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Introduction

Persisting problem of quantum gravity and the unification of interactions.

A need to reformulate the conceptual foundations of physics and to employ a more

evolved mathematical formalism.

In this talk | will consider Clifford algebras which provide very promising tools
for description and generalization of geometry and physics.

Orthogonal Clifford algebra

ya.ybzé(yayb+7/b7/a):gab

1
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Symplectic Clifford algebra

qa N\ qb = %(anb o qua): Jab

4,4, = %(%% +4,4,)

The inner, , product of basis vectors
gives the metric,
The outer, , product of basis vectors

gives the basis bivector.

The inner, , product of basis vectors
gives the metric,
The outer, , product of basis vectors

gives a symplectic bivector.



The generators of an orthogonal Clifford algebra can be transformed into a basis
in which they behave as fermionic creation and annihilation operators.

The generators of a symplectic Clifford algebra behave
as bosonic creation and annihilation operators.

We will show how both kinds of operators can be united into a single
structure so that they form a basis of a “superspace’.
We will consider an action for a point particle in such superspace.

Instead of finite dimensional spaces, we can consider infinite dimensional spaces.
Then we have description of a field theory in terms of fermionic and bosonic
creation and annihilation operators.

The latter operators can be considered as being related to the basis vectors

of the corresponding infinite dimensional space.



Spaces with orthogonal an symplectic forms

l. Orthogonal case

(a,b), =(ay,,b"y,), =a"(y,.7,),b" =a’g,b’
(VasVs)g = &ap metric

For a basis we can take generators of the
orthogonal Clifford algebra:

Basis vectors

1
(VasVs)g =& = 5(% V)=V Vs = &ab

Vectors are Clifford numbers:

(a,b), = %(ab +ba)=a-b

Inner product of vectors a and b




Il. Symplectic case

(z,z"), = (Zaqa,z'b q,), = Za(qa,qb)Jz'b — ZaJabZ'b

(qaaqb)J = Jab symplectic metric

Symplectic basis vectors

For a symplectic basis we can take generators of the
symplectic Clifford algebra:

1

(9.,9,); = 4 =5(qaqb —4,9,) =9, "4, =J

Vectors are now symplectic Clifford numbers:

1

(z,z"), 25(22'—2'2) =zZAZ'

Inner product of symplectic vectors z and z’




Explicit notation with coordinates and momenta

z'=(x",p")

u (p) Symplectic vector

_ _ M (X)
z=1z"q,=x"q," +p'q,

(Zaz')J =z (qa9Qb)JZ'b =z" %(qaqb — qbqa)z'b

___a b
=zJ ,z

=(x"p"—-p'x")n,

. 1 .
Relations  ~[gq,,q,]=J,, dive
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Heisenberg commutation

1
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Poisson bracket (symplectic case)
(foghm =L &
ESp = 22" Py
By introducing the symplectic basis vectors,
we can rewrite the above expression as Symplectic metric

1 Ja og
a q ]_ a b b ab
2 8 0z 0z J

If we take f =z .

1

c d cd
2[q q° ]

These are the Heisenberg commutation
relations for "operators’ qc and ¢ .

a th N t da h d t a a
g arethus quantized phase space coordinates z z" are real coordinates




Poisson bracket (orthogonal case)

(f o2l =L g 2
PB —

8/1“ OA"

By introducing the basis vectors

we can rewrite the above expression as

af ab a_g

e de
azﬂ7l’azb7 PYTR

If we take f =A° .

oA

1 C 1 C C C
5{7,74F550/7d+7%f)=gd

These are the anticommutation relations for
AN 3y C
operators’ ¥~ and ¥ .

Orthogonal metric

g=A"

y“ are thus "quantized’ 1°.

la c - 0
are real anticommuting coordinates




Representation of operators

|. Orthogonal Clifford algebra

1
7/a.7/b Eg(ya7b+7/b7/a):gab

In even dimensions we can write:

Vo=V,  #=0123

We can introduce Witt basis:

1 L
Hyzﬁ(nﬂn)

| o
9ﬂ=$(7ﬂ—l7/ﬂ)

— ] —  —
9;1'61/:5(9ﬂﬁv+9v9#):77w, eu'e./:(L
Vir Vo Oy éﬂ can be represented:

1) as 4 x4 matrices,
2) in terms of Grassmann coordinates:

0" > 2E4, 0 —

Y7,

EE +EE =0



lI. Symplectic Clifford algebra

|
Qa A Qb = E(anb o Qan): Jab

We can write:

q9,=(q,".4,), 1=0,1,2,3

X 1 X X
q.) ng\" = E(qL 'q,” —q.)a,") =1,

qLX) A q‘(/X) =0, q/(lp) A q(p) =0

14

Then the operators cannot

q(x) , q(p) can be represented: / be cast into Hermitian form
# # 1) as 4 x4 matrices,

2) in terms of commuting coordinates:

qﬂ(x)_)\/zxﬂ, qu)_)\/E 0
ox"

x“x" =x"x" =0




Heisenberg equations as equations of motion for basis vectors

Let us now consider the action

I = %J‘dr (20 2" +z°K ,z")

oz"
Za :Jaba_H

oz"

. . . a
Let us consider trajectories z" (7) as components of an
infinite dimensional vector:

z=2'"g,.,,=[dr (1) q,()

£4(7) 747
qa(r) o qa(r)

Qo) Npry = Ja(r)b(r')
!
- Jab 5(T -7 )

and write the action in the form

_ 1 -a(Z') b(T') 1 a(z’) b(T') J Z_L(I z_ K 4/) z_
I=52"T jopen? 32 Koopen? (7) (7)
Zb(r')
i i a(t)b(t'
The equations of motion are: )b(7")

=K. S(r—1"
a(T) _ Cl(T) Ja(T)b(T') 67[ . a(7) K b(T') (z") ab ‘ )
fae = Tate) = a) PYCEI R a(r)b(r)?




) Zb()

_ a(r)
vy =4 Ka(z')b(z')

b(r
This equation holds for any Z "

(7) . .
Clb(r) q" Ka(f)b(fv) +— | Equations of motion
for operators ¢“(”)

Ka(z')b(z")

q,(r)=q" (1)K,

N

H = ;q“Kabqb

=K o(r—1")

. ., Symplectic inner product
[9.,H]=K,q is given by commutator

N

q,=q,.H] Heisenberg equations
of motion

We see that the basis vectors of phase space
satisfy the Heisenberg equations of motion for
"quantum’ operators




) Zb()

_ a(r)
vy =4 Ka(z')b(z')

b(r
This equation hold forany <2 i

(7) . .
Clb(r) q" K, oy | *——_ | Equations of motion
for operators g“*)

K

a(
That the operator equations hold for any z*?" " means

that coordinates and momenta are undetermined.

z'(r) = (x"(7), p"(7))
q.a — [qcz7f
We see that the basis ve

satisfy the Heisenberg e(  Classical solution Any trajectory
"quantum’ operators




Point particle action in "'superspace’

We introduce the generalized vector space
whose elements are:

ZA:(Zaaﬂ’a)a Za:(xﬂafﬂ)a ﬂ’a:(ﬂ“ﬂazﬂ)

7=z
A — —
QA:(qaﬂya)ﬂ qu:(qlu?qlu)9 ya:(yﬂﬂyﬂ)

coordinates basis elements .
symplectic orthogonal

Jab 0 ] part
O gab

(44935 =G4 = (

orthogonal metric

Let us consider a particle moving
in such space. Its worldline is given by:

z' =7(1)

parameter on the worldline




Example of a possible action

Z(/ — (ZIU,E#)
/1(1 _ (l,ujiy)
u=0,1,2,3

I/ :%Idr(ZAquBZB>S :%IdTZAGABZB

Jab = _']ba
gab — gba

I=1[de(zJ 2" +2'g,A")

In this term, z“ In this term, A
are commuting are anticommuting
coordinates. (Grassmann) coordinates.

Canonical momenta:




I=1[de(z"],2" +2'g,A")

x*, x* are commuting

AH, A# are Grassmannian

Canonical momenta:




Quantization

Operators

Similar relations hold
for barred quantities..

(5. 5]=0
A pVy=ist,, rpy =16,
(A 21=0, (P01 =0

a U —p
Altogether, we have . z" =(z",z")
~(z
a

Za ) pc(zZ) —> 261 s P ﬂ/a :(/1/1,/7_,'”)
2%, pM 2, pP 1=0,1,2,3

where the operators satisfy

(29, pi)=id", Commutators

s, plly=io,

Anticommutators




(2, py1=i6",
A ~A(A .
{ﬂ’aa pl() )}:lé‘ab
(z) _ 1 b
a)_z ab?

