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We analyse van der Waals interactions between a pair of dielectrically anisotropic plane-layered
media interacting across a dielectrically isotropic solvent medium. We develop a general formalism
based on transfer matrices to investigate the van der Waals torque and force in the limit of weak
birefringence and dielectric matching between the ordinary axes of the anisotropic layers and the
solvent. We apply this formalism to study the following systems: (i) a pair of single anisotropic layers,
(ii) a single anisotropic layer interacting with a multilayered slab consisting of alternating anisotropic
and isotropic layers, and (iii) a pair of multilayered slabs each consisting of alternating anisotropic and
isotropic layers, looking at the cases where the optic axes lie parallel and/or perpendicular to the plane
of the layers. For the first case, the optic axes of the oppositely facing anisotropic layers of the two
interacting slabs generally possess an angular mismatch, and within each multilayered slab the optic
axes may either be the same or undergo constant angular increments across the anisotropic layers.
In particular, we examine how the behaviors of the van der Waals torque and force can be “tuned”
by adjusting the layer thicknesses, the relative angular increment within each slab, and the angular
mismatch between the slabs. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4959282]

I. INTRODUCTION

van der Waals (vdW) forces exist between any pair
of bodies if their material polarizability di↵ers from the
background.1,3–6,41 Additionally, a vdW torque can appear
if these bodies display either an anisotropic shape or are
birefringent,27 i.e., their dielectric properties are di↵erent
along di↵erent principal dielectric axes, as is typically the case
with crystals such as quartz or crystallite structures such as
kaolinite.7 In dielectrically (or optically) anisotropic materials,
there is a special principal axis called the optic axis, which
coincides with the axis of symmetry of the dielectric ellipsoid
of the crystal (see Fig. 1). Dielectrically anisotropic materials
can be classified as either uniaxial or biaxial, depending on
whether the principal dielectric permittivities in the directions
perpendicular to the optic axis are, respectively, identical or
distinct.7,8

The dielectric anisotropy e↵ects were first addressed
in the Lifshitz theory of vdW interactions for isotropic
boundaries and anisotropic intervening material by Kats,9,10

while Parsegian and Weiss independently formulated the
non-retarded Lifshitz limit for vdW torques in the case of
two uniaxial half-spaces separated by another dielectrically
anisotropic medium.11 Later the complete Lifshitz result,
including retardation, for two dielectrically anisotropic half-
spaces with an intervening isotropic slab was obtained
by Barash.12–15 The general Lifshitz theory results for
the vdW interactions in stratified anisotropic and optically
active media with retardation e↵ects are algebraically
unwieldy,16 not permitting any final simplification.17 Further
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e↵orts in the investigation of the vdW torque between
a pair of single-layered dielectrically anisotropic slabs
include a one-dimensional calculation,18 calculations on two
ellipsoids with anisotropic dielectric function,19 a pair of
dielectric slabs with di↵erent conductivity directions,20 and a
quantum torque calculation for two specific uniaxial materials
(barium titanate and quartz or calcite).14,15 Experiments
have also been proposed to measure the vdW torque
using cholesteric liquid crystals.21 Apart from the dielectric
anisotropy, morphological anisotropy has been studied
between anisotropic bodies22–24 or even between surfaces
that have anisotropic decorations25,26 and the e↵ects of
dielectric vs. morphological anisotropy have been delineated
and compared.27

Dielectrically anisotropic multi-layered materials have
many examples, appearing in ceramics and clays, such as
kaolinite30 and computations of the vdW forces for multi-
layered systems are well-known in the literature.16,31–36,38 In
addition, many common minerals, e.g., micas, serpentine,
and chlorite to name a few, exist as di↵erent polytypes
di↵ering in layer-stacking configurations with repeated lateral
o↵sets and rotations between the neighboring layers.37 These
rotations of the layer orientations, implying also rotations
in the principal axes of the respective dielectric tensor,
implicate local long-range vdW torques between the building
blocks of the layered materials. These torques could play
a stabilizing role favoring certain type of polytype with,
e.g., ordered periodic layer sequence as opposed to random
stacking sequences. It is thus obviously important and
relevant to investigate the vdW torques corresponding to
such systems and the role it plays in the self-assembly and
stabilization of isolated single layers in crystallite structures,
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FIG. 1. A model system of layered slabs. Each slab may consist of one or
many uniaxial optically anisotropic layers, each with the same thickness b

0.
Within each slab and between every pair of adjacent anisotropic layers is a
layer of intervening isotropic (solvent) medium of thickness b. The slabs are
separated by a gap m of width d, which has the same dielectric properties
as the isotropic (solvent) medium. The space coordinates have been chosen
such that the x-axis is parallel to the optic axis (shown as the green unbroken
arrow) of the left-most layer of the right slab (denoted by B2, which we take
to be the reference layer), and the optic axis of the right-most layer of the left
slab has a relative angle ✓d. The optic axis undergoes a constant rotation of �✓
within each slab. Shown on the right is the dielectric ellipsoid corresponding
to layer B2. The geometric and optical anisotropies of the system should in
no way be conflated, as the geometric axis points in the z-direction whereas
the optic axes are perpendicular to z .

consisting of alternating dielectrically anisotropic crystal
and isotropic (solvent) layers. From the nanoscale materials
engineering side it is also of interest to create materials whose
interactions can be tuned by suitable modifications of the
internal structure,28,29 as in the case of materials composed
of layers of di↵erent but known optical properties whose
overall interaction behavior can be controlled by changing
the thicknesses and the optical anisotropies of the individual
layers.

In the present paper, our objective is to investigate the
vdW torque as well as the interaction force between a pair of
layered slabs, each composed of coplanar layers that alternate
between two distinct types of media: an optically anisotropic
material and an isotropic (solvent) material. Within each
layered slab, the optic axis undergoes a constant angular
increment across the anisotropic layers, while between the
slabs there is also a relative angular di↵erence between
the optic axes of the oppositely facing anisotropic layers.
The way is thus paved to explore how the behaviors of
the vdW torque and force change as one changes the
following parameters: (i) the thicknesses of the layers,
(ii) the angular dielectric increment within each slab, and
(iii) the relative dielectric angular di↵erence between the
slabs. Methodologically, our approach is a cross-pollination
of the ideas and methods of previous approaches to determine
the vdW torque between single-layered slabs and the transfer
matrix method of computing the vdW force between multi-
layered slabs.34,35 We shall delimit ourselves to the non-
retarded limit, i.e., the limit where the speed of light is
taken as e↵ectively infinite. This is a good approximation for
slabs that are separated by distances smaller than ⇠100 nm
lengthscale. Furthermore, if the system is at high temperature
(e.g., room temperature) and the intervening isotropic solvent
medium is water, at su�ciently large separations, the zero
Matsubara frequency term dominates over correction terms
coming from retardation e↵ects,1 and thus, the non-retarded
limit also provides a good approximation for the latter
regime.

In Sec. II, we describe our system and develop a general
formalism based on the method of transfer matrices. From
Secs. III–VI, we apply our formalism to illustrative, specific
examples, in the simplifying approximation (of Ref. 11)
that the dielectric anisotropy is weak and the dielectric
susceptibility along the ordinary axes of the uniaxial layers
matches the dielectric susceptibility of the solvent. We
examine in turn a system with two single uniaxial layers, a
single uniaxial layer interacting with a multilayered slab that
has all its optic axes aligned, a single uniaxial layer interacting
with a multilayered slab having rotating optic axes, and two
interacting multilayered slabs each with rotating optic axes.
In these systems, the optic axes lie in the plane parallel to
the layers. In Sec. VII, we reconsider the previous systems
but now with optic axes perpendicular to the plane of the
layers.

