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An exact solution for single electron states on mesoscopic rings with the Rashba coupling
and in the presence of external magnetic and electric fields is derived by means of a
unitary transformation. The transformation maps the model to a bare ring, which gives
the possibility of a very simple formulation of single or many electron problems. As an
example some exact results for spin and energy levels are presented.
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1. Introduction

In classical electronics, the electron charge is a fundamental resource, while in the
new branch of electronics, spintronics, the spin of electrons plays the central role.
There are several reasons for intense activity in this emerging field, promising better
performance with smaller power consumption.' Qubits represented with ordinary
spin of electrons seems to be a natural choice* and gated semiconductor devices
based on quantum dots and quantum wires configurations are believed to be one of
the most suitable candidates for the realization of quantum computers. However,
the main challenge is the possibility to manipulate spin of a single electron in the
absence of magnetic fields, which cannot be applied locally in a small region.

The application of devices using the spin—orbit interaction is a possible solu-
tion of this problem in semiconductor heterostructures.?®6 There are two types
of spin—orbit interaction present in such heterostructures, the Dresselhaus type” of
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interaction which emerges due to bulk inversion asymmetry of a crystal, and the
Rashba type of spin—orbit interaction® which is a consequence of structural inversion
asymmetry of confining potential of the two-dimensional electron gas. The strength
of the Rashba interaction can be tuned externally using voltage gates®'® which
makes this type of interaction suitable for spintronic devices. Most of proposals
for spintronic devices are based on a diverse range of two-dimensional semicon-
ductor structures with spin—orbit, electron—electron Coulomb, electron—phonon or
spin-spin interaction.n 117

Recently, a possible solution to the spin qubit manipulation was developed for a
linear quantum wire with time-dependent spin—orbit interaction and driven by ex-

1.18 By the virtue of the exact solution, one can con-

ternal time-dependent potentia
struct analytically the corresponding non-adiabatic non-Abelian Anandan phase!®
which opens the possibility of holonomic qubit transformations. Analytical solu-
tions enable exact analysis of arbitrary fast driving in one dimension with tunable
Rashba coupling — but due to the fixed axis of rotation, spin transformations on
the Bloch sphere are severely restricted.?’

Limitations posed by fixed axis of spin rotation in linear systems can be elim-
inated in quantum ring structures. These systems are still geometrically simple,
but exhibit a rich range of phenomena, for example a well-known Aharonov-Bohm
effect and persistent currents in magnetic fields,?"22 the Aharonov—Casher effect in
the presence of the spin—orbit interaction?3 2% or the spin geometric phase manipu-
lation.27-28 Recently, an exact solution for the time-dependent wavefunction propa-
gating around a quantum ring has been derived.?? Proposed arbitrary transforma-
tions on Bloch sphere are achieved by a segment propagation of Kramers-doublet
qubits using external driving potential and time-dependent Rashba coupling. Al-
though the first correct derivation of the Hamiltonian for electrons on a ring in
the presence of the Rashba interaction has been already derived a decade ago,?°
the analysis of these systems still represents an interesting challenge for analytical
approaches.

In this paper, we present the derivation of an exact unitary transformation which
maps the problem of a ring in the presence of the Rashba spin—orbit interaction and
in an external magnetic field to a simple bare ring without spin—orbit terms. The
transformation is composed of three steps and we show how these are related to the
symmetries of the ring. As an example of the application of the transformation, we
present exact results for energy levels and expectation value of spin for an electron
on the ring. It is also shown how the transformation can be applied for ring systems
with additional external electric potentials.2?

