAU4TxA6XjIIYayBUcv1XTAdEpwI657wOwZo9eR7q5VKlZN2eFKuVLI0c2kcH6AhZ6BRV0RWqoTqi6AE9ozf0bjwar8aH8TltXTCymT30q4yvb4nVqcU=</latexit><latexit sha1_base64="ldxRSQquiKx0P7feNyhXumTpCok=">AAACM3icdZDLSsNAFIYnXmu9VV26GSyCIJSkCNqFUBBB0EUFe4G2lMlk0g6dXJw5KZSQh3Ljg7gRwYWKW9/BSZuFtnpg4OP/z+HM+e1QcAWm+WIsLC4tr6zm1vLrG5tb24Wd3YYKIklZnQYikC2bKCa4z+rAQbBWKBnxbMGa9vAi9ZsjJhUP/DsYh6zrkb7PXU4JaKlXuL7pXeJz3HElobGVxOUkYwd3Rozi+yQlIJHWqRPAv+4xbvQKRbNkTgrPg5VBEWVV6xWeOk5AI4/5QAVRqm2ZIXRjIoFTwZJ8J1IsJHRI+qyt0SceU914cnSCD7XiYDeQ+vmAJ+rPiZh4So09W3d6BAZq1kvFv7x2BO5ZN+Z+GAHz6XSRGwkMAU4TxA6XjIIYayBUcv1XTAdEpwI657wOwZo9eR7q5VKlZN2eFKuVLI0c2kcH6AhZ6BRV0RWqoTqi6AE9ozf0bjwar8aH8TltXTCymT30q4yvb4nVqcU=</latexit>
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� V = 0
<latexit sha1_base64="g3KUtX6oWO6UAA484MNByDVBDNM=">AAACMXicdZDLSsNAFIYnXmu9RV26GSyCG0tSBO1CKLjRXQXTFtpQJpNJO3RyceakUEKeyY1PIrjQhYpbX8LpZaGtHhj4+P9zOHN+LxFcgWW9GEvLK6tr64WN4ubW9s6uubffUHEqKXNoLGLZ8ohigkfMAQ6CtRLJSOgJ1vQGV2O/OWRS8Ti6g1HC3JD0Ih5wSkBLXfOmE0hCMzvPKjmeso87Q0bxfT4mIKnWqR/Dv+4pbuBLbHXNklW2JoUXwZ5BCc2q3jWfOn5M05BFQAVRqm1bCbgZkcCpYHmxkyqWEDogPdbWGJGQKTebnJzjY634OIilfhHgifpzIiOhUqPQ050hgb6a98biX147heDCzXiUpMAiOl0UpAJDjMf5YZ9LRkGMNBAquf4rpn2ikwGdclGHYM+fvAhOpVwt27dnpVp1lkYBHaIjdIJsdI5q6BrVkYMoekDP6A29G4/Gq/FhfE5bl4zZzAH6VcbXNx2XqPM=</latexit><latexit sha1_base64="g3KUtX6oWO6UAA484MNByDVBDNM=">AAACMXicdZDLSsNAFIYnXmu9RV26GSyCG0tSBO1CKLjRXQXTFtpQJpNJO3RyceakUEKeyY1PIrjQhYpbX8LpZaGtHhj4+P9zOHN+LxFcgWW9GEvLK6tr64WN4ubW9s6uubffUHEqKXNoLGLZ8ohigkfMAQ6CtRLJSOgJ1vQGV2O/OWRS8Ti6g1HC3JD0Ih5wSkBLXfOmE0hCMzvPKjmeso87Q0bxfT4mIKnWqR/Dv+4pbuBLbHXNklW2JoUXwZ5BCc2q3jWfOn5M05BFQAVRqm1bCbgZkcCpYHmxkyqWEDogPdbWGJGQKTebnJzjY634OIilfhHgifpzIiOhUqPQ050hgb6a98biX147heDCzXiUpMAiOl0UpAJDjMf5YZ9LRkGMNBAquf4rpn2ikwGdclGHYM+fvAhOpVwt27dnpVp1lkYBHaIjdIJsdI5q6BrVkYMoekDP6A29G4/Gq/FhfE5bl4zZzAH6VcbXNx2XqPM=</latexit><latexit sha1_base64="g3KUtX6oWO6UAA484MNByDVBDNM=">AAACMXicdZDLSsNAFIYnXmu9RV26GSyCG0tSBO1CKLjRXQXTFtpQJpNJO3RyceakUEKeyY1PIrjQhYpbX8LpZaGtHhj4+P9zOHN+LxFcgWW9GEvLK6tr64WN4ubW9s6uubffUHEqKXNoLGLZ8ohigkfMAQ6CtRLJSOgJ1vQGV2O/OWRS8Ti6g1HC3JD0Ih5wSkBLXfOmE0hCMzvPKjmeso87Q0bxfT4mIKnWqR/Dv+4pbuBLbHXNklW2JoUXwZ5BCc2q3jWfOn5M05BFQAVRqm1bCbgZkcCpYHmxkyqWEDogPdbWGJGQKTebnJzjY634OIilfhHgifpzIiOhUqPQ050hgb6a98biX147heDCzXiUpMAiOl0UpAJDjMf5YZ9LRkGMNBAquf4rpn2ikwGdclGHYM+fvAhOpVwt27dnpVp1lkYBHaIjdIJsdI5q6BrVkYMoekDP6A29G4/Gq/FhfE5bl4zZzAH6VcbXNx2XqPM=</latexit><latexit sha1_base64="g3KUtX6oWO6UAA484MNByDVBDNM=">AAACMXicdZDLSsNAFIYnXmu9RV26GSyCG0tSBO1CKLjRXQXTFtpQJpNJO3RyceakUEKeyY1PIrjQhYpbX8LpZaGtHhj4+P9zOHN+LxFcgWW9GEvLK6tr64WN4ubW9s6uubffUHEqKXNoLGLZ8ohigkfMAQ6CtRLJSOgJ1vQGV2O/OWRS8Ti6g1HC3JD0Ih5wSkBLXfOmE0hCMzvPKjmeso87Q0bxfT4mIKnWqR/Dv+4pbuBLbHXNklW2JoUXwZ5BCc2q3jWfOn5M05BFQAVRqm1bCbgZkcCpYHmxkyqWEDogPdbWGJGQKTebnJzjY634OIilfhHgifpzIiOhUqPQ050hgb6a98biX147heDCzXiUpMAiOl0UpAJDjMf5YZ9LRkGMNBAquf4rpn2ikwGdclGHYM+fvAhOpVwt27dnpVp1lkYBHaIjdIJsdI5q6BrVkYMoekDP6A29G4/Gq/FhfE5bl4zZzAH6VcbXNx2XqPM=</latexit>
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<latexit sha1_base64="78Dq0k7lt70jIdtA3zVzHVy+bXY="></latexit><latexit sha1_base64="78Dq0k7lt70jIdtA3zVzHVy+bXY="></latexit><latexit sha1_base64="78Dq0k7lt70jIdtA3zVzHVy+bXY="></latexit><latexit sha1_base64="78Dq0k7lt70jIdtA3zVzHVy+bXY="></latexit>

B =

Z 1

�1
d⌧LE = SE

<latexit sha1_base64="zmVysBg+wG2SmET08Vqh4Comqk8=">AAACEnicbVDLSgMxFM3UV62vUZdugkUQwTIjgnYhFKXgwkVFawttHTJppg3NZIbkjlCG/oMbf8WNCxW3rtz5N6aPhbZeCPdw7rncnOPHgmtwnG8rMze/sLiUXc6trK6tb9ibW3c6ShRlVRqJSNV9opngklWBg2D1WDES+oLV/N7FcF57YErzSN5CP2atkHQkDzglYCjPPjjHZ7jJJXjpoWkB9Af3447buAkkwVde2UhuvLJn552CMyo8C9wJyKNJVTz7q9mOaBIyCVQQrRuuE0MrJQo4FWyQayaaxYT2SIc1DJQkZLqVjjwN8J5h2jiIlHkS8Ij9vZGSUOt+6BtlSKCrp2dD8r9ZI4HgtJVyGSfAJB0fChKBIcLDgHCbK0ZBGP+cUMXNXzHtEkUomBhzJgR32vIsqB4VigX3+jhfKk7SyKIdtIv2kYtOUAldogqqIooe0TN6RW/Wk/VivVsfY2nGmuxsoz9lff4Aj5qcPA==</latexit><latexit sha1_base64="zmVysBg+wG2SmET08Vqh4Comqk8=">AAACEnicbVDLSgMxFM3UV62vUZdugkUQwTIjgnYhFKXgwkVFawttHTJppg3NZIbkjlCG/oMbf8WNCxW3rtz5N6aPhbZeCPdw7rncnOPHgmtwnG8rMze/sLiUXc6trK6tb9ibW3c6ShRlVRqJSNV9opngklWBg2D1WDES+oLV/N7FcF57YErzSN5CP2atkHQkDzglYCjPPjjHZ7jJJXjpoWkB9Af3447buAkkwVde2UhuvLJn552CMyo8C9wJyKNJVTz7q9mOaBIyCVQQrRuuE0MrJQo4FWyQayaaxYT2SIc1DJQkZLqVjjwN8J5h2jiIlHkS8Ij9vZGSUOt+6BtlSKCrp2dD8r9ZI4HgtJVyGSfAJB0fChKBIcLDgHCbK0ZBGP+cUMXNXzHtEkUomBhzJgR32vIsqB4VigX3+jhfKk7SyKIdtIv2kYtOUAldogqqIooe0TN6RW/Wk/VivVsfY2nGmuxsoz9lff4Aj5qcPA==</latexit><latexit sha1_base64="zmVysBg+wG2SmET08Vqh4Comqk8=">AAACEnicbVDLSgMxFM3UV62vUZdugkUQwTIjgnYhFKXgwkVFawttHTJppg3NZIbkjlCG/oMbf8WNCxW3rtz5N6aPhbZeCPdw7rncnOPHgmtwnG8rMze/sLiUXc6trK6tb9ibW3c6ShRlVRqJSNV9opngklWBg2D1WDES+oLV/N7FcF57YErzSN5CP2atkHQkDzglYCjPPjjHZ7jJJXjpoWkB9Af3447buAkkwVde2UhuvLJn552CMyo8C9wJyKNJVTz7q9mOaBIyCVQQrRuuE0MrJQo4FWyQayaaxYT2SIc1DJQkZLqVjjwN8J5h2jiIlHkS8Ij9vZGSUOt+6BtlSKCrp2dD8r9ZI4HgtJVyGSfAJB0fChKBIcLDgHCbK0ZBGP+cUMXNXzHtEkUomBhzJgR32vIsqB4VigX3+jhfKk7SyKIdtIv2kYtOUAldogqqIooe0TN6RW/Wk/VivVsfY2nGmuxsoz9lff4Aj5qcPA==</latexit><latexit sha1_base64="zmVysBg+wG2SmET08Vqh4Comqk8=">AAACEnicbVDLSgMxFM3UV62vUZdugkUQwTIjgnYhFKXgwkVFawttHTJppg3NZIbkjlCG/oMbf8WNCxW3rtz5N6aPhbZeCPdw7rncnOPHgmtwnG8rMze/sLiUXc6trK6tb9ibW3c6ShRlVRqJSNV9opngklWBg2D1WDES+oLV/N7FcF57YErzSN5CP2atkHQkDzglYCjPPjjHZ7jJJXjpoWkB9Af3447buAkkwVde2UhuvLJn552CMyo8C9wJyKNJVTz7q9mOaBIyCVQQrRuuE0MrJQo4FWyQayaaxYT2SIc1DJQkZLqVjjwN8J5h2jiIlHkS8Ij9vZGSUOt+6BtlSKCrp2dD8r9ZI4HgtJVyGSfAJB0fChKBIcLDgHCbK0ZBGP+cUMXNXzHtEkUomBhzJgR32vIsqB4VigX3+jhfKk7SyKIdtIv2kYtOUAldogqqIooe0TN6RW/Wk/VivVsfY2nGmuxsoz9lff4Aj5qcPA==</latexit>

bounce

Euclidean action

L =
1

2
'̇2 � V (')
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The bounce



Generalize to single real scalar field theory

L =
1

2
'̇2 � V (')
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Bounce solution Euclidean        symmetric Coleman, Glaser, Martin ’78O(4)
<latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit>
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Euclidean time = 
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The bounce



Generalize to single real scalar field theory
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Bounce solution Euclidean        symmetric Coleman, Glaser, Martin ’78O(4)
<latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit>

⇢2 = t2 +
X

x2
i

<latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit><latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit><latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit><latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit>

Euclidean time = 
radius of the bubble

“...there always exists an O(4)-invariant bounce and it 
always has strictly lower action than any non-O(4) invariant 

bounce. The rigor of our proof is matched only by its 
tedium; I wouldn’t lecture on it to my worst enemy.” 