II. THE SYSTEM

Our model system (see Fig. 1) consists of a pair of
co-axial and co-planar slabs with an intervening medium m of
thickness d. The (solvent) medium m is dielectrically isotropic
with dielectric permittivity "

m

. On the other hand, the slabs
can either be single or multi-layered. The single-layered slab
is dielectrically anisotropic. In the multi-layered slab, there
are N + 1 dielectrically anisotropic layers (which we call type
B0) and N isotropic layers (which we call type B —this can be
an aqueous or non-aqueous solvent, as water or ethanol), the
layers alternating between dielectric anisotropy and isotropy.
For example, the B0-type layer could represent silicate and
the B-type layer could represent water in systems such as
kaolinite clays.30

A. Dielectric tensor

In terms of principal dielectric axes, the dielectric tensor
for each B-type layer is given by

"(prin)
B

= "
W

I, (2.1)

where "
W

is the dielectric permittivity of the isotropic medium
(which, e.g., for water has a static value of ⇠80"0 at 293 K,
and "0 is the vacuum permittivity), and I is the identity matrix.
Written in terms of principal axes, the dielectric tensor for the
reference B0-type layer is given by

"(prin)
B

0 =
*...,
"
B

0
x

0 0
0 "

B

0y 0
0 0 "

B

0
z

+///- , (2.2)

where the x and y directions lie in the plane of the layer,
and z is perpendicular to the plane of the layer, see Fig. 1
(where layer B2 is taken to be the reference layer). Taking
the dielectrically anisotropic material to be uniaxial and
defining the optic axis to be parallel to the x-axis, then
"
B

0
x

, "
B

0y = "B0z. If layer i is of type B0 (i.e., anisotropic)
and its optic axis is rotated relative to the optic axis of
the reference layer by an angle ✓

i

, we can express the
corresponding dielectric tensor as
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"(i)(✓
i

) =
*...,
"
B

0
x

cos2✓
i

+ "
B

0ysin2✓
i

("
B

0
x

� "
B

0y) sin ✓
i

cos ✓
i

0
("

B

0
x

� "
B

0y) sin ✓
i

cos ✓
i

"
B

0
x

sin2✓
i

+ "
B

0ycos2✓
i

0
0 0 "

B

0
z

+///- . (2.3)

If the ith layer is type B (i.e., isotropic), then "(i) = "
W

I.

B. van der Waals interaction free energy

To calculate the free energy of vdW interaction, we
employ the van Kampen-Nijboer-Schram method,1,39 in which
the electromagnetic field is represented as an ensemble
of harmonic oscillators described by the Helmholtz free
energy

F(T) = kBT
X

{! j}
ln(2 sinh(�~!

j

/2)), (2.4)

where T is the temperature, kB is the Boltzmann’s constant,
� = 1/kBT is the inverse temperature, and ~ = h/2⇡, where h
is the Planck’s constant. As the vdW interaction arises from
correlations of electromagnetic surface fluctuational modes,4
the sum only includes those mode frequencies!

j

that obey the
dispersion relation, which is in general a nonlinear equation in
!

j

. The task of computing F is however drastically simplified
by the use of the argument principle,1,3,39 via which the free
energy can be transformed to the following more manageable
form:

F(T) = kBT
1X

n=0

0

ln D(i⇠
n

), (2.5)

where the sum is over Matsubara frequencies, ⇠
n

= (2⇡kBT/~)n, the prime denotes that we have to multiply the
n = 0 term by a factor 1/2, and D(!

j

) = 0 is the dispersion
relation whose solutions are the mode frequencies !

j

.
In principle, D(!) is calculated from the full set of

Maxwell equations, but here we delimit ourselves to the
case of c ! 1 which corresponds to the non-retarded case
as discussed in detail in Refs. 11 and 39. (The retardation
actually enters only for separations on the order of 10-100 nm,
which is not the case we are interested in.) The frequency
summation comes from the poles of the ln(2 sinh(�!/2)), the
free energy of the harmonic oscillators, and is not a↵ected
by the non-retardation approximation. We now turn to the
evaluation of the dispersion relation.

Here it may be also worth mentioning a distinction
between (i) the non-retardation limit, i.e., c ! 1, which we
have taken, and (ii) the zero frequency limit, ! ! 0. Both
limits lead to vanishing right-hand sides in the Maxwell
equations (2.6). On the other hand, the zero frequency limit
leads to a static value for the dielectric function, and thus,
a dispersion relation with no frequency dependence that can
be reduced to (spatial) fluctuation determinant of the field
modes,2 whereas the dielectric function (and correspondingly
the dispersion relation) retains its frequency dependence in
the c ! 1 limit. For details, see the discussion in, e.g.,
Ref. 1.

C. Dispersion relation

The dispersion relation for the two-slab system can be
derived from the boundary conditions that the electromagnetic
surface modes have to satisfy. For a source- and current-free
system, Maxwell’s equations are given by

r ⇥H =
1
c
@D
@t

, r · D = 0, (2.6a)

� r ⇥ E =
1
c
@B
@t

, r · B = 0, (2.6b)

where D = " · E and B = µ ·H, where " and µ are the
dielectric and magnetic tensors. We assume that the dielectric
properties are anisotropic but the magnetic properties are
isotropic, so we will set µ = I, where I is the unit
matrix. For the case of slab geometry, it is known that
there are two sets of solutions to Maxwell’s equations,
viz., the TM and TE modes, describing the two di↵erent
polarizations of the electromagnetic wave. In what follows,
we shall consider only the TM mode contribution to the
vdW free energy and neglect the TE mode contribution,
as the e↵ect of dielectric anisotropy is present only in the
former.40

In the non-retarded regime, c ! 1, and the equations
governing the electric field become

@
a

("
ab

E
b

) = 0, (2.7a)
✏
abc

@
b

E
c

= 0. (2.7b)

Here a,b,c = 1,2,3 (or x, y, z) are Cartesian indices labeling
the directions in space, ✏

abc

is the completely antisymmetric
tensor, @

a

⌘ @/@x
a

, where x1 = x, x2 = y and x3 = z. Solving
these equations subject to boundary conditions in the slab
geometry leads to the TM mode. Owing to the curl-free
condition, we can also represent the electric field as the
gradient of a scalar potential ',

E = �r', (2.8)

whence we obtain

@
a

("
ab

@
b

') = 0. (2.9)

This has to be solved with respect to the boundary conditions
that both ' and (" · E)

z

are continuous across the interface
between every pair of adjacent layers. As the translational
symmetry is broken along the 3-direction, we can represent '
in terms of a two-dimensional Fourier transform,

'
i

(x?, z) =
⌅

du dv
(2⇡)2 ei(ux+v y) f

i

(z), (2.10)

where x? = (x, y), u, v are the momenta in the x and y
directions, and the subscript i labels the layer.39 Plugging this
into Eq. (2.9) gives
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@2
z

f
i

(z) � ⇢2
i

(✓
i

) f
i

(z) = 0. (2.11)

If layer i is an isotropic medium then ⇢
i

=
p

u2 + v2. On the
other hand, if layer i is dielectrically anisotropic with its optic
axis lying in the plane of the layer, then

⇢2
i

(✓
i

) ⌘
"(i)11u2 + 2"(i)12uv + "(i)22v

2

"
B

0
z

=
"
B

0
x

"
B

0
z

(u cos ✓
i

+ v sin ✓
i

)2

+
"
B

0y

"
B

0
z

(v cos ✓
i

� u sin ✓
i

)2, (2.12)

where "(i)
ab

denotes the ab element of the dielectric tensor in
Eq. (2.3). The solution to Eq. (2.11) is given by

f
i

(z) = A
i

e⇢iz + B
i

e�⇢iz. (2.13)

Continuity of ' and (" · E)
z

at the interface between layers i
and i + 1 demands

f
i+1(`i, i+1) = f

i

(`
i, i+1), (2.14)

"(i+1)
33 @

z

f
i+1(`i, i+1) = "(i)33@z f

i

(`
i, i+1), (2.15)

where z = `
i, i+1 is the position of the interface. These

equations lead to

*,
A
i+1

B
i+1

+- = �1
2

✓
1 +

"(i)33⇢i

"(i+1)
33 ⇢

i+1

◆ *,
e�(⇢i+1�⇢i)`i, i+1 �̄

i+1, ie�(⇢i+1+⇢i)`i, i+1

�̄
i+1, ie(⇢i+1+⇢i)`i, i+1 e(⇢i+1�⇢i)`i, i+1

+- *,
A
i

B
i

+- , (2.16)

where we have defined a reflection coe�cient describing the
dielectric discontinuity across the interface between layers i
and i + 1,

�̄
i+1, i ⌘

"(i+1)
33 ⇢

i+1 � "(i)33⇢i

"(i+1)
33 ⇢

i+1 + "
(i)
33⇢i

. (2.17)

Denoting the left-most layer of the slab on the left by the
index L, and the right-most layer of the slab on the right
by the index R, the dispersion relation is obtained from the
condition that A

R

= B
L

= 0. We are thus at liberty to ignore
the prefactor on the right-hand side (RHS) of Eq. (2.16) and
redefine amplitudes such that

*,
HA
i+1HB
i+1

+- = *,
e⇢i+1`i, i+1 0

0 e�⇢i+1`i, i+1
+- *,

A
i+1

B
i+1

+- , (2.18)

*,
HA
iHB
i

+- = *,
e⇢i`i�1, i 0

0 e�⇢i`i�1, i
+- *,

A
i

B
i

+- . (2.19)

We can write

*,
HA
i+1HB
i+1

+- = e⇢i(`i, i+1�`i�1, i)M
i+1, i · *,

HA
iHB
i

+- , (2.20)

where

M
i+1, i ⌘ *,

1 ��̄
i, i+1e�2⇢i(`i, i+1�`i�1, i)