2. Symmetry Properties

Consider two-dimensional electron gas, described by the Hamiltonian with the
Rashba spin—orbit coupling ar and in the presence of magnetic field B, vector
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potential A and external confining potential V(r),

1
H:%(p—eA)Z—i—Ve(r)—f—aRa-ezx(p—eA)—f—%a-B, (1)

with the effective electron mass m, charge e, standard Pauli spin operator o, the
Landé factor g and Bohr magneton pup. This Hamiltonian can be simplified for the
use on a narrow ring of radius R, described by the polar angle ¢, leading to the
ring Hamiltonian3®

i

H = e(i0, + dm)” — ea () (104 + dm) + 2‘749(90) +bo. +V(p), (2)
with redefined parameters
_R? __ 2mRag _ upgB 9
GZWR27 QZT, b: 2 5 ¢m:%, (3)

where ¢g = h/e is the flux quantum and magnetic flux through the ring ¢ = § A -dr
is calculated as a contour integral of the vector potential around the ring. Effective
potential V() is obtained by mapping the external potential V. (r), defined in two
dimensions, to the ring.

Spin interaction is expressed by transformed Pauli matrices o, and o, which
are an angle-dependent linear combination of ordinary Pauli matrices o, and oy,

o,() = oz cosp + oy singp, @
0u(p) = —0ogsinp + oy cos .

In the absence of the potential V (), the Hamiltonian (Eq. 2) exhibits interesting
symmetry properties. Since the electric field, generating the Rashba coupling, is
perpendicular to the ring plane, the Hamiltonian is invariant with respect to the
rotation around the z-axis. It is important to note that this rotation consists of two
terms. A rotation in real space by angle (g is expressed as a shift of the coordinate
¢ by the shift operator T7(pg) = exp(—od,). However, the Hamiltonian is not
invariant under this transformation,

T (o) H ()T (p0) = H(p — o) # H(p) . (5)

To construct a complete shift transformation, also the spin rotation around the
z-axis should be added, Ul (¢g) = exp(—(¢o/2)0.). Combined transformation with
both operators T, (wo) = T (o) Ul (o) transforms the Hamiltonian to its original
form,

T (00)H () Trot(00) = H (yp). (6)

We note that this combined rotation is generated by the z-component of the total
angular momentum

ooz
4 o) = exp (-i755 ). )
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where the total angular momentum and the z-component are given by

J=L+s= —ih&pez—f—i—ga,
(8)

h
JZ:LZ+SZ:—ihaLP+§JZ.

The symmetry can therefore also be manifested by the commutator of the Hamil-
tonian and J,

[J2, H] = 0. (9)

Additionally, the Hamiltonian commutes also with the square of the total angular
momentum J,

3
J2=J.J=h (—82—2'028 +—>,
o (10)
[J2,H]=0.

3. Unitary Transformations

Seeking the solution of stationary Schrodinger equation corresponding to the Hamil-
tonian Eq. (2) is significantly simplified by applying an appropriate unitary trans-
formation to the Hamiltonian. The original equation

Hy(p) = EY(p), (11)
thus should be transformed to the equation
H'Y'(¢) = EY/(p) (12)
with the same energy, but with different Hamiltonian and eigenstates
H = UHUY, §/(¢) = Us(e). (13)

The transformation consists of three steps. First, we use the well-known Peierls
transformation U(l = exp(idm,p) to eliminate the magnetic flux

) 1
U¢HUT = —583; —iea |op(9)0, + 5(@(@) +bo, +V(p). (14)

Note that this transformation affects only the terms containing 0,,.
For the next step, we note that rotated Pauli matrices o, and o, can be ex-
pressed with the use of the spin rotation U}

ap(p) = Ul(p)ouUs(),
(15)
ao(p) = Ul(p)oyU:(p) -
The inverse transformation will therefore eliminate the ¢-angle dependence from
spin terms in the Hamiltonian

1 2
U.UsHUUT = e <i6¢ + 5@) — i€, 0y, + bo, + V()
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= ¢(i0,)? + 0y (—a0y + €0.) + b + i TV (). (16)

In the derivation of this last result, the following derivatives of rotated Pauli ma-
trices were applied

Op0p =0y, Op0p = —0,. (17)

The Zeeman term bo, remains unaffected due to the commutation of o, and U, ZT ,
as well as the potential term V' (¢), which is assumed spin independent.
The spin—orbit term of the Hamiltonian is now independent of ¢ and can there-

fore be eliminated by a spin rotation around a tilted axis3!