(1) _ 1

pa _jgabﬂ'a

S22 ]1=iJ”

%{ia,ib}:igab

But we see that the above operator equations are just
the relations for the basis vectors of the orthogonal
and symplectic Clifford algebra, provided that we
identify:

z' =(q",iq")

A" =(y",iy")

We se that "quantization’ is in fact the replacements
of the coordinates z“, A with the corresponding
basis vectors.

The only difference is in
the factor i in front of g




[ = %J‘dr (z°J 2" +Ag A")

— %J‘dr( zaqaqbz'b + Zayayb/ib)s

Basis vectors, entering the action, are "quantum operators’,
apart from the i in the relations

2= (q",ig"), A“=(@"i7")




qU — (qlu 96/1)9
Ve=usV)

I=1[de(z"],2" +A'g,A")

:d 2(2q,q,2" + A7, 1A ) _ _
ﬂ/!a _ (ﬁr,u’ﬁr,u)’ i!,u — é:,u _ v15(/1,/1 —l'iﬂ)

At =&Y = (A +iA")

[ dr (Z“Jabz'b + l'“g;bi'b)

En E+E,E

The above action is not complete. An additional term is needed.

I=}[dc2'G,,2"

78 _y 78 4 ABCZC replace with covariant derivative

I = %jdf ZAGAB(ZB + ABCZC) Generalized Bars action
(invariant under 7 -dependent
rotations of 74 )

In particular, this term gives:
particular, this term gives Mass comes from

ap,p"+pA"p, extra dimensions

Lagrange multipliers (contained in AAC)




Upon quantization, the classical constraint
H —
A"p,=0
becomes the Dirac equation:
T _
) Ap,¥=0
where A" = 7/7

Y can be represented

o
1) as acolumn ¥

2) as a function w(x",&")

N

* = y* can be represented

1) as matrices

2)as &, oYY

We also have ] # = i77” which can be represented

1) as matrices

2) as l'(gﬂ_a;)




From 0, :%(;/ﬂ +i7,)

éu :Ulz(j/lu _i771u)

we can build up spinors by taking a "'vacuum’
Q=[]6, which satisfies 6, Q=0
U

and acting on it by “creation’ operators & .

So we obtain a "Fock space’ basis for spinors:
$, = (1Q, HﬂQ, Hﬂ&VQ, HﬂVpQ, Q)

0;1 vpo

in terms of which any state can be expanded:
Y= Zl//‘:ﬂ%

With operators @ , 6 defined above, we can construct the
. u . .
spinors as the elements of a minimal left ideal of (C/(8). 5/1 1 (1“ _I.Zﬂ)
2 SRS

Taking all possible XaClia, suEh as g/, _ 17 (1" + I.Zﬂ)

0=00,.6,8 0 .86 r=01234

Y Ry ) o Hy ?

we obtain the Fock space basis for the whole (Cj(8).




Description of fields Orthogonal case
— g, 0(%) .
Y=y "h,, i=1,2; xeR’ or xeR"
Bicoy Py = Picyjiey  metric Picxyjixn = 0; 0(x —x)

New basis: 1
Ry =My +ihy,)

1 . Witt basis
Riiry = 55 (Mg =1 hyy)

W=y hg,+yVh, Mo Py = Py }
0

h(x)'h(x') - h*(x)'h*(x') -

Scalar product:

*(x)

(PY¥)s =0 e+ oo oy

(x)
vy > ) Both vectors bring the same
l//*(x)h*(x) — (| information about the state

(W)= ‘//*(X)h*(x)'h(x')‘//(x') = W*(X)p*(x)(x')‘//(x') - Idx v (X)p(x)

particular case

— . P
P (xyxxy = 5(\ o )
10(.\')*( x") - 10"‘(-\') (x")

Fermionic commutation
relations




Vacuum _
Q:Hh*(x) h*(X)Q—O

Y Q= l//(x)h () | The second part of W disappears

Y= l//(x)h +V/*(X)h*(x>

Let us consider a more general case:

YQ=(y, +y " h ) T W(X)(X)h(x)h(x) )€

This state is the infinite dimensional space analog
of the spinor as an element of a left ideal of
Clifford algebra

Reversed state:

(\P Q)i — O — QI(WO + W*(x) h *(X)(X')h

Then (g Oy wo =0 o
— O, x) (x") _ I, () (x)
=Qyw Vhy B W Q+ =200 0 T QL

Mg o +.00)

*(x ) *(x)"T ()