��̄
i, i+1 e�2⇢i(`i, i+1�`i�1, i)

+- . (2.21)

We can further decompose M
i+1, i into the product of two

matrices,

M
i+1, i = D

i+1, i · Ti

, (2.22)

where

D
i+1, i ⌘ *,

1 ��̄
i+1, i

��̄
i+1, i 1

+- , (2.23)

T
i

⌘ *,
1 0
0 e�2⇢i(`i+1, i�`i, i�1)

+- . (2.24)

We can practically ignore the prefactor e⇢i(`i, i+1�`i�1, i) in
subsequent calculations because it does not a↵ect the

dispersion relation. By induction we can relate the coe�cientsHA
R

and HB
R

of the right-most layer to the coe�cients HA
L

andHB
L

(= 0) of the left-most layer, viz.,

*,
HA
RHB
R

+- = ⇥ · *,
HA
L

0
+- , (2.25)

where the overall transfer matrix ⇥ is given by

⇥ ⌘ D
R,P

N�1Y

i=0

T
i+1Di+1, i, (2.26)

where L corresponds to the i = 0 layer, and we have assumed
that there is a total of N + 1 layers in the system, of which
the end layers on the left and the right are semi-infinite. If we
consider the e↵ective interaction between two layered slabs
separated by a gap of isotropic medium of width d, then the
dispersion relation is given by

D(d,!) = ⇥11(d,!)
⇥11(d ! 1,!)

= 0, (2.27)

where ⇥11 is the 11 component of the transfer matrix. This
follows since both media (L) and (R) are semi-infinite and the
fields should decay far away from the dielectric boundaries,
and thus, HA

R

= 0 and HB
L

= 0. This can only happen if⇥11 ⌘ 0,
i.e., if Eq. (2.27) is valid. In Eq. (2.27) we have normalized
the dispersion relation by its value for infinitely separated
layers. According to the definition of the vdW free energy,
Eq. (2.5), this amounts to the same thing as subtracting
the bulk contribution from the complete free energy, with
the remainder obviously being just the vdW interaction free
energy.

D. Anisotropy factor

By writing

u = Q cos , v = Q sin , (2.28)

we can rewrite ⇢
i

(cf. Eq. (2.12)) in the simpler form,

⇢
i

= Q g
i

(✓
i

�  ), (2.29)
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where the e↵ects of dielectric anisotropic are now contained
inside the anisotropy factor g

i

. For isotropic, B-type media,
g
i

= 1, whilst for anisotropic, B0-type media, it is given by

g
i

(✓
i

�  ) ⌘
r
"
B

0y

"
B

0
z

+
"
B

0
x

� "
B

0y

"
B

0
z

cos2(✓
i

�  ). (2.30)

The two-dimensional integral measure becomes

du dv = Q dQ d . (2.31)

The preceding formal discussions will be fleshed out more
fully in Secs. III–VII, where we apply our formalism to
concrete examples.

III. TWO INTERACTING SINGLE
ANISOTROPIC LAYERS

We consider two co-axial parallel single layers B1 and B2
composed of an anisotropic material (for example, silicate),
each being of thickness b0, separated by an intervening
isotropic medium (for example water) of width d and dielectric
permittivity "

W

, and the media to the left of B1 and the right of
B2 are also isotropic and of the same dielectric permittivity "

W

(see Fig. 2). The optic axis of B2 is however rotated relative
to the optic axis of B1 by an angle ✓

B2 � ✓B1. Using transfer
matrices, we can express this setup by

*,
HA
RHB
R

+- = ⇥(ss) · *,
HA
L

0
+- , (3.1)

where the overall transfer matrix is given by

⇥(ss) ⌘ D
WB1TB1DB1WT

m

D
WB2TB2DB2W (3.2)

and the boundary condition that A
R

= 0 can be enforced via
the requirement that ⇥(ss)

11 = 0. The matrices are given by

D
WB1 ⌘ *,

1 ��̄
WB1

��̄
WB1 1

+- , (3.3)

D
WB2 ⌘ *,

1 ��̄
WB2

��̄
WB2 1

+- , (3.4)

T
B1 ⌘ *,

1 0
0 e�2Qb

0gB1
+- , (3.5)

FIG. 2. A pair of single anisotropic layers B1 and B2 of the same thickness b0
interacting across an intervening isotropic solvent medium m of thickness d.
The layers B1 and B2 are also bounded on the left and the right, respectively,
by the same solvent W .

T
B2 ⌘ *,

1 0
0 e�2Qb

0gB2
+- , (3.6)

T
m

⌘ *,
1 0
0 e�2Qd

+- , (3.7)

and D
B1W (D

B2W) corresponds to D
WB1 (D

WB2) with
�̄
WB1 (�̄

WB2) replaced by ��̄
WB1 (��̄

WB2). The reflection
coe�cients are given by

�̄
WB1 ⌘

1 � g
B1

1 + g
B1

, �̄
WB2 ⌘

1 � g
B2

1 + g
B2

, (3.8)

�̄
WB1 = ��̄B1W , �̄

WB2 = ��̄B2W . (3.9)

We assume that the anisotropic layers have the same
dielectric properties (apart from the orientation of the
optic axis) and are uniaxial (i.e., the dielectric property
along the optic axis is di↵erent from the dielec-
tric properties along the other two principal axes,
and the dielectric properties along the latter axes are
identical).

In addition, following Ref. 11, we adopt the simplifying
assumption that the dielectric permittivity along each of
the non-optic principal (i.e., ordinary) axes is equal to
the dielectric permittivity of the isotropic media: "

B1, y

= "
B1,z = "B2, y = "B2,z = "W and "

B1,x = "B2,x. A possible
realization where such a dielectric matching between
the ordinary axes of the anisotropic layer and the
solvent holds approximately is a stack of LiNbO3 layers
immersed in water at room temperature;42 both static
dielectric constants of the solvent and the anisotropic layer
along the ordinary axes are approximately 80 at room
temperature.43

Let us also define a quantity that characterizes the
anisotropy between the principal dielectric permittivities,
viz.,

�
n

⌘ "
B1,x(i⇠n)/"B1,z(i⇠n) � 1, (3.10)

where the subscript n reflects the dependence of the dielectric
anisotropy on the frequency. The anisotropy factors are then
expressible by

g
B1 =

q
1 + �

n

(cos(✓
B1 �  ))2, (3.11a)

g
B2 =

q
1 + �

n

(cos(✓
B2 �  ))2. (3.11b)

By using the matrices above, we can readily compute the 11
element of the overall transfer matrix. Its value is given in
Eq. (A1) of Appendix A.

A. Interaction between isotropic layers

As a check of consistency, let us consider layers
that are dielectrically isotropic (i.e., g

B1 = g
B2 = 1) and

�̄
WB1 = �̄WB2 = �̄WB1 = �̄WB2 ⌘ �̄; in this case, we have

(using Eq. (A1))

⇥(ss)
11 (d,!) = (1 � �̄2e�2Qb

0)2 � �̄2e�2Qd(1 � e�2Qb

0)2. (3.12)
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Using Eqs. (2.5) and (3.12), we find that the interaction free
energy per unit area is given by

G
ss

=
kBT
2⇡

0X

n

⌅ 1

0
dQ Q ln

⇥(ss)
11 (d, i⇠n)

⇥(ss)
11 (d ! 1, i⇠n)

=
kBT
2⇡

0X

n

⌅ 1

0
dQ Q ln


1 � �̄

2e�2Qd(1 � e�2Qb

0)2

(1 � �̄2e�2Qb

0)2
�
.

(3.13)

This agrees with previous results1,3,36 on an interacting pair
of dielectrically isotropic layers immersed in an isotropic
solvent.