Coleman, Erice lectures ’77

Extended to multi-fields Blum, Honda, Sato, Takimoto, Tobioka ’16
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<latexit sha1_base64="Sro33xf4LENwJnGFlQXpCz2q1Zw="></latexit><latexit sha1_base64="Sro33xf4LENwJnGFlQXpCz2q1Zw="></latexit><latexit sha1_base64="Sro33xf4LENwJnGFlQXpCz2q1Zw="></latexit><latexit sha1_base64="Sro33xf4LENwJnGFlQXpCz2q1Zw="></latexit>

The bounce
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<latexit sha1_base64="vTPK+euIc4oHLj1PlZUDTCgo4tg="></latexit><latexit sha1_base64="vTPK+euIc4oHLj1PlZUDTCgo4tg="></latexit><latexit sha1_base64="vTPK+euIc4oHLj1PlZUDTCgo4tg="></latexit><latexit sha1_base64="vTPK+euIc4oHLj1PlZUDTCgo4tg="></latexit>

Boundary 
conditions

D = 4 : FV decay at T = 0

D = 3 : FV nucleation at finite T

O(D)
<latexit sha1_base64="fX8hNgngu9YQ5XEKlywh94OwuE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0N4KevBmBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb2dldW19Y7O0Vd7e2d3brxwcPuo4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H4+vcbz9RpVksH8wkoYHAQ8kiRrDJpbvazVm/UnXr7gxomXgFqUKBVr/y1RvEJBVUGsKx1l3PTUyQYWUY4XRa7qWaJpiM8ZB2LZVYUB1ks1un6NQqAxTFypY0aKb+nsiw0HoiQtspsBnpRS8X//O6qYmugozJJDVUkvmiKOXIxCh/HA2YosTwiSWYKGZvRWSEFSbGxlO2IXiLLy8T/7zeqHv3F9Vmo0ijBMdwAjXw4BKacAst8IHACJ7hFd4c4bw4787HvHXFKWaO4A+czx9lbY1R</latexit><latexit sha1_base64="fX8hNgngu9YQ5XEKlywh94OwuE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0N4KevBmBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb2dldW19Y7O0Vd7e2d3brxwcPuo4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H4+vcbz9RpVksH8wkoYHAQ8kiRrDJpbvazVm/UnXr7gxomXgFqUKBVr/y1RvEJBVUGsKx1l3PTUyQYWUY4XRa7qWaJpiM8ZB2LZVYUB1ks1un6NQqAxTFypY0aKb+nsiw0HoiQtspsBnpRS8X//O6qYmugozJJDVUkvmiKOXIxCh/HA2YosTwiSWYKGZvRWSEFSbGxlO2IXiLLy8T/7zeqHv3F9Vmo0ijBMdwAjXw4BKacAst8IHACJ7hFd4c4bw4787HvHXFKWaO4A+czx9lbY1R</latexit><latexit sha1_base64="fX8hNgngu9YQ5XEKlywh94OwuE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0N4KevBmBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb2dldW19Y7O0Vd7e2d3brxwcPuo4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H4+vcbz9RpVksH8wkoYHAQ8kiRrDJpbvazVm/UnXr7gxomXgFqUKBVr/y1RvEJBVUGsKx1l3PTUyQYWUY4XRa7qWaJpiM8ZB2LZVYUB1ks1un6NQqAxTFypY0aKb+nsiw0HoiQtspsBnpRS8X//O6qYmugozJJDVUkvmiKOXIxCh/HA2YosTwiSWYKGZvRWSEFSbGxlO2IXiLLy8T/7zeqHv3F9Vmo0ijBMdwAjXw4BKacAst8IHACJ7hFd4c4bw4787HvHXFKWaO4A+czx9lbY1R</latexit><latexit sha1_base64="fX8hNgngu9YQ5XEKlywh94OwuE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0N4KevBmBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb2dldW19Y7O0Vd7e2d3brxwcPuo4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H4+vcbz9RpVksH8wkoYHAQ8kiRrDJpbvazVm/UnXr7gxomXgFqUKBVr/y1RvEJBVUGsKx1l3PTUyQYWUY4XRa7qWaJpiM8ZB2LZVYUB1ks1un6NQqAxTFypY0aKb+nsiw0HoiQtspsBnpRS8X//O6qYmugozJJDVUkvmiKOXIxCh/HA2YosTwiSWYKGZvRWSEFSbGxlO2IXiLLy8T/7zeqHv3F9Vmo0ijBMdwAjXw4BKacAst8IHACJ7hFd4c4bw4787HvHXFKWaO4A+czx9lbY1R</latexit>

'̈+
D � 1

⇢
'̇ = dV

<latexit sha1_base64="MpXUqPIEGCQwk6iKtCHbFefTsww=">AAACH3icbVDNS8MwHE39nPOr6tFLcCiCOloR5g7CQA8eJ9htsJaRpukaln6QpINR+qd48V/x4kFFvO2/Mdt6mJsPAo/33i/J77kJo0IaxlhbWV1b39gsbZW3d3b39vWDw5aIU46JhWMW846LBGE0IpakkpFOwgkKXUba7uB+4reHhAsaR89ylBAnRP2I+hQjqaSeXrM9L5bQHiKeBBReQNvnCGcPV2ae2TyIc2hfQns+cnYHPdjq6RWjakwBl4lZkAoo0OzpP+oWnIYkkpghIbqmkUgnQ1xSzEhetlNBEoQHqE+6ikYoJMLJpgvm8FQpHvRjrk4k4VSdn8hQKMQodFUyRDIQi95E/M/rptK/dTIaJakkEZ495KcMyhhO2oIe5QRLNlIEYU7VXyEOkGpIqk7LqgRzceVlYl1X61Xz6abSqBdtlMAxOAHnwAQ10ACPoAksgMELeAMf4FN71d61L+17Fl3Ripkj8Afa+BcQOaEx</latexit><latexit sha1_base64="MpXUqPIEGCQwk6iKtCHbFefTsww=">AAACH3icbVDNS8MwHE39nPOr6tFLcCiCOloR5g7CQA8eJ9htsJaRpukaln6QpINR+qd48V/x4kFFvO2/Mdt6mJsPAo/33i/J77kJo0IaxlhbWV1b39gsbZW3d3b39vWDw5aIU46JhWMW846LBGE0IpakkpFOwgkKXUba7uB+4reHhAsaR89ylBAnRP2I+hQjqaSeXrM9L5bQHiKeBBReQNvnCGcPV2ae2TyIc2hfQns+cnYHPdjq6RWjakwBl4lZkAoo0OzpP+oWnIYkkpghIbqmkUgnQ1xSzEhetlNBEoQHqE+6ikYoJMLJpgvm8FQpHvRjrk4k4VSdn8hQKMQodFUyRDIQi95E/M/rptK/dTIaJakkEZ495KcMyhhO2oIe5QRLNlIEYU7VXyEOkGpIqk7LqgRzceVlYl1X61Xz6abSqBdtlMAxOAHnwAQ10ACPoAksgMELeAMf4FN71d61L+17Fl3Ripkj8Afa+BcQOaEx</latexit><latexit sha1_base64="MpXUqPIEGCQwk6iKtCHbFefTsww=">AAACH3icbVDNS8MwHE39nPOr6tFLcCiCOloR5g7CQA8eJ9htsJaRpukaln6QpINR+qd48V/x4kFFvO2/Mdt6mJsPAo/33i/J77kJo0IaxlhbWV1b39gsbZW3d3b39vWDw5aIU46JhWMW846LBGE0IpakkpFOwgkKXUba7uB+4reHhAsaR89ylBAnRP2I+hQjqaSeXrM9L5bQHiKeBBReQNvnCGcPV2ae2TyIc2hfQns+cnYHPdjq6RWjakwBl4lZkAoo0OzpP+oWnIYkkpghIbqmkUgnQ1xSzEhetlNBEoQHqE+6ikYoJMLJpgvm8FQpHvRjrk4k4VSdn8hQKMQodFUyRDIQi95E/M/rptK/dTIaJakkEZ495KcMyhhO2oIe5QRLNlIEYU7VXyEOkGpIqk7LqgRzceVlYl1X61Xz6abSqBdtlMAxOAHnwAQ10ACPoAksgMELeAMf4FN71d61L+17Fl3Ripkj8Afa+BcQOaEx</latexit><latexit sha1_base64="MpXUqPIEGCQwk6iKtCHbFefTsww=">AAACH3icbVDNS8MwHE39nPOr6tFLcCiCOloR5g7CQA8eJ9htsJaRpukaln6QpINR+qd48V/x4kFFvO2/Mdt6mJsPAo/33i/J77kJo0IaxlhbWV1b39gsbZW3d3b39vWDw5aIU46JhWMW846LBGE0IpakkpFOwgkKXUba7uB+4reHhAsaR89ylBAnRP2I+hQjqaSeXrM9L5bQHiKeBBReQNvnCGcPV2ae2TyIc2hfQns+cnYHPdjq6RWjakwBl4lZkAoo0OzpP+oWnIYkkpghIbqmkUgnQ1xSzEhetlNBEoQHqE+6ikYoJMLJpgvm8FQpHvRjrk4k4VSdn8hQKMQodFUyRDIQi95E/M/rptK/dTIaJakkEZ495KcMyhhO2oIe5QRLNlIEYU7VXyEOkGpIqk7LqgRzceVlYl1X61Xz6abSqBdtlMAxOAHnwAQ10ACPoAksgMELeAMf4FN71d61L+17Fl3Ripkj8Afa+BcQOaEx</latexit>

Bounce equation

friction

'(0) = '0,

'(1) = '+,

'̇(0,1) = 0
<latexit sha1_base64="/Kt66gc8hz8GJeTXsB9CE5KeZTk="></latexit><latexit sha1_base64="/Kt66gc8hz8GJeTXsB9CE5KeZTk="></latexit><latexit sha1_base64="/Kt66gc8hz8GJeTXsB9CE5KeZTk="></latexit><latexit sha1_base64="/Kt66gc8hz8GJeTXsB9CE5KeZTk="></latexit>

particle
analogy

inverted
potential

solution existence

'0
<latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit>

friction
Coleman ’77 

Affleck ’81, Linde ’83

The bounce
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<latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit>

"
<latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit>small    limit

'0
<latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit> '0 ' '�

<latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit>

⇢ = R
<latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit>

until
' �v

<latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit>

' v
<latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit>

S1 =
v3
p
�

3
<latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit>
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<latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit>

"
<latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit>small    limit

'0
<latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit> '0 ' '�

<latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit>

⇢ = R
<latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit>

until

'(⇢) =

8
><

>:

�v, ⇢ ⌧ R

'1(⇢�R), ⇢ ⇡ R

v, ⇢ � R
<latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit>

Field 
solution

' �v
<latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit>

' v
<latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit>

Extremize the action

S1 =
v3
p
�

3
<latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit>

'1(⇢) = v tanh

 p
�v

2
⇢

!

<latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit>
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Thin wall approximation Coleman ’77

V (') =
�

8

�
'2 � v2

�2
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✓
'� v

2v

◆
,

<latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit><latexit sha1_base64="yZJWIbnCPAVfoFWqPQVc9f3htwQ="></latexit>

"
<latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit><latexit sha1_base64="zIbBibrzjL/5YYuH//+qkrw+b7Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiaG8FLx4rGFtoQ9lsJ+3SzW7Y3RRK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KOVMG8/7dkobm1vbO+Xdyt7+weFR9fjkSctMUQyo5FJ1IqKRM4GBYYZjJ1VIkohjOxrfzf32BJVmUjyaaYphQoaCxYwSY6Vub0IUpppxKfrVmlf3FnDXiV+QGhRo9atfvYGkWYLCUE607vpeasKcKMMox1mll2lMCR2TIXYtFSRBHeaLk2fuhVUGbiyVLWHchfp7IieJ1tMksp0JMSO96s3F/7xuZuLbMGcizQwKulwUZ9w10p3/7w6YQmr41BJCFbO3unREFKHGplSxIfirL6+T4KreqPsP17Vmo0ijDGdwDpfgww004R5aEAAFCc/wCm+OcV6cd+dj2VpyiplT+APn8wchT5FS</latexit>small    limit

'0
<latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit> '0 ' '�

<latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit><latexit sha1_base64="gZ8tlT0Ff4pC5EIV+gOw41llI5Y=">AAACA3icbVBNS8NAEN3Ur1q/oh57WSyCF0sigvZW8OKxgrGFpoTNdtMu3d3E3U2hhB68+Fe8eFDx6p/w5r9x00bQ1gcDj/dmmJkXJowq7ThfVmlldW19o7xZ2dre2d2z9w/uVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRVe63x0QqGotbPUlIj6OBoBHFSBspsKv+GMlkSAMH+opycg9/hNNKYNecujMDXCZuQWqgQCuwP/1+jFNOhMYMKdV1nUT3MiQ1xYxMK36qSILwCA1I11CBOFG9bPbEFB4bpQ+jWJoSGs7U3xMZ4kpNeGg6OdJDtejl4n9eN9XRZS+jIkk1EXi+KEoZ1DHME4F9KgnWbGIIwpKaWyEeIomwNrnlIbiLLy8T76zeqLs357Vmo0ijDKrgCJwAF1yAJrgGLeABDB7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgH7I5cw</latexit>

⇢ = R
<latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit>

until

'(⇢) =

8
><

>:

�v, ⇢ ⌧ R

'1(⇢�R), ⇢ ⇡ R

v, ⇢ � R
<latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit>

Field 
solution

' �v
<latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit>

' v
<latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit>

Bounce 
action

volume surface

SE = 2⇡2

Z 1

0
⇢3d⇢

✓
1

2
'̇2 + V

◆

= �1

2
⇡2R4"+ ⇡2R3S1

<latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit><latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit><latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit><latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit>

Extremize the action

dSE

dR
= 0 ) R =

3S1

"
<latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit><latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit><latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit><latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit>

S1 =
v3
p
�

3
<latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit>

'1(⇢) = v tanh

 p
�v

2
⇢

!

<latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit>

SE =
27⇡2

2

S4
1

"3
<latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit><latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit><latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit><latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit>



Bounce 
actions

4D = vacuum, T=0

S4 = 2⇡2
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<latexit sha1_base64="k7jxTnaI7tLPd8suO0Jhz/9hRO8="></latexit>

S3 = 4⇡
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<latexit sha1_base64="F2HXGliAqjG2f3srh5HeK/2+BOs="></latexit>

3D = finite temperature

�

V
⇠ Ae�S4

<latexit sha1_base64="YrqFreuHVm8UgVZTFz9uQVLe/qE=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXWmakoN1VXOiyon1AZyx30kwbmswMSUYow3yAG3/FjQtF3PoB7vwb08dCWw8EDuecy809fsyZ0rb9bS0sLi2vrObW8usbm1vbhZ3dhooSSWidRDySLR8U5Sykdc00p61YUhA+p01/cDnymw9UKhaFd3oYU09AL2QBI6CN1CkU3UACSd0rEAKytJFhVzGBL7B7jOl9enLbKWcmZZfsMfA8caakiKaodQpfbjciiaChJhyUajt2rL0UpGaE0yzvJorGQAbQo21DQxBUeen4mAwfGqWLg0iaF2o8Vn9PpCCUGgrfJAXovpr1RuJ/XjvRwbmXsjBONA3JZFGQcKwjPGoGd5mkRPOhIUAkM3/FpA+mHW36y5sSnNmT50njtOSUS5WbcrFamdaRQ/voAB0hB52hKrpGNVRHBD2iZ/SK3qwn68V6tz4m0QVrOrOH/sD6/AH6pppF</latexit>

�

V
⇠ T 4 e�S3/T

<latexit sha1_base64="JR5h30s5WfYKM0isUGTRgpV8N/Q=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAgGKAlUgm6VGGAsoi+pSSvHdVqrdhLZDlIV5RNY+BUWBhBiZWTjb3DbDNBypCsdnXOv7r3HixiVyrK+jYXFpeWV1dxafn1jc2vb3NltyDAWmNRxyELR8pAkjAakrqhipBUJgrjHSNMbXo/95gMRkoZBTY0i4nLUD6hPMVJa6ppHji8QTpwbxDlKk0YKHUk5rHVK0DmBpJOc3ncvzmpp1yxYRWsCOE/sjBRAhmrX/HJ6IY45CRRmSMq2bUXKTZBQFDOS5p1YkgjhIeqTtqYB4kS6yeShFB5qpQf9UOgKFJyovycSxKUccU93cqQGctYbi/957Vj5V25CgyhWJMDTRX7MoArhOB3Yo4JgxUaaICyovhXiAdIJKZ1hXodgz748TxrnRbtULN+VCpVyFkcO7IMDcAxscAkq4BZUQR1g8AiewSt4M56MF+Pd+Ji2LhjZzB74A+PzB4IOm5Q=</latexit>

 quantum fluctuations

thermal fluctuations

Multi-fields are harder, but possible to do semi-analytically.



Multi-fields

'̈i +
D � 1

⇢
'̇i =

dV

d'i
<latexit sha1_base64="h5IZn94ltj+Rcrt7RCFxm3FoKNg="></latexit>

Shooting method impractical

- highly non-linear

- multi-dimensional field space

'i(0) = '0i
<latexit sha1_base64="5/lpCSmqw+px6I3HPnaqiLpdsMo=">AAACBXicbVDLSgMxFL3js9bXqEtdBItQN2WmCupCKLhxWcE+oB1KJs20oZnMkGQKZejGjb/ixoUibv0Hd/6NaTuCth64cHLOveTe48ecKe04X9bS8srq2npuI7+5tb2za+/t11WUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57ThD24mfmNIpWKRuNejmHoh7gkWMIK1kTr2UXuIZdxnHVZ0TtE1+nmmDmLjjl1wSs4UaJG4GSlAhmrH/mx3I5KEVGjCsVIt14m1l2KpGeF0nG8nisaYDHCPtgwVOKTKS6dXjNGJUbooiKQpodFU/T2R4lCpUeibzhDrvpr3JuJ/XivRwaWXMhEnmgoy+yhIONIRmkSCukxSovnIEEwkM7si0scSE22Cy5sQ3PmTF0m9XHLPSuW780LlKosjB4dwDEVw4QIqcAtVqAGBB3iCF3i1Hq1n6816n7UuWdnMAfyB9fENrLiXYA==</latexit>

�1

�2

��1,1��1,2��1,N ...

�(�)

�(�)

Path in field space



Multi-fields

'̈i +
D � 1

⇢
'̇i =

dV

d'i
<latexit sha1_base64="h5IZn94ltj+Rcrt7RCFxm3FoKNg="></latexit>

Shooting method impractical

- highly non-linear

- multi-dimensional field space

'i(0) = '0i
<latexit sha1_base64="5/lpCSmqw+px6I3HPnaqiLpdsMo=">AAACBXicbVDLSgMxFL3js9bXqEtdBItQN2WmCupCKLhxWcE+oB1KJs20oZnMkGQKZejGjb/ixoUibv0Hd/6NaTuCth64cHLOveTe48ecKe04X9bS8srq2npuI7+5tb2za+/t11WUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57ThD24mfmNIpWKRuNejmHoh7gkWMIK1kTr2UXuIZdxnHVZ0TtE1+nmmDmLjjl1wSs4UaJG4GSlAhmrH/mx3I5KEVGjCsVIt14m1l2KpGeF0nG8nisaYDHCPtgwVOKTKS6dXjNGJUbooiKQpodFU/T2R4lCpUeibzhDrvpr3JuJ/XivRwaWXMhEnmgoy+yhIONIRmkSCukxSovnIEEwkM7si0scSE22Cy5sQ3PmTF0m9XHLPSuW780LlKosjB4dwDEVw4QIqcAtVqAGBB3iCF3i1Hq1n6816n7UuWdnMAfyB9fENrLiXYA==</latexit>

�1

�2

��1,1��1,2��1,N ...

�(�)

�(�)

Path in field space

 CosmoTransitions

 AnyBubble

Wainwright ’11

Masoumi, Olum, Shlaer ’16

bounce and path deformation separate, 
oscillations, Runge-Kutta PDE solver

multiple shooting, damping approximations

 Other recent approaches

tunneling potential machine learning

Espinosa, Konstandin ’18 Piscopo, Spannowsky,  Waite ’19



Multi-fields
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<latexit sha1_base64="W4/XcuKPmybmIN50Uv99FH38DyA="></latexit>
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�2

D = 4

Case A

Action

Number of Iterations: 3

Multi-Field PBN=15 : 101.726
Multi-Field PBN=100: 100.996
Shooting: 100.939
CosmoTransition: 101.267
AnyBubble: 100.375

 converges in a few iterations

 works for thin wall

 no oscillations

 works for D=3 and 4

 tested for up to 20 fields



Guada, Nemevšek, Pintar ’20



Guada, Nemevšek, Pintar ’20

Ok, we got the rate. However, the universe is 

expanding and we have to take this into account.



Radiation dominated

early universe

Nucleation temperature

⇢� =
⇡2

30
g⇤(T )T

4

<latexit sha1_base64="prS4dbf7o6TTk1IzeglW90c3nmw=">AAACGHicbZDLSsNAFIYn9VbrrerSzWARqkhNakG7EApuXFboDZo0TKaTduhMEmYmQgl5DDe+ihsXirjtzrdxello6w8DH/85hzPn9yJGpTLNbyOztr6xuZXdzu3s7u0f5A+PWjKMBSZNHLJQdDwkCaMBaSqqGOlEgiDuMdL2RvfTevuJCEnDoKHGEXE4GgTUpxgpbbn5K1sMQ9ceIM4RvIO2LxBO7Ij2ymlybabQvoQD96LYOJ9So1dx8wWzZM4EV8FaQAEsVHfzE7sf4piTQGGGpOxaZqScBAlFMSNpzo4liRAeoQHpagwQJ9JJZoel8Ew7feiHQr9AwZn7eyJBXMox93QnR2ool2tT879aN1b+rZPQIIoVCfB8kR8zqEI4TQn2qSBYsbEGhAXVf4V4iHQ2SmeZ0yFYyyevQqtcsiql6mOlUKsu4siCE3AKisACN6AGHkAdNAEGz+AVvIMP48V4Mz6Nr3lrxljMHIM/MiY/hsydfw==</latexit>

g⇤(T > v) = 106.75

<latexit sha1_base64="eKQcCl0J1IPUbmNRqoydQBnh9uI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBGqi5BItXahFNy4rNAXtCFMppN26GQSZiaFEOqvuHGhiFs/xJ1/4/Sx0NYDFw7n3Mu99/gxo1LZ9rextr6xubWd28nv7u0fHJpHxy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+6P7qd8eEyFpxBsqjYkbogGnAcVIackzCwPvotSAd3B8Dm+hY19blSvPLNqWPQNcJc6CFMECdc/86vUjnISEK8yQlF3HjpWbIaEoZmSS7yWSxAiP0IB0NeUoJNLNZsdP4JlW+jCIhC6u4Ez9PZGhUMo09HVniNRQLntT8T+vm6jgxs0ojxNFOJ4vChIGVQSnScA+FQQrlmqCsKD6VoiHSCCsdF55HYKz/PIqaV1aTtmqPpaLteoijhw4AaegBBxQATXwAOqgCTBIwTN4BW/Gk/FivBsf89Y1YzFTAH9gfP4A0DmRow==</latexit>

Quiros ’99



Radiation dominated

early universe

Nucleation temperature

⇢� =
⇡2

30
g⇤(T )T

4

<latexit sha1_base64="prS4dbf7o6TTk1IzeglW90c3nmw=">AAACGHicbZDLSsNAFIYn9VbrrerSzWARqkhNakG7EApuXFboDZo0TKaTduhMEmYmQgl5DDe+ihsXirjtzrdxello6w8DH/85hzPn9yJGpTLNbyOztr6xuZXdzu3s7u0f5A+PWjKMBSZNHLJQdDwkCaMBaSqqGOlEgiDuMdL2RvfTevuJCEnDoKHGEXE4GgTUpxgpbbn5K1sMQ9ceIM4RvIO2LxBO7Ij2ymlybabQvoQD96LYOJ9So1dx8wWzZM4EV8FaQAEsVHfzE7sf4piTQGGGpOxaZqScBAlFMSNpzo4liRAeoQHpagwQJ9JJZoel8Ew7feiHQr9AwZn7eyJBXMox93QnR2ool2tT879aN1b+rZPQIIoVCfB8kR8zqEI4TQn2qSBYsbEGhAXVf4V4iHQ2SmeZ0yFYyyevQqtcsiql6mOlUKsu4siCE3AKisACN6AGHkAdNAEGz+AVvIMP48V4Mz6Nr3lrxljMHIM/MiY/hsydfw==</latexit>

g⇤(T > v) = 106.75

<latexit sha1_base64="eKQcCl0J1IPUbmNRqoydQBnh9uI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBGqi5BItXahFNy4rNAXtCFMppN26GQSZiaFEOqvuHGhiFs/xJ1/4/Sx0NYDFw7n3Mu99/gxo1LZ9rextr6xubWd28nv7u0fHJpHxy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+6P7qd8eEyFpxBsqjYkbogGnAcVIackzCwPvotSAd3B8Dm+hY19blSvPLNqWPQNcJc6CFMECdc/86vUjnISEK8yQlF3HjpWbIaEoZmSS7yWSxAiP0IB0NeUoJNLNZsdP4JlW+jCIhC6u4Ez9PZGhUMo09HVniNRQLntT8T+vm6jgxs0ojxNFOJ4vChIGVQSnScA+FQQrlmqCsKD6VoiHSCCsdF55HYKz/PIqaV1aTtmqPpaLteoijhw4AaegBBxQATXwAOqgCTBIwTN4BW/Gk/FivBsf89Y1YzFTAH9gfP4A0DmRow==</latexit>

t = ⇣
MPl

T 2

<latexit sha1_base64="/UmqQM67Gznmf33Ob+LSdZyjd8s=">AAACDHicbVC7SgNBFJ2N7/iKWtoMBsEq7IaAphACNjZCBKOBbAyzk7vJkNkHM3fFuOwH2PgrNhaK2PoBdv6Nk0ehiQcGDuecy517vFgKjbb9beUWFpeWV1bX8usbm1vbhZ3dax0likODRzJSTY9pkCKEBgqU0IwVsMCTcOMNzkb+zR0oLaLwCocxtAPWC4UvOEMjdQpFpKfUfQBk1PUV4+lFJ3UR7jGtyyzL0qvbcmZSdskeg84TZ0qKZIp6p/DldiOeBBAil0zrlmPH2E6ZQsElZHk30RAzPmA9aBkasgB0Ox0fk9FDo3SpHynzQqRj9fdEygKth4FnkgHDvp71RuJ/XitB/6SdijBOEEI+WeQnkmJER83QrlDAUQ4NYVwJ81fK+8x0gqa/vCnBmT15nlyXS06lVL2sFGvVaR2rZJ8ckCPikGNSI+ekThqEk0fyTF7Jm/VkvVjv1sckmrOmM3vkD6zPH705m3I=</latexit>

)