Ul = exp (i%aﬁ' , a=(—a,01). (18)
Emerged Hamiltonian, fully transformed using U = U,U, Uy, is then given by
1
H' =UHU" = —€d2 — ZeaQ + V() + bUno UL . (19)

Transformations U, and U, are depicted as spin rotations in Fig. 1. U, rotates spin
around the z-axis (red) for an angle v, = —¢ (purple) while U, rotates around the
direction « by angle v, = o1 + a2 (green). In the limiting case o = 0 the rotation
axes coincide and rotations cancel out.

In the absence of the Zeeman term, which now is ¢-dependent, the Hamilto-
nian has a very simple form with kinetic energy, angle-dependent potential and a
constant term. This means that if we are able to find the eigenstates ¢)'(¢) of a one-
dimensional system with particular external potential in the absence of the Rashba
coupling, the solution can be mapped to an eigenstate of the original Rashba ring,

D) = UM (¢). (20)

Fig. 1. (Color online) Schematic representation of transformations U, and U, as spin rotations.
U. (purple) rotates original spin frame (black) to a rotated frame (red), which is further rotated
by Ua (green) to the final frame (blue).
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4. Modified Boundary Conditions

However, the eigenstates are determined not only by the Hamiltonian, but also
by the boundary conditions. For the eigenstates of the Rashba ring Hamiltonian,
periodic boundary conditions apply

Yo +2m) = Y(p). (21)

Using Eq. (20), it is clear that the same does not hold for an eigenstate ¢’(¢) of
the transformed Hamiltonian. The transformation U must be taken into account,
leading to

Ut(0)¢'(0) = U'(2m)y' (27) . (22)
This expression can be simplified further using UT(0) = 1 and UJ(27) = —1,
W(0) = —e*men U (2m)y (2m). (23)

Since U[(2) is a spin operator, this boundary conditions will lead to nontrivial
spin properties of the eigenstates.

5. Eigenstates of Free Electrons: Energy and Spin Properties

As an example of the application of the formalism, we solve the Schrodinger equa-
tion for a ring without external potential and the Zeeman term. The transformed
Hamiltonian in this case is given by

L

H = —683) G (24)
The eigenstates have a form of plane waves with constant spinor
Vis () = €™Px (25)

Both the wave number £ and the spinor xi are determined by modified boundary
conditions,

_ eQi’T(‘i’m““)Ul(%r)x: =X, (26)
which is essentially the eigenstate problem for the operator U] (i)
UL(@0)xt = Asxi - (27)

Since U;ﬂ is a spin rotation operator, the eigenvalues are exponents of the rotation
angle and eigenspinors point into the direction of the rotation axis

Ag = 5900t = Ug(ﬂa)xs, tand, = —a. (28)

Spin quantum number takes values s = £1/2, corresponding to the basis spinor ys,
quantized in the z-direction with 1/2 =1 and —1/2 =|, respectively. ¢, = V1 + a?
is the Aharonov-Casher flux3233 and U, (d4) = exp(—i(J4/2)0,) is spin rotation
around the y-axis.
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Applying this result to Eq. (26),
e2i7r(¢nL+k+S¢a)X: _ X: ’ (29)

it becomes clear that the wave vector k also depends on s,
ks =7 — bm —5ba, Jj—1/2€Z. (30)

Here, we introduced a new quantum number j which takes half-integer values and
corresponds to the angular momentum of the eigenstates. Transformed eigenstates
are then

Wi (p) = eUmommstdey (31)

leading to original eigenstates

Vis(p) = U ()5, (0) = €7 UL(0)Uf (9a)xs - (32)

Note that the term ¢, in the exponent is cancelled out with the transformation
U(l and s¢, with Ul. If written by components, it is evident that this reproduces
known results from Refs. 32, 34-37. The corresponding eigenenergies are then

a2
Ejs=e¢ (k2 - T)

= c(j = 9m)? — 2es(j — Gm)da + 7 (33)

In the absence of magnetic flux, states are symmetric to time reversal, resulting
in Kramers degenerate pairs.?® In our case, these are states with opposite sign of
quantum numbers j and s, Ej = E_; _,. These states are depicted as solid lines
in Fig. 2, where energy of states is plotted as a function of the Rashba coupling.