B. Interaction between anisotropic layers

We return to Eq. (A1) and consider weak anisotropy, for
which �

n

⌧ 1, as is the case in materials with weak dielectric
anisotropies that include amongst others the calcite, whose
static dielectric susceptibility along the ordinary axes is 8.5
and that along the optic axis is 8 at room temperature.14 To
leading order we have

⇥(ss)
11 ⇡ 1 � �

2
n

16
e�2Qb

0

⇥
�
4e�2Qdsinh2(Qb0)cos2(✓

B1 �  )cos2(✓
B2 �  )

+ cos4(✓
B1 �  ) + cos4(✓

B2 �  )
�
. (3.14)

The corresponding interaction free energy per unit area is
given by

G
ss

=
kBT
4⇡2

0X

n

⌅
du dv ln

⇥(ss)
11 (d)

⇥(ss)
11 (d ! 1)

. (3.15)

For weak anisotropy, this leads to

G
ss

⇡ ��
2kBT

32⇡2

⌅ 2⇡

0
d 

⌅ 1

0
dQ Q e�2Q(b0+d)sinh2(Qb0)

⇥ cos2(✓
B1 �  )cos2(✓

B2 �  )

= � �
2kBT

2048⇡
(1 + 2 cos2(✓

B1 � ✓B2))

⇥
"

1
d2 �

2
(d + b0)2 +

1
(d + 2b0)2

#
, (3.16)

where we have defined �2 ⌘ 2
P0

n

�2
n

. For large separation
(d � b0), we have

G
ss

⇡ �3�2kBT(1 + 2 cos2(✓
B1 � ✓B2))(b0)2

1024⇡d4 , (3.17)

which corresponds to an attractive force per unit area that
decays with d�5, viz.,

F
ss

⇡ �3�2kBT(1 + 2 cos2(✓
B1 � ✓B2))(b0)2

256⇡d5 . (3.18)

For small separation (d ⌧ b0), we have

G
ss

⇡ ��
2kBT(1 + 2 cos2(✓

B1 � ✓B2))
2048⇡d2 , (3.19)

which corresponds to an attractive force per unit area that
decays with d�3, viz.,

F
ss

⇡ ��
2kBT(1 + 2 cos2(✓

B1 � ✓B2))
1024⇡d3 . (3.20)

This is in agreement with the result obtained by Parsegian and
Weiss11 in the case of non-retarded interaction. This agreement
comes about because two layers that are separated by a dis-
tance much smaller than their thicknesses e↵ectively resemble
a pair of thick slabs. Also, notably, the cos2(✓

B1 � ✓B2)
dependence on the relative anisotropy angle change signals
the material dielectric anisotropy e↵ect.27

C. van der Waals torque

We can now straightforwardly derive the vdW torque per
unit area ⌧, by applying the general definition

⌧ = � @G
@✓

d

, (3.21)

where ✓
d

⌘ ✓
B1 � ✓B2. We consider the weak anisotropy

regime and multi-layered slabs with a large number of B0-type
layers. From Eq. (3.16) we obtain the torque per unit area for
two interacting single layered slabs, ⌧

ss

,

⌧
ss

= ��
2kBT sin 2✓

d

1024⇡

"
1
d2 �

2
(d + b0)2 +

1
(d + 2b0)2

#
. (3.22)

For d � b0, the torque is approximately given by

⌧
ss

⇡ �3�2kBT(b0)2
512⇡d4 sin(2✓

d

), (3.23)

while for d ⌧ b0, the torque is approximated by

⌧
ss

⇡ � �2kBT
1024⇡d2 sin(2✓

d

). (3.24)

This latter limit is the same as that obtained by Parsegian and
Weiss11 in the limit of non-retardation, as two single layers
separated by a distance much smaller than their individual
thicknesses is approximately equivalent to two thick slabs.

Thus for both the vdW interaction free energy and
torque, there is a crossover in the scaling behavior with
separation from d�2 to d�4 as the separation increases
beyond a lengthscale set by the thickness of each anisotropic
layer. The vdW force is always attractive, owing to G

ss

being always negative (and growing in magnitude as the
separation decreases). On the other hand, the vdW torque
can change sign depending on ✓

d

. For 0 < ✓
d

< ⇡/2 and
⇡ < ✓

d

< 3⇡/2, ⌧
ss

< 0, which implies that the configuration
in which the optic axes of the two anisotropic layers
are aligned (or anti-aligned) is stable: any deviation from
alignment will generate an attractive torque that tends to
restore the two layers to the aligned configuration. For
⇡/2 < ✓

d

< ⇡ and 3⇡/2 < ✓
d

< 2⇡, ⌧
ss

> 0, which implies
that the configuration in which the optic axes are perpendicular
is unstable, as a slight deviation will bring about a repulsive
torque that drives the layers away from their initial angular
configuration.
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IV. SINGLE ANISOTROPIC LAYER INTERACTING
WITH MULTILAYER HAVING ALIGNED OPTIC AXES

Next, we consider a setup in which we have a semi-infinite
slab of the isotropic B-type medium, bounded on the right by
a single layer B1 made of anisotropic medium B0 (of thickness
b0), followed by a gap m of width d which is composed of
an isotropic B-type medium, and this is followed in turn by
N repeats of the B0-type layer (of thickness b0) and B-type
layer (of thickness b), with a final B0 layer that is followed
by a semi-infinite slab of the B-type medium (see Fig. 3).
The optic axis of the B0-type single layer on the left is
oriented at an angle ✓

d

with respect to the optic axis of the
left-most B0-type layer of the multilayered slab (the latter axis
being our reference axis), and the optic axis of every B0-type
layer inside the multilayered slab has the same orientation.
Mathematically, this setup is represented by the sequence of
transfer matrices,

*,
HA
RHB
R

+- = ⇥(sm) · *,
HA
L

0
+- , (4.1)

where ⇥(sm) is given by

⇥(sm) ⌘ AND
WB

0T
B

0D
B

0
W

T
m

D
WB1TB1DB1W . (4.2)

Here the matrix A describes a bilayer consisting of a B-type
layer and a B0-type layer,

A ⌘ D
WB

0T
B

0D
B

0
W

T
B

. (4.3)

Here D
WB

0 and D
WB1 describe the dielectric discontinuity at

the interfaces between the B and B0-type layers and are given
by

D
WB

0 ⌘ *,
1 ��̄

WB

0

��̄
WB

0 1
+- , (4.4)

D
WB1 ⌘ *,

1 ��̄
WB1

��̄
WB1 1

+- , (4.5)

�̄
WB1 ⌘

1 � g
B1(✓d �  )

1 + g
B1(✓d �  )

= ��̄
B1W , (4.6)

�̄
WB

0 ⌘ 1 � g
B

0( )
1 + g

B

0( ) = ��̄B0W , (4.7)

FIG. 3. A single anisotropic layer B1 of thickness b

0 interacts with a slab
composed of a sequence of alternating B

0-type (anisotropic) and B-type
(isotropic) layers, of thicknesses b0 and b, respectively, across an intervening
isotropic medium m of thickness d. The layer B1 and the slab are bounded
on the left and the right, respectively, by isotropic media W .

where g
B1 and g

B

0 are the anisotropy factors. For a system in
which "

B

0y = "B0z = "W , this is given by

g
B1 ⌘

q
1 + �

n

cos2(✓
d

�  ), (4.8a)

g
B

0 ⌘
q

1 + �
n

cos2 , (4.8b)

where we have defined

�
n

⌘ "
B

0
x

(i⇠
n

)/"
B

0y(i⇠n) � 1. (4.9)

The matrices T
B

and T
B

0 are related to the thicknesses of the
B-type and B0-type layers, respectively, and are given by

T
B

⌘ *,
1 0
0 e�2Qb

+- , (4.10)

T
B

0 ⌘ *,
1 0
0 e�2Qb

0gB0
+- . (4.11)

Similarly, T
B1 and T

m

are related to the thicknesses of the
layer B1 and the gap m,

T
B1 ⌘ *,

1 0
0 e�2Qb

0gB1
+- , (4.12)

T
m

⌘ *,
1 0
0 e�2Qd

+- , (4.13)

where

g
B1 ⌘

q
1 + �

n

cos2(✓
d

�  ). (4.14)

As before the boundary condition that A
R

= 0 can be enforced
via the dispersion relation: ⇥(sm)

11 = 0. The elements of the
matrix A are given by Eqs. (B1) of Appendix B.

The matrix product AN can be found using Abelès’
formula (see, e.g., Ref. 7), which gives

AN =
*.,

A(N )
11 A(N )

12

A(N )
21 A(N )

22

+/- , (4.15)

where

A(N )
11 ⌘

✓ A11p
|A|

U
N�1 �U

N�2

◆
|A

n

|N/2, (4.16a)

A(N )
12 ⌘ A12UN�1|A|(N�1)/2, (4.16b)

A(N )
21 ⌘ A21UN�1|A|(N�1)/2, (4.16c)

A(N )
22 ⌘

✓ A22p
|A|

U
N�1 �U

N�2

◆
|A|N/2. (4.16d)

Here U
N

are the Chebyshev polynomials, with U0 = 1 and
U

N

= 0 for N < 0, and for N > 0 they are given by

U
N�1 =

sinh N⇠
sinh ⇠

, (4.17)

where

⇠ ⌘ cosh�1
✓ A11 + A22

2
p
|A|

◆
. (4.18)

The above representation for Chebyshev polynomials is valid
for ⇠ > 1, which is the case as can be verified easily. For weak
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anisotropy, we can approximate ⇠ by

⇠ ⇡ Q(b + b0) + �n
2

Qb0cos2(✓
B

0 �  ). (4.19)

The vdW interaction free energy per unit area is then given in
the non-retardation limit by

G
sm

=
kBT
4⇡2

0X

n

⌅ 2⇡

0
d 

⌅ 1

0
dQ Q ln

⇥(sm)
11 (d)

⇥(sm)
11 (d ! 1)

=
kBT
4⇡2

0X

n

⌅ 2⇡

0
d 

⌅ 1

0
dQ Q ln(1 � �̄

WB1�̄
(e↵)e�2Qd).