20y = B ey This acting on
vacuum gives 0




Vacuum _
Q:Hh*(x) h*(X)Q—O

Y Q= l//(x)h () | The second part of W disappears

Y= l//(x)h +V/*(X)h*(x>

Let us consider a more general case:

_ (x) (x)(x')

YQ=(y,+y " h,+y " hhy+ .. )Q
This state is the infinite dimensional space analog
of the spinor as an element of a left ideal of
Clifford algebra

We obtain a non vanishing form is we take the
reversed state

QWYY =y ™5 ™+

(P = QW = O (yy +y" Vo, +y
Then (g Oy wo =0 o
— Of,, ) (x) _ Iy, (x) (x")
=Qyw Vhy By Q+ =200 0 QL

scalar part

20y = B ey This acting on
vacuum gives 0




Symplectic case

] = J'df dx[i¢ (7. %) (7, x) — H] xeR Schroedinger field

1.3
xelR"

8_@ = Stueckelberg field

I=[drdx|Tig—H|=[drdx|(T1§-gIT)— H |

¢I(X) (¢(V) H(X)) i=1,2

[ = de' (&i(x)‘]i(x)j(x')¢j(x') - H)

Symplectic vector:

O = ¢k,

1(x)
i(x) ¢ k

2(x)
0 T ¢ kZ(x)

= ¢k ., + 117k

e (G

Symplectic inner product:

kz'(x) A k](x) z(x)j(x')

Bosonic commutation relations

basis vectors metric




Symplectic case

. 3 . .
- [aeaigooien ] | *<F
xeR"Y

a_L. N Stueckelber

¢ = (¢, 1), i=12

[ = jdr (&i(x)‘]i(x)j(x')¢j(x‘) - H)

Symplectic vector:

D = ¢Z(X)kl(x) ¢1(x)kl(x) 4 ¢
=k ., +] 1
¢ ¢(x) _arar_i_V(x)j&(x_xv)gij’
Symplectic inner product: 2m

0 1
Koy ANy = iy o g, —( j

1 0O

0 S(x—x")

basis vectors met _ (m* + 0'0,)0(x—x") 0 ]




Poisson bracket

{f(¢i(x)),g(¢i(x))}PB _ %f@ﬂx')%

In particular:  f =g, g=g¢'""

{¢k(x"),¢l(x'")} — JROMIG™ k) gl

_1 k( n) Z( vn)
:§|:k X ,k X :|

PB

The Poisson bracket of two classical fields
is equal to the symplectic metric.

On the other hand, the symplectic metric
is equal to the wedge product of basis vectors.

In fact, the basis vectors are quantum operators, and
satisfy the quantum canonical commutation relations

SLky(x),kp(x)] = 8(x —x") dx)=k,(x) ,

or [$(x), TI(x")] = iS(x — x) M(x) =i g, (x)




Discussion: Prospects for quantum gravity

"Matter’ configuration

a system of point particles x*

a (system) of branes Y HE)
etc.

Basis vectors hy,

Metric hM -hN =y
In Witt basis we have annihilation and creation operators:
s Py
| W) = (wavepacket profile) (] | #;,) | 0)
Expectation value !
(Wh, V) =h,)

Induced metric
VIRUIES PN

A compact notation

| for a configuration




| expect that in general we will obtain an induced metric
with non vanishing curvature.

Since spacetime is a subspace of a configuration space,
we will also obtain the metric of spacetime.

Curved spacetime metric originates from quantum configurations
of many “particle’ systems.



Conclusion

An action for a physical system can be written in the phase space form,
and it contains either the symplectic or the orthogonal form (or both).

The corresponding basis vectors satisfy either the fermionic
anticommutation relations or the bosonic commutation relations,
and satisfy the Heisenberg equations of motion.

Quantum operators are just the basis vectors of the phase space action.

The fact that basis vectors on the one hand are quantum operators,
and on the other hand they give metric, can be exploited in the
development of quantum gravity.

According to Feynman it is necessary to know several

different representations of the same physics.

We have pointed out how "quantization’ can be seen
from yet another perspective.



The idea that basis vectors are quantum operators can be found in a book

M. Pavsic: The Landscape of Theoretical Physics: A Global view;

From Point Particles to the Brane World and Beyond, in Search of a Unifying Principle
(Kluwer Academic, 2001)

where the orthogonal and symplectic cases are discussed.
Very promising is the description of gravity in terms of the Clifford algebra equivalent
of the tetrad field which simplifies calculations significantly.
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Space inversion of spinors revisited: A possible explanation of
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