<latexit sha1_base64="4QcP/VflREzycPs5bAQNyi+2Gac=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWsR/QhrLZbtqlm2zYnSgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZVSqGW8yJZXuBNRwKWLeRIGSdxLNaRRI3g7GNzO//ci1ESp+wEnC/YgOYxEKRtFK3d69GI6Qaq2e+uWKW3XnIKvEy0kFcjT65a/eQLE04jEySY3pem6CfkY1Cib5tNRLDU8oG9Mh71oa04gbP5ufPCVnVhmQUGlbMZK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPRJykyGO2WBSmkqAis//JQGjOUE4soUwLeythI6opQ5tSyYbgLb+8SloXVe+yWru7rNRreRxFOIFTOAcPrqAOt9CAJjBQ8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP5JGkXA=</latexit>
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<latexit sha1_base64="1K+SJdbXFUax1npDok1FmwB7XF8="></latexit>

time vs. temperature ⇣ =
1

4⇡

r
45

⇡g⇤

<latexit sha1_base64="ZmmopeJMRn+hcA7AE7NQfhVOHj8=">AAACGnicbZDLSsNAFIYnXmu9RV26GSyCuCiJRNSFUHDjsoK9QBPKZDpph04uzpwINeQ53Pgqblwo4k7c+DZO2yy09YeBn++cw5nz+4ngCizr21hYXFpeWS2tldc3Nre2zZ3dpopTSVmDxiKWbZ8oJnjEGsBBsHYiGQl9wVr+8Gpcb90zqXgc3cIoYV5I+hEPOCWgUde03QcGBF9iN5CEZnaeOdhNeI5ddSchm1LnNM80xP3ucZ53zYpVtSbC88YuTAUVqnfNT7cX0zRkEVBBlOrYVgJeRiRwKlhedlPFEkKHpM862kYkZMrLJqfl+FCTHg5iqV8EeEJ/T2QkVGoU+rozJDBQs7Ux/K/WSSE49zIeJSmwiE4XBanAEONxTrjHJaMgRtoQKrn+K6YDotMAnWZZh2DPnjxvmidV26le3DiVmlPEUUL76AAdIRudoRq6RnXUQBQ9omf0it6MJ+PFeDc+pq0LRjGzh/7I+PoBlwiglg==</latexit>

a1T1 = a2T2

<latexit sha1_base64="LYlsoTlGZcKBfPo9EHDEgyJbpKk=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSUlAXQsGNywq9QRvCZDpph04mYWailNhHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4g4Uxpx/m2ChubW9s7xd3S3v7B4ZFdPu6oOJWEtknMY9kLsKKcCdrWTHPaSyTFUcBpN5jczvvdByoVi0VLTxPqRXgkWMgI1sby7TL2XdQydYOwXzNU8+2KU3UWQuvg5lCBXE3f/hoMY5JGVGjCsVJ910m0l2GpGeF0VhqkiiaYTPCI9g0KHFHlZYvTZ+jcOEMUxtKU0Gjh/t7IcKTUNArMZIT1WK325uZ/vX6qwysvYyJJNRVk+VCYcqRjNM8BDZmkRPOpAUwkM7ciMsYSE23SKpkQ3NUvr0OnVnXr1ev7eqVRz+MowimcwQW4cAkNuIMmtIHAIzzDK7xZT9aL9W59LEcLVr5zAn9kff4AyueRvA==</latexit>



Radiation dominated

early universe

Nucleation temperature

⇢� =
⇡2

30
g⇤(T )T

4

<latexit sha1_base64="prS4dbf7o6TTk1IzeglW90c3nmw=">AAACGHicbZDLSsNAFIYn9VbrrerSzWARqkhNakG7EApuXFboDZo0TKaTduhMEmYmQgl5DDe+ihsXirjtzrdxello6w8DH/85hzPn9yJGpTLNbyOztr6xuZXdzu3s7u0f5A+PWjKMBSZNHLJQdDwkCaMBaSqqGOlEgiDuMdL2RvfTevuJCEnDoKHGEXE4GgTUpxgpbbn5K1sMQ9ceIM4RvIO2LxBO7Ij2ymlybabQvoQD96LYOJ9So1dx8wWzZM4EV8FaQAEsVHfzE7sf4piTQGGGpOxaZqScBAlFMSNpzo4liRAeoQHpagwQJ9JJZoel8Ew7feiHQr9AwZn7eyJBXMox93QnR2ool2tT879aN1b+rZPQIIoVCfB8kR8zqEI4TQn2qSBYsbEGhAXVf4V4iHQ2SmeZ0yFYyyevQqtcsiql6mOlUKsu4siCE3AKisACN6AGHkAdNAEGz+AVvIMP48V4Mz6Nr3lrxljMHIM/MiY/hsydfw==</latexit>

g⇤(T > v) = 106.75

<latexit sha1_base64="eKQcCl0J1IPUbmNRqoydQBnh9uI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBGqi5BItXahFNy4rNAXtCFMppN26GQSZiaFEOqvuHGhiFs/xJ1/4/Sx0NYDFw7n3Mu99/gxo1LZ9rextr6xubWd28nv7u0fHJpHxy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+6P7qd8eEyFpxBsqjYkbogGnAcVIackzCwPvotSAd3B8Dm+hY19blSvPLNqWPQNcJc6CFMECdc/86vUjnISEK8yQlF3HjpWbIaEoZmSS7yWSxAiP0IB0NeUoJNLNZsdP4JlW+jCIhC6u4Ez9PZGhUMo09HVniNRQLntT8T+vm6jgxs0ojxNFOJ4vChIGVQSnScA+FQQrlmqCsKD6VoiHSCCsdF55HYKz/PIqaV1aTtmqPpaLteoijhw4AaegBBxQATXwAOqgCTBIwTN4BW/Gk/FivBsf89Y1YzFTAH9gfP4A0DmRow==</latexit>

t = ⇣
MPl

T 2

<latexit sha1_base64="/UmqQM67Gznmf33Ob+LSdZyjd8s=">AAACDHicbVC7SgNBFJ2N7/iKWtoMBsEq7IaAphACNjZCBKOBbAyzk7vJkNkHM3fFuOwH2PgrNhaK2PoBdv6Nk0ehiQcGDuecy517vFgKjbb9beUWFpeWV1bX8usbm1vbhZ3dax0likODRzJSTY9pkCKEBgqU0IwVsMCTcOMNzkb+zR0oLaLwCocxtAPWC4UvOEMjdQpFpKfUfQBk1PUV4+lFJ3UR7jGtyyzL0qvbcmZSdskeg84TZ0qKZIp6p/DldiOeBBAil0zrlmPH2E6ZQsElZHk30RAzPmA9aBkasgB0Ox0fk9FDo3SpHynzQqRj9fdEygKth4FnkgHDvp71RuJ/XitB/6SdijBOEEI+WeQnkmJER83QrlDAUQ4NYVwJ81fK+8x0gqa/vCnBmT15nlyXS06lVL2sFGvVaR2rZJ8ckCPikGNSI+ekThqEk0fyTF7Jm/VkvVjv1sckmrOmM3vkD6zPH705m3I=</latexit>

)

<latexit sha1_base64="4QcP/VflREzycPs5bAQNyi+2Gac=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWsR/QhrLZbtqlm2zYnSgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZVSqGW8yJZXuBNRwKWLeRIGSdxLNaRRI3g7GNzO//ci1ESp+wEnC/YgOYxEKRtFK3d69GI6Qaq2e+uWKW3XnIKvEy0kFcjT65a/eQLE04jEySY3pem6CfkY1Cib5tNRLDU8oG9Mh71oa04gbP5ufPCVnVhmQUGlbMZK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPRJykyGO2WBSmkqAis//JQGjOUE4soUwLeythI6opQ5tSyYbgLb+8SloXVe+yWru7rNRreRxFOIFTOAcPrqAOt9CAJjBQ8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP5JGkXA=</latexit>

PFV(Tn) ' O(1)

<latexit sha1_base64="7WKFHRiZeB+J08RnYCcvgWYC7gk=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0ENF1AEDsjmETIhWNvM9HFvb1zd04MR36CjX/FxkIRW0s7/42bj0ITHww83pthZl6YSGHQdb+dmdm5+YXFpeXcyura+kZ+c6th4lRzqPNYxvoqZAakUFBHgRKuEg0sCiU0w9uTgd+8B21ErC6xl0A7YtdKdAVnaKUgv18LMh/hAbPTRr9fvAzUAfWNiOCO+hHDG84kPS96B0G+4JbcIeg08cakQMaoBfkvvxPzNAKFXDJjWp6bYDtjGgWX0M/5qYGE8Vt2DS1LFYvAtLPhQ326Z5UO7cbalkI6VH9PZCwypheFtnNwpJn0BuJ/XivF7nE7EypJERQfLeqmkmJMB+nQjtDAUfYsYVwLeyvlN0wzjjbDnA3Bm3x5mjQOS165VLkoF6qVcRxLZIfskiLxyBGpkjNSI3XCySN5Jq/kzXlyXpx352PUOuOMZ7bJHzifPwGgm+Q=</latexit>
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e�S3/T = O(1)

<latexit sha1_base64="Pc7pDW1WVQ5++fYkQbYjm1we63c="></latexit>

✓
ȧ
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<latexit sha1_base64="1K+SJdbXFUax1npDok1FmwB7XF8="></latexit>

time vs. temperature

V3(T ) =

✓
2⇣MPl

T

◆3

<latexit sha1_base64="6DQL9Iq4Ai1gemWiDFU8oUa8cms="></latexit>

)

<latexit sha1_base64="4QcP/VflREzycPs5bAQNyi+2Gac=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWsR/QhrLZbtqlm2zYnSgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZVSqGW8yJZXuBNRwKWLeRIGSdxLNaRRI3g7GNzO//ci1ESp+wEnC/YgOYxEKRtFK3d69GI6Qaq2e+uWKW3XnIKvEy0kFcjT65a/eQLE04jEySY3pem6CfkY1Cib5tNRLDU8oG9Mh71oa04gbP5ufPCVnVhmQUGlbMZK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPRJykyGO2WBSmkqAis//JQGjOUE4soUwLeythI6opQ5tSyYbgLb+8SloXVe+yWru7rNRreRxFOIFTOAcPrqAOt9CAJjBQ8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP5JGkXA=</latexit>

S3(T ) ⇠ 137 + log
(10E)2

�D
+ 4 log

100 GeV

Tn

<latexit sha1_base64="1si+vUvpOcmmt35Fq/kW+NwBwDQ="></latexit>

Nucleation happens at Tn

<latexit sha1_base64="kq/TnspW/r8famv/zJ3YkTl0gQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxW7Be0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4WNza3tneJuaW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHsummSboR3QkecgZNVZ6bA7koFxxq+4CZJ14OalAjsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHqjFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3voZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk/ZV1buu1h6uK/VaHkcRzuAcLsGDG6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAyd428</latexit>
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<latexit sha1_base64="ZmmopeJMRn+hcA7AE7NQfhVOHj8=">AAACGnicbZDLSsNAFIYnXmu9RV26GSyCuCiJRNSFUHDjsoK9QBPKZDpph04uzpwINeQ53Pgqblwo4k7c+DZO2yy09YeBn++cw5nz+4ngCizr21hYXFpeWS2tldc3Nre2zZ3dpopTSVmDxiKWbZ8oJnjEGsBBsHYiGQl9wVr+8Gpcb90zqXgc3cIoYV5I+hEPOCWgUde03QcGBF9iN5CEZnaeOdhNeI5ddSchm1LnNM80xP3ucZ53zYpVtSbC88YuTAUVqnfNT7cX0zRkEVBBlOrYVgJeRiRwKlhedlPFEkKHpM862kYkZMrLJqfl+FCTHg5iqV8EeEJ/T2QkVGoU+rozJDBQs7Ux/K/WSSE49zIeJSmwiE4XBanAEONxTrjHJaMgRtoQKrn+K6YDotMAnWZZh2DPnjxvmidV26le3DiVmlPEUUL76AAdIRudoRq6RnXUQBQ9omf0it6MJ+PFeDc+pq0LRjGzh/7I+PoBlwiglg==</latexit>

a1T1 = a2T2

<latexit sha1_base64="LYlsoTlGZcKBfPo9EHDEgyJbpKk=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSUlAXQsGNywq9QRvCZDpph04mYWailNhHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4g4Uxpx/m2ChubW9s7xd3S3v7B4ZFdPu6oOJWEtknMY9kLsKKcCdrWTHPaSyTFUcBpN5jczvvdByoVi0VLTxPqRXgkWMgI1sby7TL2XdQydYOwXzNU8+2KU3UWQuvg5lCBXE3f/hoMY5JGVGjCsVJ910m0l2GpGeF0VhqkiiaYTPCI9g0KHFHlZYvTZ+jcOEMUxtKU0Gjh/t7IcKTUNArMZIT1WK325uZ/vX6qwysvYyJJNRVk+VCYcqRjNM8BDZmkRPOpAUwkM7ciMsYSE23SKpkQ3NUvr0OnVnXr1ev7eqVRz+MowimcwQW4cAkNuIMmtIHAIzzDK7xZT9aL9W59LEcLVr5zAn9kff4AyueRvA==</latexit>



Gravitational Waves



Gravitational waves

bubble nucleation

bubble expansion

vw

<latexit sha1_base64="TijKemZS2eg9bKBFirZ5gM3fWBA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL1IwIvHiOYByRJmJ73JkNnZZWY2EkI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8aug4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDvzmyNUmsfy0YwT9CPalzzkjBorPYy6T91iyS27c5BV4mWkBBlq3eJXpxezNEJpmKBatz03Mf6EKsOZwGmhk2pMKBvSPrYtlTRC7U/mp07JmVV6JIyVLWnIXP09MaGR1uMosJ0RNQO97M3E/7x2asIrf8JlkhqUbLEoTAUxMZn9TXpcITNibAllittbCRtQRZmx6RRsCN7yy6ukcVH2KuXr+0qpepPFkYcTOIVz8OASqnAHNagDgz48wyu8OcJ5cd6dj0VrzslmjuEPnM8fdWiN7A==</latexit>

Tn

<latexit sha1_base64="eBVyOFzxltBGh1N3EMFFc6MG8k0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxYr+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYhVAycJ9yM6VCIUjKKVHht91S9X3Ko7B1klXk4qkKPeL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqt5l9ebhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8z+I3B</latexit>