(4.20)

Here we have defined an e↵ective dielectric reflection
coe�cient to characterize the alternating B0- and B-type
layers to the right of the intervening medium m,

�̄(e↵) ⌘
s0 + s1�̄WB

0 + s2�̄
2
WB

0

t0 + t1�̄WB

0 + t2�̄
2
WB

0

2e�Qb

0gB1 sinh(Qb0g
B1)

1 � �̄2
WB1

e�2Qb

0gB1
,

(4.21)

where coe�cients in the numerator are given in Eqs. (B3)
and coe�cients in the denominator are given in Eqs. (B4) in
Appendix B.

The formulas (4.20) and (4.21) are exact, which can be
used to determine the interaction free energy behavior for
arbitrary anisotropy strengths �

n

and number of layers N .
Equation (4.20) is also formally equivalent to a vdW free
energy of two interacting planar slabs, in which the e↵ect of
the multi-layeredness of the second slab only enters through
the e↵ective reflection coe�cient, �̄(e↵). The logarithmic form
of the free energy implies that it accounts for microscopic
many-body e↵ects to all orders. An expansion of the logarithm
to quadratic order in reflection coe�cients would correspond
to making a Hamaker pairwise-summation approximation.

A. van der Waals interaction free energy

For N � 1, we have U
N�1 ⇡ e(N�1)⇠, and thus, w ⇡ e�⇠.

For the case of weak anisotropy (�
n

⌧ 1), we have �̄
WB1

⇡ ��
n

cos2(✓
d

�  )/4 and �̄
WB

0 ⇡ ��
n

(cos )2/4, i.e., �̄
WB

0 is
of the order of �

n

and we can thus expand �̄(e↵) in powers of
�
n

. To leading order we find

�̄(e↵) ⇡ ��ncos2 e�Q(b0�b)sinh2(Qb0)
2 sinh(Q(b + b0)) . (4.22)

From Eq. (4.20) we then find that the interaction free energy
per unit area is given to the same order by

G
sm

⇡ � kBT
4⇡2

0X

n

⌅ 2⇡

0
d 

⌅ 1

0
dQ Q �̄

WB1�̄
(e↵)e�2Qd

= ��
2kBT(1 + 2(cos ✓

d

)2)
2048⇡(b + b0)2

"
 (1)

 
d

b + b0

!

� 2 (1)
 

d + b0

b + b0

!
+  (1)

 
d + 2b0

b + b0

! #
, (4.23)

where �2 ⌘ 2
P0

n

�2
n

,  (1)(z) ⌘ @ (z)/@z is the polygamma
function of order unity, and  (z) ⌘ �0(z)/�(z) is the digamma
function. We plot the behavior of G

sm

in Fig. 4. The interaction

FIG. 4. A single anisotropic layer interacting with a multilayer (weak
anisotropy and large N ): behavior of free energy per unit area Gsm

(Eq. (4.23)) with separation d for ✓d = 0, and (inset) behavior of torque per
unit area ⌧sm (Eq. (4.29)) with ✓d for d = 10b. Both behaviors are plotted
for the following values of b0: (i) b0= b (blue), (ii) b0= 2b (green, dashed),
and (iii) b0= 5b (red, dotted).

is less attractive if the thickness b of the B-type layers is large,
but becomes more attractive if the thickness b0 of the B0-type
layers is large. We can understand this as a manifestation
of the vdW attraction being generated by the dielectric
contrast between adjacent media. We have assumed that the
dielectric permittivity of the B-type medium is identical to
two of the principal permittivities of the anisotropic, B0-type
medium, whilst the latter medium has an extra principal
permittivity with a di↵erent value. Thus increasing b (b0)
implies a weakening (strengthening) of the e↵ect of the
dielectric contrast, and therefore the vdW attraction.

In the large separation limit (d � b + b0), we find

G
sm

⇡ ��
2kBT(1 + 2 cos2✓

d

)(b0)2
1024⇡(b + b0)d3 , (4.24)

which corresponds to a force per unit area that decays with
d�4 and is given by

F
sm

⇡ �3�2kBT(1 + 2 cos2✓
d

)(b0)2
1024⇡(b + b0)d4 . (4.25)

On the other hand, at small separations (d ⌧ b + b0), we find

G
sm

⇡ ��
2kBT(1 + 2 cos2✓

d

)
2048⇡d2 . (4.26)

This corresponds to a force per unit area which decays with
d�3 and is given by

F
sm

⇡ ��
2kBT(1 + 2 cos2✓

d

)
1024⇡d3 . (4.27)

As expected Eq. (4.26) agrees with Eq. (3.19), which
e↵ectively approximates the interaction behavior of two very
thick anisotropic B0-type slabs. In contrast to the case of
interacting single-layer B0-type plates, the behavior of G

sm

crosses over from d�2 decay at small separation to d�3 decay
at large separation. Thus, for a single-layer B0-type plate
interacting with a multilayered slab, the attraction at large
separation is stronger than that for a pair of interacting single-
layer B0-type plates.
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B. van der Waals torque

The van der Waals torque per unit area is given by

⌧
sm

= �@G
sm

@✓
d

. (4.28)

In the weak anisotropy regime and for large N , we can
compute ⌧

sm

from Eq. (4.23), obtaining

⌧
sm

⇡ ��
2kBT sin(2✓

d

)
1024⇡(b + b0)2

"
 (1)

 
d

b + b0

!

� 2 (1)
 

d + b0

b + b0

!
+  (1)

 
d + 2b0

b + b0

! #
. (4.29)

For large separation (d � b + b0), the torque is approximately
given by

⌧
sm

⇡ ��
2kBT(b0)2 sin(2✓

d

)
512⇡(b + b0)d3 . (4.30)

For small separation (d ⌧ b + b0), we find

⌧
sm

⇡ ��
2kBT sin(2✓

d

)
1024⇡d2 . (4.31)

In Fig. 4, we plot the behavior of the vdW torque as a function
of ✓

d

, for three di↵erent thicknesses b0. We see that the torque
becomes enhanced as b0 increases. This enhancement can be
understood as originating from the greater extent of dielectric
contrast that we have discussed above.

V. SINGLE ANISOTROPIC LAYER INTERACTING
WITH A MULTILAYER HAVING ROTATING OPTIC AXES

Having considered a single anisotropic layer interacting
with a multilayer in which the optic axes of all its anisotropic
layers are aligned, we now turn to the case where the optic
axes of the multilayer undergo angular increments of �✓ on
moving across the anisotropic, B0-type layers (see Figs. 1
and 5). In the language of transfer matrices, this system is
described by

*,
HA
RHB
R

+- = ⇥(sr) · *,
HA
L

0
+- , (5.1)

FIG. 5. A single anisotropic layer B1, oriented at angle ✓d, is of thickness
b

0 and interacts with a slab composed of a sequence of alternating B

0-type
and B-type layers, of thicknesses b

0 and b, respectively, across an inter-
vening isotropic medium m of thickness d. The layer B1 and the slab are
bounded on the left and the right, respectively, by isotropic media W . The
numbers 1, 2, . . .,N refer to the BB

0 bilayers, with optic axes oriented at �✓,
2�✓, . . .N�✓, respectively. The optic axis of the B

0-type layer immediately
to the left of bilayer 1 is oriented at zero angle.

where

⇥(sr) ⌘
8>><>>:

NY

j=1

A( j)
9>>=>>; D(0)

WB

0T(0)
B

0D(0)
B

0
W

T
m

D
WB1TB1DB1W ,

(5.2)

A( j) ⌘ D( j)
WB

0T
( j)
B

0D
( j)
B

0
W

T
B

, (5.3)

D( j)
WB

0 ⌘ *,
1 ��̄( j)

WB

0

��̄( j)
WB

0 1
+- , (5.4)

�̄( j)
WB

0 ⌘
1 � g( j)

B

0

1 + g( j)
B

0
, (5.5)

g( j)
B

0 ⌘
q

1 + �
n

cos2( j�✓ �  ), (5.6)

T( j)
B

0 ⌘ *.,
1 0

0 e�2Qb

0g ( j)
B0
+/- . (5.7)

As before, �
n

⌘ "
B

0
x

(i⇠
n

)/"
B

0y(i⇠n) � 1. The matrix product
is ordered in the following manner:

NY

j=1

A( j) ⌘ A(N ) · A(N�1) · · ·A(1), (5.8)

and D
WB1, T

B1, T
m

are defined by Eqs. (4.5), (4.12), and
(4.13). We set the orientation of the optic axis of the B0-type
layer immediately to the right of medium m to be at zero
angle, so ✓

d

is the relative orientation of this axis with respect
to the axis of slab B1. The values of the matrix elements of
A( j) are given in Eqs. (C1) of Appendix C. As in the case
of interacting single-layered slabs, the vdW interaction free
energy per unit area is given by

G =
kBT
4⇡2

0X

n

⌅
dQ Q

⌅
d ln

⇥(sr)
11 (d, i⇠n)

⇥(sr)
11 (d ! 1, i⇠n)

. (5.9)

The matrix ⇥(sr) involves a product over N matrices A( j), each
of which depends on the specific orientation of the optic axis
of the layer.