én =0
¢m =015 ===

0 1 2 3 4 5

Fig. 2. (Color online) Eigenenergies Ejs of the Kramers doublets as a function of a: (j,s) =
+(1/2,1/2) in red, £(1/2, —1.2) in purple, £(3/2,1/2) in blue, +(3/2, —1/2) in green, +(5/2,1/2)
in black and £(5/2, —1/2) in orange colour. In the absence of magnetic flux (solid line), the energies
are degenerate, while in the presence of flux the energy of spin s = +1/2 is split (dashed line).
Spin of split energy levels is denoted by arrows = 1/2 and |= —1/2.
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When magnetic flux is added, time-reversal symmetry breaks and degeneracy is
lifted (dashed lines in same figure).

It is easy to verify that the eigenstates are also eigenstates of J, with eigenvalues
Jjh,

. 1 Iy
Jabse() = (i0, + 3. ) 90U

1 1\
=h <|:_] - 502} + 502) e J“’UZT(@)UJXS
= jhsz(w)' (34)

For the sake of completeness, we also calculate expectation values of the operator
J?, for which the eigenstates are 1,

Pusle) = (4 5) st (35)

Due to the structure of spin operators U and UJ, the eigenstates exhibit some
interesting spin properties. These are clearly demonstrated if local spin expectation

¢ W@

Si/h

Fig. 3. (a) Schematic representation of local expectation values of spin S;s on a ring with o = 0.5.
Orange arrows correspond to s = 1/2 and green to s = —1/2. (b) Radial and z-direction component
of local expectation values of spin as a function of the Rashba coupling for s = 1/2. The values
for s = —1/2 have opposite sign.
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value is calculated,

Sjs(p) = w}s(w)i—; ojs () - (36)

This quantity represents the expectation value of the spin of the system, if the
electron is strongly confined around the position . By applying unitary transfor-
mations, the local spin expectation value is not difficult to calculate,

$,0(6) = XU, (0)U-(0) U (@)U} (B
sh[cos(p) sin(¥y ) , sin(p) sin(dq ), cos(d4)] - (37)

The spin forms a crown-like structure, shown in Fig. 3(a). Due to the Rashba
coupling, the spins are tilted from the z-direction towards the centre of the ring for
s =1/2 and from —z away from the centre for s = —1/2, respectively. Radial and
z-component of local spin do not depend on angular momentum j, but only on the
Rashba coupling, as depicted in Fig. 3(b).

Ordinary expectation values of spin are calculated as an integral of S;s(¢) over

the coordinate . z- and y-components, proportional to sine and cosine of ¢, vanish
in the process and only the z-component remains finite
1 27

<Sj8> = 5_

9 Sjs()de = sh[0,0, cos(Va)] - (38)
T 0

6. Summary

We have presented a simple formalism for the analysis of electron properties on
rings with spin—orbit interaction and in the presence of external magnetic or electric
fields. The essence of the formalism is in the application of a unitary transforma-
tion, composed of three separate steps, where it is essential to introduce the total
angular momentum and to incorporate the boundary conditions consistently. As an
example, explicit expressions for the energy and spin of eigenstates of an electron on
a ring in the absence of electric fields are shown in agreement with known results.
It is then straightforward to apply the formalism — the unitary transformation
— also to systems where the electron is confined in additional external, possibly
time-dependent, potentials. After such a transformation, the Rashba coupling is in-
corporated into the transformation operators and eliminated from the model, which
can significantly simplify the formalism.??
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