Gravitational wave sources

sound 
waves

turbulence

bubble collisions



Current ‘point sources’ LIGO/VIRGO events

mergers of BH with O(10) solar masses, neutron star mergers

from the LIGO webpage

Gravitational wave sources



Experimental status

phase transitions

from http://gwplotter.com
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Gravitational wave redux

Gµ⌫ = 8⇡GNTµ⌫

<latexit sha1_base64="YjtT5nM8yHscZZPxMayztMSYp+4=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjNSsC6Ugou6kgp9QWcYMmmmDU0yQ5IRytAPcOOvuHGhiFs/wJ1/Y9oOqK0HAodzzuXmniBmVGnb/rJyK6tr6xv5zcLW9s7uXnH/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLqe+p17IhWNRFOPY+JxNBA0pBhpI/nFUt1PXZ5AVyQTeAmr0I0prPu3sPmjm5RdtmeAy8TJSAlkaPjFT7cf4YQToTFDSvUcO9ZeiqSmmJFJwU0UiREeoQHpGSoQJ8pLZ8dM4IlR+jCMpHlCw5n6eyJFXKkxD0ySIz1Ui95U/M/rJTqseikVcaKJwPNFYcKgjuC0GdinkmDNxoYgLKn5K8RDJBHWpr+CKcFZPHmZtM/KTqV8cVcp1a6yOvLgCByDU+CAc1ADN6ABWgCDB/AEXsCr9Wg9W2/W+zyas7KZQ/AH1sc3LcOZ0g==</latexit>

We are interested in the graviton excitations above the metric

gµ⌫ = ⌘µ⌫ + hµ⌫

<latexit sha1_base64="b4yPttdlei19eESPPqXa5kuzSJI=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQhTIjBXWhFNy4rGAf0BmGTJppQ5PMkGSEMvQf3Pgrblwo4taNO//GtB2wth64cHLOveTeEyaMKu0431ZhaXllda24XtrY3NresXf3mipOJSYNHLNYtkOkCKOCNDTVjLQTSRAPGWmFg5ux33ogUtFY3OthQnyOeoJGFCNtpMA+6QWZx1PoiXQEr6BHNJoRTmH/9xXYZafiTAAXiZuTMshRD+wvrxvjlBOhMUNKdVwn0X6GpKaYkVHJSxVJEB6gHukYKhAnys8mN43gkVG6MIqlKaHhRJ2dyBBXashD08mR7qt5byz+53VSHV34GRVJqonA04+ilEEdw3FAsEslwZoNDUFYUrMrxH0kEdYmxpIJwZ0/eZE0zyputXJ5Vy3XrvM4iuAAHIJj4IJzUAO3oA4aAINH8AxewZv1ZL1Y79bHtLVg5TP74A+szx/PIJ2A</latexit>

⌘µ⌫ = diag{1,�1,�1,�1}

<latexit sha1_base64="da7UfFMKbxXQhvPuqIH5MN8Pm30=">AAACFnicbVBNS8NAEN34bf2qevSyWAQPWhIpqAdF8OKxgm2FJpTNdlIXN5uwOxFLyK/w4l/x4kERr+LNf+P2A/HrwcDjvRlm5oWpFAZd98OZmJyanpmdmy8tLC4tr5RX15omyTSHBk9koi9DZkAKBQ0UKOEy1cDiUEIrvD4d+K0b0EYk6gL7KQQx6ykRCc7QSp3yrg/IOrkfZ9RXWUGPqI9wi3lXsF7h594O3f0qv+iUK27VHYL+Jd6YVMgY9U753e8mPItBIZfMmLbnphjkTKPgEoqSnxlIGb9mPWhbqlgMJsiHbxV0yypdGiXalkI6VL9P5Cw2ph+HtjNmeGV+ewPxP6+dYXQQ5EKlGYLio0VRJikmdJAR7QoNHGXfEsa1sLdSfsU042iTLNkQvN8v/yXNvapXqx6e1yonx+M45sgG2STbxCP75ISckTppEE7uyAN5Is/OvfPovDivo9YJZzyzTn7AefsEigGdCQ==</latexit>

metric tensor

flat Minkowski metric

hµ⌫

<latexit sha1_base64="M3Ra0USzDPGIPBB/UOlY+3IpgjA=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBPOA7BJmJ7PJkJnZZR5CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dccaZNr7/7ZXW1jc2t8rblZ3dvf2D6uFRW6dWEdoiKU9VN8aaciZpyzDDaTdTFIuY0048vpv5nSeqNEvlo5lkNBJ4KFnCCDZOCkf9PBQWhdJOUb9a8+v+HGiVBAWpQYFmv/oVDlJiBZWGcKx1L/AzE+VYGUY4nVZCq2mGyRgPac9RiQXVUT6/eYrOnDJASapcSYPm6u+JHAutJyJ2nQKbkV72ZuJ/Xs+a5DrKmcysoZIsFiWWI5OiWQBowBQlhk8cwUQxdysiI6wwMS6migshWH55lbQv6sFl/ebhsta4LeIowwmcwjkEcAUNuIcmtIBABs/wCm+e9V68d+9j0Vryiplj+APv8wevgpF2</latexit>

graviton degrees of freedom, massless, need to fix the gauge (headaches)

|hµ⌫ | ⌧ 1

<latexit sha1_base64="hXK13pv9cDRV/S7bfFqFRJflJFQ=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHFZwT6gCWEynbRDZyZhHkKJ3brxV9y4UMStf+DOv3HaZqGtBy4czrmXe++JM0aV9rxvp7Syura+Ud6sbG3v7O65+wdtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoeup37olUNBV3epyRkKOBoAnFSFspcmHASKIf4DDKA25gIMwEBpIOhlYLGIN+5Fa9mjcDXCZ+QaqgQDNyv4J+ig0nQmOGlOr5XqbDHElNMSOTSmAUyRAeoQHpWSoQJyrMZ59M4IlV+jBJpS2h4Uz9PZEjrtSYx7aTIz1Ui95U/M/rGZ1chDkVmdFE4PmixDCoUziNBfapJFizsSUIS2pvhXiIJMLahlexIfiLLy+T9lnNr9cub+vVxlURRxkcgWNwCnxwDhrgBjRBC2DwCJ7BK3hznpwX5935mLeWnGLmEPyB8/kDrFeZrQ==</latexit>

weak field limit

see e.g. notes by Sean Carroll, section 6

Gµ⌫ = Rµ⌫ � 1

2
⌘µ⌫R

=
1

2

�
@�@⌫h

�
µ + @�@µh

�
⌫ � @µ@⌫h�⇤hµ⌫ � ⌘µ⌫@µ@⌫h

µ⌫ + ⌘µ⌫⇤h
�

<latexit sha1_base64="FradJckRxK26lcrKUVnwPli0SOU="></latexit>



Gravitational wave redux

Gµ⌫ = 8⇡GNTµ⌫

<latexit sha1_base64="YjtT5nM8yHscZZPxMayztMSYp+4=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjNSsC6Ugou6kgp9QWcYMmmmDU0yQ5IRytAPcOOvuHGhiFs/wJ1/Y9oOqK0HAodzzuXmniBmVGnb/rJyK6tr6xv5zcLW9s7uXnH/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLqe+p17IhWNRFOPY+JxNBA0pBhpI/nFUt1PXZ5AVyQTeAmr0I0prPu3sPmjm5RdtmeAy8TJSAlkaPjFT7cf4YQToTFDSvUcO9ZeiqSmmJFJwU0UiREeoQHpGSoQJ8pLZ8dM4IlR+jCMpHlCw5n6eyJFXKkxD0ySIz1Ui95U/M/rJTqseikVcaKJwPNFYcKgjuC0GdinkmDNxoYgLKn5K8RDJBHWpr+CKcFZPHmZtM/KTqV8cVcp1a6yOvLgCByDU+CAc1ADN6ABWgCDB/AEXsCr9Wg9W2/W+zyas7KZQ/AH1sc3LcOZ0g==</latexit>

trace-reversed 
perturbation

see e.g. notes by Sean Carroll, section 6

Einstein equation 
becomes

in vacuum

h̄µ⌫ = hµ⌫ � 1

2
⌘µ⌫h

<latexit sha1_base64="IdfgpPg/Xz9pTwdqLDLeCdcZ6zU=">AAACI3icbZDLSsNAFIYnXmu9RV26GSyCG0tSClpBKLhxWcFeoAlhMp00QyeTMDMRSsi7uPFV3LhQihsXvovTNlBtPTDw8f/ncOb8fsKoVJb1Zaytb2xubZd2yrt7+weH5tFxR8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr+6G7qd5+IkDTmj2qcEDdCQ04DipHSkmfeOD4SWZh7mROl0OFpfhsu+NIJBMKZnWe1HDpEoYUFQ8+sWFVrVnAV7AIqoKiWZ06cQYzTiHCFGZKyb1uJcjMkFMWM5GUnlSRBeISGpK+Ro4hIN5vdmMNzrQxgEAv9uIIz9fdEhiIpx5GvOyOkQrnsTcX/vH6qgms3ozxJFeF4vihIGVQxnAYGB1QQrNhYA8KC6r9CHCIdi9KxlnUI9vLJq9CpVe16tfFQrzQbRRwlcArOwAWwwRVognvQAm2AwTN4Be/gw3gx3oyJ8TlvXTOKmRPwp4zvHwxppRo=</latexit>

⇤h̄µ⌫ = �16⇡GTµ⌫

<latexit sha1_base64="PAnANPfzOHUmlp0x6asltmj/ob0=">AAACGHicbVDLSsNAFJ34rPUVdelmsAhurIkUtQuh4EKXFfqCJoTJdNoOnUziPIQS+hlu/BU3LhRx251/47QNqK0HLhzOuZd77wkTRqVynC9raXlldW09t5Hf3Nre2bX39hsy1gKTOo5ZLFohkoRRTuqKKkZaiSAoChlphoObid98JELSmNfUMCF+hHqcdilGykiBfebJB40EgV6IRNofBakXaehxPbo+dS+gl1B4C2s/amAXnKIzBVwkbkYKIEM1sMdeJ8Y6IlxhhqRsu06i/BQJRTEjo7ynJUkQHqAeaRvKUUSkn04fG8Fjo3RgNxamuIJT9fdEiiIph1FoOiOk+nLem4j/eW2tuld+SnmiFeF4tqirGVQxnKQEO1QQrNjQEIQFNbdC3EcCYWWyzJsQ3PmXF0njvOiWiuX7UqFSzuLIgUNwBE6ACy5BBdyBKqgDDJ7AC3gD79az9Wp9WJ+z1iUrmzkAf2CNvwGG5Z9r</latexit>

⇤h̄µ⌫ = 0

<latexit sha1_base64="402sRC59cM6yb0Zo8BUz64FjzeU=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS0C6EghuXFewDmhAm00k7dDKJ8xBKyMKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HtPmDIqleN8W6W19Y3NrfJ2ZWd3b//APjzqykQLTDo4YYnoh0gSRjnpKKoY6aeCoDhkpBdOrmd+74EISRN+p6Yp8WM04jSiGCkjBXbVk/caCQK9EIlsnAeZF2vocZ1fOYFdc+rOHHCVuAWpgQLtwP7yhgnWMeEKMyTlwHVS5WdIKIoZySueliRFeIJGZGAoRzGRfjZ/IoenRhnCKBGmuIJz9fdEhmIpp3FoOmOkxnLZm4n/eQOtoks/ozzVinC8WBRpBlUCZ4nAIRUEKzY1BGFBza0Qj5FAWJncKiYEd/nlVdI9r7uNevO2UWs1izjKoApOwBlwwQVogRvQBh2AwSN4Bq/gzXqyXqx362PRWrKKmWPwB9bnD7BTmBs=</latexit>

kµk
µ = 0

<latexit sha1_base64="F8NV8TD5MRiebYaHINqR+EMCg6Y=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjgnYhFNy4rGAf0I5DJs20YZLMkIdQS7/EjQtF3Pop7vwbM+0stPXAvRzOuZfcnChjVGnP+3ZKa+sbm1vl7crO7t5+1T047KjUSEzaOGWp7EVIEUYFaWuqGellkiAeMdKNkpvc7z4SqWgq7vUkIwFHI0FjipG2UuhWk3DADUwe8n4NvdCteXVvDrhK/ILUQIFW6H4Nhik2nAiNGVKq73uZDqZIaooZmVUGRpEM4QSNSN9SgThRwXR++AyeWmUI41TaEhrO1d8bU8SVmvDITnKkx2rZy8X/vL7R8VUwpSIzmgi8eCg2DOoU5inAIZUEazaxBGFJ7a0Qj5FEWNusKjYEf/nLq6RzXvcv6o27i1qzUcRRBsfgBJwBH1yCJrgFLdAGGBjwDF7Bm/PkvDjvzsditOQUO0fgD5zPHzLMkiA=</latexit>

plane waves, 
propagates at the 
speed of light 

ch = c

<latexit sha1_base64="4wAnFd5ni9IwKdyHboJHtBo7UwY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoDkIAS8eI5iHJEuYncwmQ+axzMwKYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3RQlnxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTWiTKK50J8KGciZp0zLLaSfRFIuI03Y0vp357SeqDVPywU4SGgo8lCxmBFsnPZJ+NpqiG0T65Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzQ+eojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsezRgmhLLJ45gopm7FZER1phYl1HJhRAsv7xKWhfV4LJau7+s1Gt5HEU4gVM4hwCuoA530IAmEBDwDK/w5mnvxXv3PhatBS+fOYY/8D5/APW4j9k=</latexit>

hTT
µ⌫ = Cµ⌫e

ikµx
µ

<latexit sha1_base64="0n3OOHdlWn2rKLa24tWSewOQoks=">AAACGXicbVBNS8MwGE7n15xfVY9egkPwNFoZ6A7CYBePE/YF61bSLN3C0rQkqThK/4YX/4oXD4p41JP/xnQrqJsPJDx5nvflzft4EaNSWdaXUVhb39jcKm6Xdnb39g/Mw6OODGOBSRuHLBQ9D0nCKCdtRRUjvUgQFHiMdL1pI/O7d0RIGvKWmkVkEKAxpz7FSGnJNa2JmzhBDB0ep8Ok1UrhNWz8SJAMEwqnbva+H+o7dc2yVbHmgKvEzkkZ5Gi65oczCnEcEK4wQ1L2bStSgwQJRTEjacmJJYkQnqIx6WvKUUDkIJlvlsIzrYygHwp9uIJz9XdHggIpZ4GnKwOkJnLZy8T/vH6s/KtBQnkUK8LxYpAfM6hCmMUER1QQrNhME4QF1X+FeIIEwkqHWdIh2Msrr5LORcWuVmq31XK9lsdRBCfgFJwDG1yCOrgBTdAGGDyAJ/ACXo1H49l4M94XpQUj7zkGf2B8fgPm5qA8</latexit>