For a slab with a large number of layers, it is probably
not possible to obtain an exact closed-form result for the free
energy per unit area. We also do not have the benefit of Abelès’
formula which is valid only for the product of N identical
matrices. However it is still possible to obtain a relatively
simple expression for the case of weak anisotropy (� ⌧ 1),
where the expression involves a single momentum integral.
In the case where �✓ = 0, we will obtain a free energy
expression completely in terms of analytic functions, and
equivalent to the free energy expression we already obtained in
Sec. IV.

In what follows, we consider the weak anisotropy regime.
In this regime, we can approximate Eqs. (4.5), (4.14), (5.5),
and (5.6) by

�̄
WB1 ⇡ �

�
n

4
(cos(✓

d

�  ))2, (5.10)

g
B1 ⇡ 1 +

�
n

2
(cos(✓

d

�  ))2, (5.11)

�̄( j)
WB

0 ⇡ �
�
n

4
(cos( j�✓ �  ))2, (5.12)
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g( j)
B

0 ⇡ 1 +
�
n

2
(cos( j�✓ �  ))2. (5.13)

Similarly, we can approximate

A( j) ⇡ A0 + �A( j), (5.14)

where A0 and �A( j) are of zeroth and linear order in �
n

,
respectively, and we can make a corresponding linear-order
approximation to the matrix product

NY

j=1

A( j) ⇡ AN

0 + B, (5.15)

where B is a matrix of linear order in � and encodes the e↵ect
of the dielectric anisotropy,

B ⌘
NX

j=1

AN� j
0 �A( j)A j�1

0

= �A(N )AN�1
0 + A0�A(N�1)AN�2

0

+ · · · + AN�2
0 �A(2)A0 + AN�1

0 �A(1). (5.16)

The matrix elements of A0, �A( j), and B can be
computed and are given by Eqs. (C3)–(C5) of Appendix C.
We can rewrite ⇥rr in Eq. (5.2) in the following
form:

⇥(sr) = ⇥(R) · T
m

·⇥(L), (5.17)

where

⇥(R) ⌘
8>><>>:

NY

j=1

A( j)
9>>=>>; D(0)

WB

0T(0)
B

0D(0)
B

0
W

, (5.18a)

⇥(L) ⌘ D
WB1TB1DB1W . (5.18b)

The matrix elements of ⇥(R) and ⇥(L) are given in
Eqs. (C8) in Appendix C. The matrix element ⇥(sr)

11 is given
by

⇥(sr)
11 = ⇥

(L)
11 ⇥

(R)
11 + ⇥

(L)
21 ⇥

(R)
12 e�2Qd (5.19)

and the normalized dispersion relation is given by

⇥(sr)
11 (d, i⇠n)

⇥(sr)
11 (d ! 1, i⇠n)

= 1 � �̄(e↵)
WR

(i⇠
n

)�̄(e↵)
WB1

(i⇠
n

)e�2Qd, (5.20)

where the e↵ective reflection coe�cients correspond-
ing to the interfaces of the left and of the right
slabs with the intervening solvent medium are given
by

�̄(e↵)
WR

⌘
⇥(R)

12

⇥(R)
11

, �̄(e↵)
WB1
⌘ �
⇥(L)

21

⇥(L)
11

. (5.21)

In the weak anisotropy limit, these coe�cients can be further
approximated by

�̄(e↵)
WR

⇡ ��n
2

e�Qb

0
sinh(Qb0) cos2 

� �
n

e�Qb

0 sinh(Qb0)
8(cosh(2Q(b + b0)) � cos(2�✓))
⇥
⇥
cos(2(�✓ �  )) � e�2Q(b+b0) cos(2 )

+ e�2(N+1)Q(b+b0) cos(2(N�✓ �  ))
� e�2NQ(b+b0) cos(2((N + 1)�✓ �  ))

⇤
� �n

4
e�Q((N+1)b+(N+2)b0) sinh(Qb0)

⇥ sinh(NQ(b + b0))
sinh(Q(b + b0)) , (5.22a)

�̄(e↵)
WB1
⇡ ��n

2
e�Qb

0
sinh(Qb0)cos2(✓

d

�  ). (5.22b)

A. van der Waals free energy

The interaction free energy per unit area is then given by

G
sr

=
kBT
4⇡2

0X

n

⌅ 2⇡

0
d 

⌅ 1

0
dQ Q ln

⇥(sr)
11 (d, i⇠n)

⇥(sr)
11 (d ! 1, i⇠n)

=
kBT
4⇡2

0X

n

⌅
dQ Q

⌅
d ln(1 � �̄(e↵)

WB1
�̄(e↵)
WR

e�2Qd)

=
kBT
4⇡2

0X

n

⌅
dQ Q

⌅
d ln(1 � �̄

WB1�̄
(e↵)e�2Qd).

(5.23)

Using (5.22) and (5.10) we find for �̄(e↵)

�̄(e↵) = ��
n

e�2Qb

0(sinh Qb0)2(cos )2

� �
n

(sinh Qb0)2
4(cosh(2Q(b + b0)) � cos 2�✓)
⇥
⇥
e�2Qb

0
cos(2�✓ � 2 ) � e�2Q(b+2b0) cos 2 

+ e�2Q((N+1)b+(N+2)b0) cos(2N�✓ � 2 )
� e�2Q(Nb+(N+1)b0) cos(2(N + 1)�✓ � 2 )

⇤
� �n

2
e�Q((N+1)b+(N+3)b0)

⇥ (sinh Qb0)2 sinh(NQ(b + b0))
sinh(Q(b + b0)) . (5.24)

In the large N limit, the above simplifies to

�̄(e↵) (5.25)
⇡ ��

n

e�2Qb

0(sinh Qb0)2(cos )2

� �
n

(sinh Qb0)2
4(cosh(2Q(b + b0)) � cos 2�✓)
⇥
⇥
e�2Qb

0
cos(2�✓ � 2 ) � e�2Q(b+2b0) cos 2 

⇤
� �ne�Q(b+3b0)(sinh Qb0)2

4 sinh(Q(b + b0)) . (5.26)

For the case �✓ = 0, the above expression for �̄(e↵) reduces
to Eq. (4.22), as we expect. For weak anisotropy we can also
approximate the free energy per unit area to leading order by

G
sr

⇡ � kBT
4⇡2

0X

n

⌅
dQ Q

⌅
d �̄

WB1�̄
(e↵)e�2Qd. (5.27)
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In the large N limit, we find

G
sr

⇡ G
ss

+ �G
sr

, (5.28)

where G
ss

is the interaction free energy per unit area of two
thin single-layered slabs (cf. Sec. III), given by

G
ss

⌘ ��
2kBT(1 + 2(cos ✓

d

)2)
2048⇡

⇥
"

1
d2 �

2
(d + b0)2 +

1
(d + 2b0)2

#
, (5.29)

and �G
sr

is the correction from the additional layers of the
second slab, given by

�G
sr

⌘ � �2kBT
1024⇡(b + b0)2


 (1)

 
d + b + b0

b + b0

!

� 2 (1)
 

d + b + 2b0

b + b0

!
+  (1)

 
d + b + 3b0

b + b0

! �
� �

2kBT
256⇡

⌅
dQ Q

 e�2Qb

0(sinh Qb0)2 cos(2(�✓ � ✓
d

))
cosh(2Q(b + b0)) � cos 2�✓

� e�2Q(b+2b0)(sinh Qb0)2 cos(2✓
d

)
cosh(2Q(b + b0)) � cos 2�✓

�
e�2Qd. (5.30)

For the case where the optic axis of each layer in the second
slab is oriented at the same angle (i.e., �✓ = 0), the interaction
free energy per unit area admits of a closed-form expression,

G
sr

⇡ ��
2kBT(1 + 2(cos ✓

d

)2)
2048⇡

⇥
"

1
d2 �

2
(d + b0)2 +

1
(d + 2b0)2

#
� �

2kBT(1 + 2(cos ✓
d

)2)
2048⇡(b + b0)2


 (1)

 
d + b + b0

b + b0

!