Cµ⌫ =

0

BB@

0 0 0 0
0 C11 C12 0
0 C12 �C11 0
0 0 0 0

1

CCA

<latexit sha1_base64="r3fYhgu8oqAkH307DCQvq+51raM="></latexit>

plane waves

two polarizations,
as any massless particle



Point source solution

take a distant point 
source, like BH/NS 
mergers

see e.g. notes by Sean Carroll, section 6

⇤xG (x� � y�) = �(4) (x� � y�)

<latexit sha1_base64="FRTIYk19GbJhHFFYbtq6tcfd9uI="></latexit>

h̄µ⌫ (x
�) = �16⇡G

Z
G (x� � y�)Tµ⌫ (y

�) d4y

<latexit sha1_base64="VavpWyZtIQurCV2hD52BAAiPsJ8="></latexit>

solution to graviton 
propagation

h̄ij(t,x) =
2G

3R

d2qij
dt2

<latexit sha1_base64="PyIlwUAua7wQZfU/Zri8C9c68IE="></latexit>

R…distance to the binary source

qij quadrupole moment : qij(t) = 3

Z
yiyjT 00(t,y)d3y

<latexit sha1_base64="QacVihluqey+NjXFt5+RYASAH4I="></latexit>

T 00(t,x) = M�
�
x3

� ⇥
�
�
x1 � r cos⌦t

�
�
�
x2 � r sin⌦t

�
+

�
�
x1 + r cos⌦t

�
�
�
x2 + r sin⌦t

�⇤

<latexit sha1_base64="KKWUmvQiJ+4/KQtHlg9ZWqztL3g="></latexit>

M…mass of the stars



Primordial sources

inflation

defects, strings, domain walls

first order phase transitions

axions, BH evaporation, …



Physical picture
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<latexit sha1_base64="0ZfB0WduHWwAIhxyTfJDHWk6iLI=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUmkoC6UghuXFewDmlAm00k7dDIJM5NCCV248VfcuFDErR/hzr9x2mahrQcunDnnXubeEyScKe0431ZhbX1jc6u4XdrZ3ds/sA+PWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORrczvz2mUrFYPOhJQv0IDwQLGcHaSD277HEsBpwib4xlMmTIk4v3NXJ6dsWpOnOgVeLmpAI5Gj37y+vHJI2o0IRjpbquk2g/w1Izwum05KWKJpiM8IB2DRU4osrP5kdM0alR+iiMpSmh0Vz9PZHhSKlJFJjOCOuhWvZm4n9eN9XhpZ8xkaSaCrL4KEw50jGaJYL6TFKi+cQQTCQzuyIyxBITbXIrmRDc5ZNXSeu86taqV/e1Sv0mj6MIZTiBM3DhAupwBw1oAoFHeIZXeLOerBfr3fpYtBasfOYY/sD6/AFLqZc4</latexit>

T � Tc

<latexit sha1_base64="w3kNphrIR6ddpkaSM7Fuvw/4BHc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL1IwIvHCHlhsoTZSW8yZHZ2nZkVQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rGsm3GCfkQHkoecUWOlhzrpDvCR1HusVyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfziKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeOVPuExSg5ItFoWpICYms/dJnytkRowtoUxxeythQ6ooMzakgg3BW355lTQvyl6lfH1fKVVvsjjycAKncA4eXEIV7qAGDWAg4Rle4c3Rzovz7nwsWnNONnMMf+B8/gB/PZAp</latexit>

@T = Tc : � = 0

<latexit sha1_base64="viwxDuU3AoPyedIBZejbHIflJB4=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokUfIBScKHLCn1BU8rNZNIOnUnizEQopRs3/oobF4q49R/c+TdO2yy09cCFwzn3cu89fsKZ0o7zbS0sLi2vrObW8usbm1vb9s5uXcWpJLRGYh7Lpg+KchbRmmaa02YiKQif04bfvx77jQcqFYujqh4ktC2gG7GQEdBG6tgHZVzFl7jaIRcYe/cpBNi7ASHAiE7HLjhFZwI8T9yMFFCGSsf+8oKYpIJGmnBQquU6iW4PQWpGOB3lvVTRBEgfurRlaASCqvZw8sUIHxklwGEsTUUaT9TfE0MQSg2EbzoF6J6a9cbif14r1eFZe8iiJNU0ItNFYcqxjvE4EhwwSYnmA0OASGZuxaQHEog2weVNCO7sy/OkflJ0S8Xzu1KhfJXFkUP76BAdIxedojK6RRVUQwQ9omf0it6sJ+vFerc+pq0LVjazh/7A+vwB14aVnw==</latexit>

@T = Tn : PFV ' 1

<latexit sha1_base64="+iqtmRGpHejKcTOSJrpVkxgNUV8=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRIp+AClIIjLCn1BE8JkMmmHTibpzEQooWs3/oobF4q49Qvc+TdO2yy09cCFwzn3cu89fsKoVJb1bRSWlldW14rrpY3Nre0dc3evJeNUYNLEMYtFx0eSMMpJU1HFSCcRBEU+I21/cDPx2w9ESBrzhholxI1Qj9OQYqS05JmHNdiAV7Dh8UsInWGKAlj3stvWGDqSRmQIbc8sWxVrCrhI7JyUQY66Z345QYzTiHCFGZKya1uJcjMkFMWMjEtOKkmC8AD1SFdTjiIi3Wz6yhgeayWAYSx0cQWn6u+JDEVSjiJfd0ZI9eW8NxH/87qpCs/djPIkVYTj2aIwZVDFcJILDKggWLGRJggLqm+FuI8EwkqnV9Ih2PMvL5LWacWuVi7uq+XadR5HERyAI3ACbHAGauAO1EETYPAInsEreDOejBfj3fiYtRaMfGYf/IHx+QNAZJgf</latexit>

bubbles nucleate and expandbubbles collide, sound waves and 
turbulence is formed afterwards

T > Tn

<latexit sha1_base64="sLl/Tn5o0cvc4OjvbvOXy+aW4N4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC+l4MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZqkRpoDNShX3Kq7AFknXk4qkKMxKH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx7oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw1s/EypJkSu2XBSmkmBM5r+TodCcoZxaQpkW9lbCxlRThjahkg3BW315nbSvqt519e7xulKv5XEU4QzO4RI8uIE6PEADWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w8J+o67</latexit>



Simulation of bubble collisions

from David Weir’s webpage: https://saoghal.net/pages/older-visualisations.html



Parameters characterizing the GW spectrum

Tn

<latexit sha1_base64="eBVyOFzxltBGh1N3EMFFc6MG8k0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxYr+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYhVAycJ9yM6VCIUjKKVHht91S9X3Ko7B1klXk4qkKPeL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqt5l9ebhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8z+I3B</latexit>

S3(Tn)

Tn
' 140

<latexit sha1_base64="EaL7SrfBwEr20myGmjlWeYVNN38=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFUClYAFVWJhLKIvqYkix3Vaq44TbAepijKy8CssDCDEyiew8Te4bQZoOdK9OjrnXtn3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29towSgUkLRywSXR9JwignLUUVI91YEBT6jHT80fXE7zwQIWnEm2ocEzdEA04DipHSkmceOoFAOL3zzipNj59kqe4ZdCQNyT20a5Znlq2qNQVcJHZOyiBHwzO/nH6Ek5BwhRmSsmdbsXJTJBTFjGQlJ5EkRniEBqSnKUchkW46PSSDx1rpwyASuriCU/X3RopCKcehrydDpIZy3puI/3m9RAUXbkp5nCjC8eyhIGFQRXCSCuxTQbBiY00QFlT/FeIh0skonV1Jh2DPn7xI2qdVu1a9vK2V61d5HEVwAI5ABdjgHNTBDWiAFsDgETyDV/BmPBkvxrvxMRstGPnOPvgD4/MH3xWYmQ==</latexit>

nucleation
temperature obtained by solving

Tn ⇠ v ! f ⇠ mHz

<latexit sha1_base64="I5ZhaI2K8sEQGoZrZIVgtB6pxCo=">AAACCnicbVDLSgMxFM34rPVVdekmWgRXZUYK6kYKbrqs0Bd0SsmkmTY0yQzJnWIdunbjr7hxoYhbv8Cdf2P6WGjrgcDJOfeSnBPEghtw3W9nZXVtfWMzs5Xd3tnd288dHNZNlGjKajQSkW4GxDDBFasBB8GasWZEBoI1gsHtxG8MmTY8UlUYxawtSU/xkFMCVurkTqodhX3DJR5i7EOEw9nNB3YPqSw/jDu5vFtwp8DLxJuTPJqj0sl9+d2IJpIpoIIY0/LcGNop0cCpYOOsnxgWEzogPdayVBHJTDudRhnjM6t0cRhpexTgqfp7IyXSmJEM7KQk0DeL3kT8z2slEF61U67iBJiis4fCRGAbedIL7nLNKIiRJYRqbv+KaZ9oQsG2l7UleIuRl0n9ouAVC9d3xXzpZl5HBh2jU3SOPHSJSqiMKqiGKHpEz+gVvTlPzovz7nzMRlec+c4R+gPn8wex/Jmr</latexit>

vacuum energy 
fraction

vw

<latexit sha1_base64="TijKemZS2eg9bKBFirZ5gM3fWBA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL1IwIvHiOYByRJmJ73JkNnZZWY2EkI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8aug4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDvzmyNUmsfy0YwT9CPalzzkjBorPYy6T91iyS27c5BV4mWkBBlq3eJXpxezNEJpmKBatz03Mf6EKsOZwGmhk2pMKBvSPrYtlTRC7U/mp07JmVV6JIyVLWnIXP09MaGR1uMosJ0RNQO97M3E/7x2asIrf8JlkhqUbLEoTAUxMZn9TXpcITNibAllittbCRtQRZmx6RRsCN7yy6ukcVH2KuXr+0qpepPFkYcTOIVz8OASqnAHNagDgz48wyu8OcJ5cd6dj0VrzslmjuEPnM8fdWiN7A==</latexit>

inverse duration

bubble wall 
velocity

perfect e.g. for LISA

�

H
= T

dS3

dT

����
Tn

<latexit sha1_base64="eVQWjasdxtYpwo258MaYjFdfjU8=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVRJbUBdKwU2XFdMHNCVMppN26GQSZiZCifkQN/6KGxeKuHEh+DdO2yy09cDlHs65l5l7/JhRqSzr2yisrK6tbxQ3S1vbO7t75v5BW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr++Gbqd+6JkDTijprEpB+iIacBxUhpyTOrbiAQTl2fKJSljQxeQQfOtQG886qZbk4GXZ8Oh+LBSx2PZ55ZtirWDHCZ2DkpgxxNz/x0BxFOQsIVZkjKnm3Fqp8ioShmJCu5iSQxwmM0JD1NOQqJ7Kez4zJ4opUBDCKhiys4U39vpCiUchL6ejJEaiQXvan4n9dLVHDRTymPE0U4nj8UJAyqCE6TggMqCFZsognCguq/QjxCOhml8yzpEOzFk5dJ+6xi1yqXt7Vy/TqPowiOwDE4BTY4B3XQAE3QAhg8gmfwCt6MJ+PFeDc+5qMFI985BH9gfP0AJm2hbg==</latexit>

typically at v, but could be lower with supercooling

vacuum

total density
↵Tn =

�V (Tn)

⇢�(Tn)
=

<latexit sha1_base64="DdRuR9PeTDjP4t4AJAk4WAzrjMw=">AAACIXicbVDLSgMxFM34rPVVdekmWATdlBkpqAtF0IXLCn1Bpwx30kwbTDJDkhHKML/ixl9x40KR7sSfMW1n4etA4HDOudzcEyacaeO6H87C4tLyympprby+sbm1XdnZbes4VYS2SMxj1Q1BU84kbRlmOO0mioIIOe2E99dTv/NAlWaxbJpxQvsChpJFjICxUlA584EnIwiyZiBzfIH9SAHJ/BvKDeD2kVWP88xXozjwhyAEzBUbDCpVt+bOgP8SryBVVKARVCb+ICapoNIQDlr3PDcx/QyUYYTTvOynmiZA7mFIe5ZKEFT3s9mFOT60ygBHsbJPGjxTv09kILQei9AmBZiR/u1Nxf+8Xmqis37GZJIaKsl8UZRybGI8rQsPmKLE8LElQBSzf8VkBLYjY0st2xK83yf/Je2Tmlevnd/Vq1eXRR0ltI8O0BHy0Cm6QreogVqIoEf0jF7Rm/PkvDjvzmQeXXCKmT30A87nF8n6oqI=</latexit>

↵Tn � 1

<latexit sha1_base64="S+agBK5yqO9I4IwPz1NyF/njTcQ=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoF6k4MVjhX5BG8JmO2mXbjZxdyOEUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3ds/sA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeY3M787iNIxWLR0lkCXkRGgoWMEm0k364OCE/GxM9bvpjiwQgesOvbNafuzIFXiVuQGirQ9O2vwTCmaQRCU06U6rtOor2cSM0oh2llkCpICJ2QEfQNFSQC5eXz46f41ChDHMbSlNB4rv6eyEmkVBYFpjMieqyWvZn4n9dPdXjl5UwkqQZBF4vClGMd41kSeMgkUM0zQwiVzNyK6ZhIQrXJq2JCcJdfXiWd87p7Ub++v6g1boo4yugYnaAz5KJL1EB3qInaiKIMPaNX9GY9WS/Wu/WxaC1ZxUwV/YH1+QP5KZRV</latexit>

↵Tn ⌧ 1

<latexit sha1_base64="kp7FxtboIoxu99H4lDPV8Ui8yiw=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5JIQb1IwYvHCv2CJoTNdtMu3WzC7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0sbm1vVPereztHxwe2cfVrkoySWiHJDyR/RArypmgHc00p/1UUhyHnPbCyd3c7z1SqVgi2nqaUj/GI8EiRrA2UmBXPczTMQ7ydiBmyOMcuYFdc+rOAmiduAWpQYFWYH95w4RkMRWacKzUwHVS7edYakY4nVW8TNEUkwke0YGhAsdU+fni9hk6N8oQRYk0JTRaqL8nchwrNY1D0xljPVar3lz8zxtkOrr2cybSTFNBlouijCOdoHkQaMgkJZpPDcFEMnMrImMsMdEmrooJwV19eZ10L+tuo37z0Kg1b4s4ynAKZ3ABLlxBE+6hBR0g8ATP8Apv1sx6sd6tj2VrySpmTuAPrM8fNAmT5g==</latexit>

strong

weak

runaway in vacuum (Euclidean -> Minkowski)

complicated at finite T



Combine sources ⌦GW = ⌦' + ⌦sw + ⌦turb

<latexit sha1_base64="19C8Et+zzWscJRzgdhCSiCJRrio=">AAACL3icbZDLSgMxFIYzXmu9VV26CRZBEMqMFNSFUhDUnQrWCm0pmfS0Dc1cSM5UyzBv5MZXcSOiiFvfwrQdvLT+EPjznXNIzu+GUmi07Rdranpmdm4+s5BdXFpeWc2trd/oIFIcyjyQgbp1mQYpfCijQAm3oQLmuRIqbvdkUK/0QGkR+NfYD6HusbYvWoIzNKiRO61deNBmjfisktAjmt5qPabCjqC73wDhHmN9l/ygeMQwUm6SNHJ5u2APRSeNk5o8SXXZyD3VmgGPPPCRS6Z11bFDrMdMoeASkmwt0hAy3mVtqBrrMw90PR7um9BtQ5q0FShzfKRD+nsiZp7Wfc81nR7Djh6vDeB/tWqErYN6LPwwQvD56KFWJCkGdBAebQoFHGXfGMaVMH+lvMMU42gizpoQnPGVJ83NXsEpFg6vivnScRpHhmySLbJDHLJPSuScXJIy4eSBPJFX8mY9Ws/Wu/Uxap2y0pkN8kfW5xfMLamf</latexit>

⌦' . . .

<latexit sha1_base64="+IM9pnPvAXHuWRHiy+5ffSfB+RM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWRgrqRght3VrC20IQwmUzbofMIM5NCCQV/xY0LRdz6He78G6dtFtp64MLhnHu59544ZVQbz/t2Siura+sb5c3K1vbO7p67f/CoZaYwaWHJpOrESBNGBWkZahjppIogHjPSjoc3U789IkpTKR7MOCUhR31BexQjY6XIPQruOOmjKBghlQ4oDFgijY7cqlfzZoDLxC9IFRRoRu5XkEiccSIMZkjrru+lJsyRMhQzMqkEmSYpwkPUJ11LBeJEh/ns/Ak8tUoCe1LZEgbO1N8TOeJaj3lsOzkyA73oTcX/vG5mepdhTkWaGSLwfFEvY9BIOM0CJlQRbNjYEoQVtbdCPEAKYWMTq9gQ/MWXl8njec2v167u69XGdRFHGRyDE3AGfHABGuAWNEELYJCDZ/AK3pwn58V5dz7mrSWnmDkEf+B8/gBCuZWx</latexit>

bubble collisions

LISA working group summary reports  1512.06239, 1910.13125 and 2003.07360

⌦' h2 = 5⇥ 10�6 3

r
100

g⇤

✓
vw
�

◆2 ✓ '↵Tn

1 + ↵Tn

◆2✓ f

f'

◆3
 
1 + 2

✓
f

f'

◆2.07
!�2.18

<latexit sha1_base64="AVtv8R3NwNF+qhNQ8uj0QhzkjmY="></latexit>

redshifted frequency today

' . . .

<latexit sha1_base64="A8V0fsjFN2tBUfWmfEmtHaK4Ctk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVECupFCl48VrAf0IQw2WzbpZtk2d0USij4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLxQcKa043xbpbX1jc2t8nZlZ3dv/8A+PGqrNJOEtkjKU9kNQVHOEtrSTHPaFZJCHHLaCUd3M78zplKxNHnUE0H9GAYJ6zMC2kiBfeKNQAgIvDFIMWTY41GqVWBXnZozB14lbkGqqEAzsL+8KCVZTBNNOCjVcx2h/RykZoTTacXLFBVARjCgPUMTiKny8/n5U3xulAj3U2kq0Xiu/p7IIVZqEoemMwY9VMveTPzP62W6f+3nLBGZpglZLOpnHOsUz7LAEZOUaD4xBIhk5lZMhiCBaJNYxYTgLr+8StqXNbdeu3moVxu3RRxldIrO0AVy0RVqoHvURC1EUI6e0St6s56sF+vd+li0lqxi5hj9gfX5A3vQldU=</latexit>

f . . .

<latexit sha1_base64="vnqIX32Jc/RPch5hnfyXjViBeuw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBbSibzaZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEdwJquBSKN1Gg5J1UcxoHkreD0e3Mbz9xbUSiHnCccj+mAyUiwShaqRORngwTNP1yxa26c5BV4uWkAjka/fJXL0xYFnOFTFJjup6boj+hGgWTfFrqZYanlI3ogHctVTTmxp/M752SM6uEJEq0LYVkrv6emNDYmHEc2M6Y4tAsezPxP6+bYXTlT4RKM+SKLRZFmSSYkNnzJBSaM5RjSyjTwt5K2JBqytBGVLIheMsvr5LWRdWrVa/va5X6TR5HEU7gFM7Bg0uowx00oAkMJDzDK7w5j86L8+58LFoLTj5zDH/gfP4A11qP2g==</latexit>

energy transfer efficiency

characteristic collision frequencyf' = 1.2⇥ 10
�5

Hz

✓
Tn

100 GeV

◆⇣ g⇤
100

⌘1/6 �

vw

<latexit sha1_base64="7SLNGwHgm2nLuZqY9GHmOs+QK4M="></latexit>

f =
aTn

a0
fTn ' T0

Tn
fTn ' T0Tn

MPl

�

HTn

⇠ 10
�5

Hz

✓
Tn

100 GeV

◆✓
�

HTn

◆

<latexit sha1_base64="Za/wKSIKG8HeiUxqa8GZrrBZQVw="></latexit>

see e.g. 2003.07360



Combine sources ⌦GW = ⌦' + ⌦sw + ⌦turb

<latexit sha1_base64="19C8Et+zzWscJRzgdhCSiCJRrio=">AAACL3icbZDLSgMxFIYzXmu9VV26CRZBEMqMFNSFUhDUnQrWCm0pmfS0Dc1cSM5UyzBv5MZXcSOiiFvfwrQdvLT+EPjznXNIzu+GUmi07Rdranpmdm4+s5BdXFpeWc2trd/oIFIcyjyQgbp1mQYpfCijQAm3oQLmuRIqbvdkUK/0QGkR+NfYD6HusbYvWoIzNKiRO61deNBmjfisktAjmt5qPabCjqC73wDhHmN9l/ygeMQwUm6SNHJ5u2APRSeNk5o8SXXZyD3VmgGPPPCRS6Z11bFDrMdMoeASkmwt0hAy3mVtqBrrMw90PR7um9BtQ5q0FShzfKRD+nsiZp7Wfc81nR7Djh6vDeB/tWqErYN6LPwwQvD56KFWJCkGdBAebQoFHGXfGMaVMH+lvMMU42gizpoQnPGVJ83NXsEpFg6vivnScRpHhmySLbJDHLJPSuScXJIy4eSBPJFX8mY9Ws/Wu/Uxap2y0pkN8kfW5xfMLamf</latexit>

⌦sw . . .

<latexit sha1_base64="bRndHqgXM7qvnzwpaVnHWYcJpmo=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BRmJKBeJODFmxHMAplh6OlUkiY9C901ahhy8Ve8eFDEq5/hzb+xsxw08UHB470qquoFiRQabfvbyi0tr6yu5dcLG5tb2zvF3b2GjlPFoc5jGatWwDRIEUEdBUpoJQpYGEhoBoOrsd+8B6VFHN3hMAEvZL1IdAVnaCS/eODehNBjvovwiJl+GFFXdmLUfrFkl+0J6CJxZqREZqj5xS+3E/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bPLAiB4bpUO7sTIVIZ2ovycyFmo9DAPTGTLs63lvLP7ntVPsnnuZiJIUIeLTRd1UUozpOA3aEQo4yqEhjCthbqW8zxTjaDIrmBCc+ZcXSeO07FTKF7eVUvVyFkeeHJIjckIcckaq5JrUSJ1wMiLP5JW8WU/Wi/VufUxbc9ZsZp/8gfX5A1D+luI=</latexit>

sound waves

LISA working group summary reports  1512.06239, 1910.13125 and 2003.07360

sound waves have a finite duration associated to HTn⌧sw =
vw

�

3
p
8⇡q

3
4
sw↵eff
1+↵eff

<latexit sha1_base64="XE6IEbQ0eA+UMrhw+ZIhh4Yqewo="></latexit>

and a characteristic frequency 

as well as the energy efficiency coefficient

↵e↵ = ↵Tn (1� ')

<latexit sha1_base64="NFUWRYGAXP3kFEoONTl0eMQBwlk="></latexit>

fsw = 1.9⇥ 10
�5

Hz

✓
Tn

100 GeV

◆⇣ g⇤
100

⌘1/6 �

vw

<latexit sha1_base64="QZJ+IVKYDLTExekeJ2FzWcKVP5E="></latexit>

sw = (1� ')
↵e↵

0.73 + 0.083
p
↵e↵ + ↵e↵

<latexit sha1_base64="LsW+owDTzc5Q4dMju7b3M0CTM3k="></latexit>

⌦sw h
2 = 4⇥ 10�6 3

r
100

g⇤

vw

�
min (1, HTn⌧sw)

✓
sw↵Tn

1 + ↵Tn

◆2✓
f

fsw

◆3
 
1 +

3

4

✓
f

fsw

◆2
!�7/2

<latexit sha1_base64="rkzKJ11rjVfTrDGWUE/toMbm9Y8="></latexit>



See PTPlot

⌦GW = ⌦' + ⌦sw + ⌦turb

<latexit sha1_base64="19C8Et+zzWscJRzgdhCSiCJRrio=">AAACL3icbZDLSgMxFIYzXmu9VV26CRZBEMqMFNSFUhDUnQrWCm0pmfS0Dc1cSM5UyzBv5MZXcSOiiFvfwrQdvLT+EPjznXNIzu+GUmi07Rdranpmdm4+s5BdXFpeWc2trd/oIFIcyjyQgbp1mQYpfCijQAm3oQLmuRIqbvdkUK/0QGkR+NfYD6HusbYvWoIzNKiRO61deNBmjfisktAjmt5qPabCjqC73wDhHmN9l/ygeMQwUm6SNHJ5u2APRSeNk5o8SXXZyD3VmgGPPPCRS6Z11bFDrMdMoeASkmwt0hAy3mVtqBrrMw90PR7um9BtQ5q0FShzfKRD+nsiZp7Wfc81nR7Djh6vDeB/tWqErYN6LPwwQvD56KFWJCkGdBAebQoFHGXfGMaVMH+lvMMU42gizpoQnPGVJ83NXsEpFg6vivnScRpHhmySLbJDHLJPSuScXJIy4eSBPJFX8mY9Ws/Wu/Uxap2y0pkN8kfW5xfMLamf</latexit>

Tn

<latexit sha1_base64="eBVyOFzxltBGh1N3EMFFc6MG8k0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxYr+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYhVAycJ9yM6VCIUjKKVHht91S9X3Ko7B1klXk4qkKPeL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqt5l9ebhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8z+I3B</latexit>

↵Tn

<latexit sha1_base64="C1LbyaY8COKlWIQaui5qTSpT23Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjhX5BE8Jmu2mXbjbL7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMiyRn2rjut1Pa2Nza3invVvb2Dw6PqscnXZ1mitAOSXmq+hHWlDNBO4YZTvtSUZxEnPaiyf3c7z1RpVkq2mYqaZDgkWAxI9hYyfcxl2Mc5u1QzMJqza27C6B14hWkBgVaYfXLH6YkS6gwhGOtB54rTZBjZRjhdFbxM00lJhM8ogNLBU6oDvLFzTN0YZUhilNlSxi0UH9P5DjReppEtjPBZqxXvbn4nzfITHwT5EzIzFBBlovijCOTonkAaMgUJYZPLcFEMXsrImOsMDE2pooNwVt9eZ10r+peo3772Kg174o4ynAG53AJHlxDEx6gBR0gIOEZXuHNyZwX5935WLaWnGLmFP7A+fwBPkWR1A==</latexit>

��1

<latexit sha1_base64="MVGIaqL0Gauv2ggKNc93LUg7jH0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAfUiAS8eI5gHJmuYnXSSIbOzy8ysEJb8hRcPinj1b7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JezOO0Q/pQPI+Z9RY6aEToKGP6Zk36RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9C/9lMs4MSjZfFE/EcREZPo+6XGFzIixJZQpbm8lbEgVZcaGVLAheIsvL5PGedmrlK/uKqXqdRZHHo7gGE7Bgwuowi3UoA4MJDzDK7w52nlx3p2PeWvOyWYO4Q+czx8hipCS</latexit>



Combine sources ⌦GW = ⌦' + ⌦sw + ⌦turb

<latexit sha1_base64="19C8Et+zzWscJRzgdhCSiCJRrio=">AAACL3icbZDLSgMxFIYzXmu9VV26CRZBEMqMFNSFUhDUnQrWCm0pmfS0Dc1cSM5UyzBv5MZXcSOiiFvfwrQdvLT+EPjznXNIzu+GUmi07Rdranpmdm4+s5BdXFpeWc2trd/oIFIcyjyQgbp1mQYpfCijQAm3oQLmuRIqbvdkUK/0QGkR+NfYD6HusbYvWoIzNKiRO61deNBmjfisktAjmt5qPabCjqC73wDhHmN9l/ygeMQwUm6SNHJ5u2APRSeNk5o8SXXZyD3VmgGPPPCRS6Z11bFDrMdMoeASkmwt0hAy3mVtqBrrMw90PR7um9BtQ5q0FShzfKRD+nsiZp7Wfc81nR7Djh6vDeB/tWqErYN6LPwwQvD56KFWJCkGdBAebQoFHGXfGMaVMH+lvMMU42gizpoQnPGVJ83NXsEpFg6vivnScRpHhmySLbJDHLJPSuScXJIy4eSBPJFX8mY9Ws/Wu/Uxap2y0pkN8kfW5xfMLamf</latexit>

LISA working group summary reports  1512.06239, 1910.13125 and 2003.07360

⌦turb . . .

<latexit sha1_base64="arlNrVYBM6NYf6lILAmSqsuHwwo=">AAACBHicbVDJSgNBEO2JW4xb1GMujUHwFGYkoF4k4MWbEcwCmWHo6VSSJj0L3TViGHLw4q948aCIVz/Cm39jZzlo4oOCx3tVVNULEik02va3lVtZXVvfyG8WtrZ3dveK+wdNHaeKQ4PHMlbtgGmQIoIGCpTQThSwMJDQCoZXE791D0qLOLrDUQJeyPqR6AnO0Eh+seTehNBnfuYiPGCGqQrGY+rKbozaL5btij0FXSbOnJTJHHW/+OV2Y56GECGXTOuOYyfoZUyh4BLGBTfVkDA+ZH3oGBqxELSXTZ8Y02OjdGkvVqYipFP190TGQq1HYWA6Q4YDvehNxP+8Toq9cy8TUZIiRHy2qJdKijGdJEK7QgFHOTKEcSXMrZQPmGIcTW4FE4Kz+PIyaZ5WnGrl4rZarl3O48iTEjkiJ8QhZ6RGrkmdNAgnj+SZvJI368l6sd6tj1lrzprPHJI/sD5/AMemmNU=</latexit>

turbulence

⌦turb h
2 = 3⇥ 10�5 3

r
100

g⇤

vw

�
min (1, HTn⌧sw)

✓
sw↵Tn

1 + ↵Tn

◆2

⇥
✓

f

fturb

◆3 ✓
1 +

✓
f

fturb

◆◆�11/3 ✓
1 +

8⇡f

h⇤

◆�1

<latexit sha1_base64="uxz8yTy5ljRGwMFNwakmhbYHhP0="></latexit>

fturb = 3⇥ 10
�5

Hz

✓
Tn

100 GeV

◆⇣ g⇤
100

⌘1/6 �

vw

<latexit sha1_base64="YvDX5P4Ewy9VgHghfjW7k44nc9k="></latexit>

h⇤ = 1.65⇥ 10
�5

Hz

✓
Tn

100 GeV

◆⇣ g⇤
100 GeV

⌘1/6

<latexit sha1_base64="LGmy8tms9bZ2Q1HN6AqOu9cPtvk="></latexit>



A simple example with a scalar singlet S

�V =
a2

2
|H|S2 +

b2

2
S
2 +

b4

4
S
4

<latexit sha1_base64="syDHzNcffHxrocBaQaMGqOKjVN8="></latexit>

Z2 : S ! �S

<latexit sha1_base64="w6b6MHWnLEE03QRhovrvLcpJ/BE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUphaoHKXjxWKn9wDaWzXbTLt1swu5GKaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kbXU7/1SKViobjT44i6AR4I5jOCtZEe7nsldInqqKtDdFbv5Qt20Z4BLRMnJQVIUevlv7r9kMQBFZpwrFTHsSPtJlhqRjid5LqxohEmIzygHUMFDqhyk9nVE3RilD7yQ2lKaDRTf08kOFBqHHimM8B6qBa9qfif14m1f+4mTESxpoLMF/kxR+bHaQSozyQlmo8NwUQycysiQywx0SaonAnBWXx5mTRLRadcvLgtF6pXaRxZOIJjOAUHKlCFG6hBAwhIeIZXeLOerBfr3fqYt2asdOYQ/sD6/AHMy5DF</latexit>

vw = 1

<latexit sha1_base64="/LKv7HInsgQXl6MZKcOnjndBdCc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0oAS8eI5gHJEuYncwmQ2Znl5neSAj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfju5tfWNza38dmFnd2//oHh41DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDO9mfnPEtRGxesRxwv2I9pUIBaNopeao+0RuiNctltyyOwdZJV5GSpCh1i1+dXoxSyOukElqTNtzE/QnVKNgkk8LndTwhLIh7fO2pYpG3PiT+blTcmaVHgljbUshmau/JyY0MmYcBbYzojgwy95M/M9rpxhe+ROhkhS5YotFYSoJxmT2O+kJzRnKsSWUaWFvJWxANWVoEyrYELzll1dJ46LsVcrXD5VS9TaLIw8ncArn4MElVOEealAHBkN4hld4cxLnxXl3PhatOSebOYY/cD5/ABcUjsI=</latexit>

g⇤ = 106.75

<latexit sha1_base64="ToHQ6M7tv4tqI/z0Hai6tgwbLqs=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBZBPIREqtWDUvDisYL9gDaUzXbTLt1swu5GKKF/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzAsSzpR23W+rsLK6tr5R3Cxtbe/s7tn7B00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBaO7qd96olKxWDzqcUL9CA8ECxnB2kjdQe8M3SDPvXSqFz277DruDGiZeDkpQ456z/7q9mOSRlRowrFSHc9NtJ9hqRnhdFLqpoommIzwgHYMFTiiys9mN0/QiVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif14n1eGVnzGRpJoKMl8UphzpGE0DQH0mKdF8bAgmkplbERliiYk2MZVMCN7iy8ukee54Fef6oVKu3eZxFOEIjuEUPKhCDe6hDg0gkMAzvMKblVov1rv1MW8tWPnMIfyB9fkD0PSPmA==</latexit>

mS = 90 GeV

<latexit sha1_base64="fm4tf4jBsaihVMi4q7+fKBATWCo=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjMS0ByUgAc9RjQLJEPo6VSSJj0L3TViHIK/4sWDIl79D2/+jZ3loIkPCh7vVVFVz4+l0Og439bC4tLyympmLbu+sbm1be/sVnWUKA4VHslI1X2mQYoQKihQQj1WwAJfQs3vX4782j0oLaLwDgcxeAHrhqIjOEMjtez9oHVLz2nRoU2EB0zpFVSHLTvn5J0x6DxxpyRHpii37K9mO+JJACFyybRuuE6MXsoUCi5hmG0mGmLG+6wLDUNDFoD20vH1Q3pklDbtRMpUiHSs/p5IWaD1IPBNZ8Cwp2e9kfif10iwc+alIowThJBPFnUSSTGioyhoWyjgKAeGMK6EuZXyHlOMowksa0JwZ1+eJ9WTvFvIF28KudLFNI4MOSCH5Ji45JSUyDUpkwrh5JE8k1fyZj1ZL9a79TFpXbCmM3vkD6zPH0uqk9s=</latexit>

a2 = 0.9

<latexit sha1_base64="wrYNg95dWHk3dlIzV5NghA+btD8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07JbCtqDUvDisYKtlXYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz88KEM20879sprK1vbG4Vt0s7u3v7B+XDo7aOU0Voi8Q8Vp0Qa8qZpC3DDKedRFEsQk4fwvHNzH94okqzWN6bSUIDgYeSRYxgY6VH3K+iK+S59X654rneHGiV+DmpQI5mv/zVG8QkFVQawrHWXd9LTJBhZRjhdFrqpZommIzxkHYtlVhQHWTzg6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+53VTE10GGZNJaqgki0VRypGJ0ex7NGCKEsMnlmCimL0VkRFWmBibUcmG4C+/vEraVdevufW7WqVxncdRhBM4hXPw4QIacAtNaAEBAc/wCm+Ocl6cd+dj0Vpw8plj+APn8wd1AI7i</latexit>

↵Tn = 0.8

<latexit sha1_base64="mEQcb7Iv7Go6VbqjKoO95y3FOTo=">AAAB+3icbVDLSsNAFJ3UV62vWpduBovgKiRSsC6UghuXFfqCNoSb6aQdOpmEmYlYQn7FjQtF3Poj7vwbp4+Fth64cDjnXu69J0g4U9pxvq3CxubW9k5xt7S3f3B4VD6udFScSkLbJOax7AWgKGeCtjXTnPYSSSEKOO0Gk7uZ332kUrFYtPQ0oV4EI8FCRkAbyS9XBsCTMfhZyxc5vsGOXffLVcd25sDrxF2SKlqi6Ze/BsOYpBEVmnBQqu86ifYykJoRTvPSIFU0ATKBEe0bKiCiysvmt+f43ChDHMbSlNB4rv6eyCBSahoFpjMCPVar3kz8z+unOqx7GRNJqqkgi0VhyrGO8SwIPGSSEs2nhgCRzNyKyRgkEG3iKpkQ3NWX10nn0nZr9vVDrdq4XcZRRKfoDF0gF12hBrpHTdRGBD2hZ/SK3qzcerHerY9Fa8FazpygP7A+fwBU6JNU</latexit>

�

HTn

= 398

<latexit sha1_base64="sjTj52SOPQiGUDlW+GXFN6g2pXM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRasF0oBTddVugLmhAm00k7dDIJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXDufcy733+DGjUlnWt1HY2Nza3inulvb2Dw6PzOOTnowSgUkXRywSAx9JwignXUUVI4NYEBT6jPT96d3c7z8QIWnEO2oWEzdEY04DipHSkmeWnUAgnDo+UShLW17a8XiWwRt41ah7ZsWqWgvAdWLnpAJytD3zyxlFOAkJV5ghKYe2FSs3RUJRzEhWchJJYoSnaEyGmnIUEummiycyeK6VEQwioYsruFB/T6QolHIW+rozRGoiV725+J83TFRQd1PK40QRjpeLgoRBFcF5InBEBcGKzTRBWFB9K8QTpFNROreSDsFefXmd9C6rdq3auK9Vmrd5HEVQBmfgAtjgGjRBC7RBF2DwCJ7BK3gznowX4934WLYWjHzmFPyB8fkDwpCXgg==</latexit>

Tn = 32 GeV

<latexit sha1_base64="JT/a8wV8OqewshliVxrQY2kcWFM=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsJuDKgHJeBBjxHyEJJlmZ10kiGzs8tMrxiWgL/ixYMiXv0Ob/6Nm8dBEwsaiqpuurv8SAqDtv1tZZaWV1bXsuu5jc2t7Z387l7DhLHmUOehDPW9zwxIoaCOAiXcRxpY4Eto+oPrsd98AG1EqGo4jMANWE+JruAMU8nLH9Q8RS/paYm2ER4xoTfQGOW8fMEu2hPQReLMSIHMUPXyX+1OyOMAFHLJjGk5doRuwjQKLmGUa8cGIsYHrAetlCoWgHGTyfkjepwqHdoNdVoK6UT9PZGwwJhh4KedAcO+mffG4n9eK8buuZsIFcUIik8XdWNJMaTjLGhHaOAohylhXIv0Vsr7TDOOaWLjEJz5lxdJo1R0ysWLu3KhcjWLI0sOyRE5IQ45IxVyS6qkTjhJyDN5JW/Wk/VivVsf09aMNZvZJ39gff4AgwuT7Q==</latexit>

input

GW parameters
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Recent update on SW sensitivities

see Kai Schmitz’s 2005.10789

Outlook for the future

Adv LIGO,  Adv VIRGO, 
GEO Hi-freq, IndIGO

upgrades

coming on-line, underground

KAGRA

LISA, DECIGO, Taiji, Tian Qin

space-based, satellites
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