� 2 (1)
 

d + b + 2b0

b + b0

!
+  (1)

 
d + b + 3b0

b + b0

! �
. (5.31)

As expected, this is in fact equivalent to Eq. (4.23), i.e., the
interaction free energy per unit area of a single anisotropic
layer interacting with a multilayer having optic axes all
aligned. On the other hand, as we progressively increase
the thickness of the isotropic, B-type layers within the
multilayered slab (i.e., let b! 1), we expect to recover
the interaction energy of two thin single-layered slabs; this
is indeed the case as we see from Eq. (5.30), in which the
correction �G

sr

! 0, and thus G
sr

! G
ss

.

B. van der Waals torque

Using Eqs. (5.28)–(5.30), we obtain the torque per unit
area ⌧

sm

for a single layered slab interacting with a multi-
layered slab,

⌧
sr

= ⌧
ss

+ �⌧
sr

, (5.32)

where

�⌧
sr

⌘ ��
2kBT

128⇡

⌅
dQ Q e�2Qb

0�2Qd

⇥ (sinh Qb0)2
cos 2�✓ � cosh(2Q(b + b0))
⇥ [sin(2(�✓ � ✓

d

)) + e�2Q(b+b0) sin(2✓
d

)]. (5.33)

FIG. 6. Single anisotropic layer interacting with multilayer having rotat-
ing optic axes (weak anisotropy, large N , and b

0= b): behavior of Gsr

(Eq. (5.28)) with d for ✓d = 0, and (inset) behavior of ⌧sr (Eq. (5.32)) with ✓d
for d = 10b0, for the following values of �✓: (i) �✓ = 0 (blue), (ii) �✓ = ⇡/10
(green, dashed), and (iii) �✓ = ⇡/2 (red, dotted). For comparison we have
shown ⌧ss for ✓d = 0 (black, dotted-dashed line; cf. Eq. (3.22)).

In Fig. 6, we consider the e↵ect of changing �✓ on the vdW
torque (inset) and the interaction free energy for the case where
✓
d

= 0. The vdW attraction is strongest and the torque has
the maximum amplitude for �✓ = 0, progressively becoming
weaker as �✓ increases to ⇡/2. We see that whilst the vdW
torque for �✓ = 0 (shown as the blue curve) is stronger than
that for two interacting single anisotropic layers (shown as the
black dotted-dashed curve), as we increase �✓ the vdW torque
weakens and can in fact become smaller than that for the
two single layers, as we see from the behavior for �✓ = ⇡/2
(shown as the red dotted curve).

We may intuitively understand this in the following
manner. For �✓ = 0, every anisotropic layer in the multilayer
will experience the same deviation of ✓

d

and hence a torque
with the same sign, so the overall torque that acts on the
multilayer is enhanced relative to that acting on a single
anisotropic layer. Conversely, for �✓ = ⇡/2, a perturbation of
✓
d

will cause half of the anisotropic layers in the multilayer
to experience an attractive torque and the other half to
experience a repulsive torque, so the overall torque acting
on the multilayer as a whole will be smaller than that acting
on a single layer. This overall torque is not however equal
to zero, because the magnitude of the torque is di↵erent for
layers at di↵erent positions, becoming smaller for the ones
that are farther away. For �✓ = 0 and �✓ = ⇡/2, the stable
(unstable) angular configurations are those for which ✓

d

= n⇡
(✓

d

= (n + 1
2 )⇡), where n is integer. Here we define the stable

(unstable) angular configuration as one for which the torque is
zero, and the multilayer experiences an attractive (repulsive)
torque when ✓

d

is perturbed. On the other hand, as we
increase �✓ from 0 to ⇡/2, the torque amplitude decreases and
additionally there is a “phase shift” as the angular positions of
the stable and unstable configurations take on values di↵erent
from n⇡ and (n + 1

2 )⇡.

VI. TWO INTERACTING MULTILAYERS
WITH ROTATING OPTIC AXES

We can straightforwardly generalize our results to the
case of two multilayered slabs interacting across an isotropic
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FIG. 7. Two multilayered slabs, each consisting of alternating B

0-type and B-type layers, interacting across an isotropic medium m of thickness d. The left
(right) slab has NL+1 (NR+1) B0-type layers, and the solvent (blue) and B

0-type (brown) layers in the left (right) slab have thicknesses a and a

0 (b and b

0),
respectively. The label jL ( jR) is an index for B0-type layers in the left (right) slab. In the right slab, the optic axis of the layer at jR = 0 is oriented at zero angle
and the orientation of the optic axis of each successive layer on the right is jR�✓. In the left slab, the optic axis of the layer at jL = 0 is oriented at ✓d and the
orientation of the optic axis of each successive layer on the left is ✓d� jL�✓. The two slabs thus have the same chirality, i.e., the optic axis rotates clockwise as
one moves from left to right.

medium. Let us consider a system consisting of two slabs
separated by a solvent medium of thickness d (Fig. 7). The
left (right) slab has N

L

+ 1 (N
R

+ 1) B0-type layers each of
thickness a0 (b0) and N

L

(N
R

) solvent layers each of thickness
a (b). The optic axis of the B0-type layer in the left (right)
slab immediately adjacent to the intervening medium is
oriented at an angle ✓

d

(0). For simplicity, we assume that the
dielectric properties of the B0-type layers in both slabs are the
same and represent the system in terms of transfer matrices,
viz.,

*,
HA
RHB
R

+- = ⇥(rr) · *,
HA
L

0
+- . (6.1)

Here

⇥(rr) ⌘
8>><>>:

NRY

j=1

A( j)
9>>=>>; D(0)

WB

0T(0)
B

0D(0)
B

0
W

T
m

· HD(0)
WB

0HT(0)
B

0HD(0)
B

0
W

8>><>>:
NLY

j=1

HA( j)
9>>=>>; (6.2)

with HA( j) ⌘ T
B

HD( j)
WB

0HT( j)
B

0HD( j)
B

0
W

, (6.3)

HD( j)
WB

0 ⌘ *,
1 �H�( j)

WB

0

�H�( j)
WB

0 1
+- , (6.4)

H�( j)
WB

0 ⌘
1 � Hg ( j)

B

0

1 + Hg ( j)
B

0
, (6.5)

and

Hg( j)
B

0 ⌘
q

1 + �
n

cos2(✓
d

� j�✓ �  ), (6.6)

HT( j)
B

0 ⌘ *.,
1 0

0 e�2Qa

0Hg ( j)
B0
+/- , (6.7)

HT
B

⌘ *,
1 0
0 e�2Qa

+- . (6.8)

Above, A( j), D( j)
WB

0, �̄
( j)
WB

0, g( j)
B

0 , and T( j)
B

0 are given by
Eqs. (5.3)–(5.7), respectively. The quantities D

WB1, T
B1, T

m

are defined by Eqs. (4.5), (4.12), and (4.13).

The matrix product
Q

NR
j=1 A( j) is ordered as in Eq. (5.8),

whereas
Q

NL
j=1

HA( j) is ordered in the contrary direction, viz.,

NLY

j=1

HA( j) ⌘ HA(1) · HA(2) · · · HA(NL). (6.9)

The matrix elements of HA( j) are given in Eqs. (D1) of
Appendix D. As in Sec. V we consider the weak anisotropy
regime. We can thus approximate

H�( j)
WB

0 ⇡ �
�
n

4
(cos(✓

d

� j�✓ �  ))2, (6.10)

Hg( j)
B

0 ⇡ 1 +
�
n

2
(cos(✓

d

� j�✓ �  ))2. (6.11)

Similarly, we can approximate

HA( j) ⇡ HA0 + �HA( j), (6.12)

where HA0 and �HA( j) are of zeroth and linear order in �
n

respectively, and we can make a corresponding linear-order
approximation to the matrix product

NLY

j=1

HA( j) ⇡ HANL
0 + HB, (6.13)

where HB is a matrix of linear order in �
n

,

HB ⌘ NLX

j=1

HA j�1
0 �HA( j)HANL� j

0

= �HA(1)ANL�1
0 + HA0 �HA(2)HANL�2

0

+ · · · + HANL�2
0 �HA(NL�1)HA0 + HANL�1

0 �HA(NL). (6.14)

The matrix elements of HA0 are given by Eq. (D2),
whilst �HA( j) and HB are given by Eqs. (D3) and (D4).
We can rewrite ⇥rr in Eq. (6.2) as the following matrix
product:

⇥(rr) = ⇥(R) · T
m

·⇥(L), (6.15)
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where

⇥(R) ⌘
8>><>>:

NRY

j=1

A( j)
9>>=>>; D(0)

WB

0T
(0)
B

0D
(0)
B

0
W

, (6.16a)

⇥(L) ⌘ HD(0)
WB

0HT(0)
B

0HD(0)
B

0
W

8>><>>:
NLY

j=1

HA( j)
9>>=>>; . (6.16b)

The matrix elements of ⇥(R) and ⇥(L) are given in
Eqs. (D6) in Appendix D. The matrix element ⇥(rr)

11 is given
by

⇥(rr)
11 = ⇥

(L)
11 ⇥

(R)
11 + ⇥

(L)
21 ⇥

(R)
12 e�2Qd, (6.17)

and the dispersion relation is given by

⇥(rr)
11 (d, i⇠n)

⇥(rr)
11 (d ! 1, i⇠n)

= 1 � �̄(e↵)
WR

(i⇠
n

)�̄(e↵)
WB1

(i⇠
n

)e�2Qd, (6.18)

where

�̄(e↵)
WR

⌘
⇥(R)

12 (i⇠
n

)
⇥(R)

11 (i⇠
n

)
, �̄(e↵)

WB1
⌘ �
⇥(L)

21 (i⇠n)
⇥(L)

11 (i⇠n)
. (6.19)

In the weak anisotropy regime, we find that �̄(e↵)
WR

and
�̄(e↵)
WB1

have the approximate values given by Eqs. (D7) of
Appendix D. In the limit of large N

L

and N
R

, these coe�cients
further simplify to

�̄(e↵)
WR

⇡ ��n
2

e�Qb

0
sinh(Qb0)cos2 

� �
n

e�Qb

0 sinh(Qb0)
8(cosh(2Q(b + b0)) � cos(2�✓))
⇥
⇥
cos(2(�✓ �  )) � e�2Q(b+b0) cos(2 )

⇤
� �ne�Q(b+2b0) sinh(Qb0)

8 sinh(Q(b + b0)) , (6.20a)

�̄(e↵)
WB1
⇡ ��n

2
e�Qa

0
sinh(Qa0)cos2(✓

d

�  )

� �
n

e�Qa

0 sinh(Qa0)
8(cosh(2Q(a + a0)) � cos(2�✓))
⇥
⇥
cos(2(�✓ � ✓

d

+  ))

� e�2Q(a+a0) cos(2(✓
d

�  ))
⇤

� �ne�Q(a+2a0) sinh(Qa0)
8 sinh(Q(a + a0)) . (6.20b)

A. van der Waals interaction free energy

The interaction free energy per unit area of the interacting
multilayered slabs is given by

G
rr

=
kBT
4⇡2

0X

n

⌅
dQ Q

⌅
d ln(1 � �̄(e↵)

WB1
�̄(e↵)
WR

e�2Qd)

⇡ � kBT
4⇡2

0X

n

⌅
dQ Q

⌅
d �̄(e↵)

WB1
�̄(e↵)
WR

e�2Qd

= ��
2kBT
8⇡2

⌅
dQ Q e�2Qd

⇥
h0 + h1 cos(2✓

d

)

+ h2 cos(2(�✓ � ✓
d

)) + h3 cos(2(2�✓ � ✓
d

))
⇤
, (6.21)

where as before �2 ⌘ 2
P0

n

�2
n

, and h0, h1, h2, and h3 are given
by Eqs. (D8) of Appendix D.

For the case where the optic axes within each multilayer
are all aligned (i.e., �✓ = 0), the free energy per unit area
simplifies to

G
mm

⌘ G
rr

(�✓ = 0) = ��
2kBT

512⇡
(1 + 2cos2✓

d

) J, (6.22)

with

J ⌘
⌅ 1

0
dQ Q e�2Qd f (Q), (6.23a)

f (Q) ⌘ eQ(a+b) sinh(Qa0) sinh(Qb0)
sinh(Q(a + a0)) sinh(Q(b + b0)) . (6.23b)

To find the asymptotic behavior of G
mm

, we note that
as Q ! 1, f (Q)! 1, and as Q ! 0, f (Q)! a0b0/
((a + a0)(b + b0)), i.e., f (Q) is always of the order of unity
(assuming that the thicknesses a, a0, b, and b0 are of
comparable order). The variation of the integrand of J is
thus determined by the behavior of Q exp(�2Qd), which is
peaked at Q = 1/2d. The dominant contribution to the integral
J thus comes from the modes with Q ⇠ 1/2d.

Hence for large d, the dominant mode contribution comes
from Q ⇠ 0, where J can be approximated by

J ⇡
⌅ 1

0
dQ Q

e�2Qda0b0

(a + a0)(b + b0) =
a0b0

4(a + a0)(b + b0)d2 , (6.24)

and thus

G
mm

⇡ � �
2kBT(1 + 2cos2✓

d

)a0b0
2048⇡(a + a0)(b + b0)d2 , (6.25)

which corresponds to a force per unit area that decays with
d�3, viz.,

F
mm

⇡ � �
2kBT(1 + 2cos2✓

d

)a0b0
1024⇡(a + a0)(b + b0)d3 . (6.26)

In the other limit where d is much smaller than the layer
thicknesses, f (Q) is dominated by Q ⇠ 1/2d, and thus we can
approximate

f (Q) ⇡
e
a+b
2d sinh( a02d ) sinh( b02d )

sinh( a+a02d ) sinh( b+b02d )
⇡ 1, J ⇡ 1

4d2 , (6.27)

and thus,

G
mm

⇡ ��
2kBT(1 + 2cos2✓

d

)
2048⇡d2 . (6.28)

This also corresponds to a force per unit area that decays with
d�3, which is given by

F
mm

⇡ ��
2kBT(1 + 2cos2✓

d

)
1024⇡d3 . (6.29)

Thus in both the large and small d limits, G
mm

decays as
d�2, and in the small d limit, G

mm

approximates to the value
of G

ss

, which is the free energy per unit area of two thick
anisotropic slabs, which is physically reasonable.

The behavior of the free energy per unit area for two
interacting multilayers is shown in Fig. 8. We see that
the attraction is strongest when �✓ = 0, and weakest when
�✓ = ⇡/2. Comparing with the analogous curves in Fig. 6,
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FIG. 8. Two interacting multilayers with rotating optic axes (weak
anisotropy, large N , and a

0= a = b0= b): behavior of Grr (Eq. (6.21)) with
d for ✓d = 0, and (inset) behavior of ⌧rr (Eq. (6.30)) with ✓d for d = 10b0, for
the following values of �✓: (i) �✓ = 0 (blue), (ii) �✓ = ⇡/10 (green, dashed),
and (iii) �✓ = ⇡/2 (red, dotted). For comparison we have shown ⌧ss for
✓d = 0 (black, dotted-dashed line; cf. Eq. (3.22)).

we also note that the vdW attraction for two interacting
multilayers is stronger than that for a single anisotropic layer
interacting with a multilayer. This behavior is consistent with
the idea that additional anisotropic layers (in the presence
of a multilayer) increase the extent over which dielectric
contrast occurs, thus contributing to an increase in the vdW
attraction.

B. van der Waals torque

From Eq. (6.21) we obtain the vdW torque per unit area
for two interacting multi-layered slabs, ⌧

mm

,

⌧
rr

= � kBT
4⇡2

⌅
dQ Q e�2Qd

⇥
h1 sin(2✓

d

)

+ h2 sin(2(✓
d

� �✓)) + h3 sin(2(✓
d

� 2�✓))
⇤
. (6.30)

For the case where the optic axes within each multilayer are all
aligned (i.e., �✓ = 0), the vdW torque per unit area simplifies
to

⌧
mm

⌘ ⌧
rr

(�✓ = 0) = �@G
mm

@✓
d

⇡ ��
2kBT sin(2✓

d

)J
256⇡

, (6.31)

where J is defined by Eq. (6.23a). Similar to the case of G
mm

,
we can again determine the asymptotic behavior of ⌧

mm

. For
large d, we find

⌧
mm

⇡ � �2kBT sin(2✓
d

)a0b0
1024⇡(a + a0)(b + b0)d2 , (6.32)

whereas for small d, we find

⌧
mm

⇡ ��
2kBT sin(2✓

d

)
1024⇡d2 . (6.33)

The behavior of the vdW torque is shown in Fig. 8.
Analogous to what we have observed for the vdW torque
between a single anisotropic layer and a multilayer in
Sec. V B, the vdW torque between two multilayers is also
strongest for �✓ = 0 and weakest for �✓ = ⇡/2, and such a
behavior can be similarly understood using the qualitative

explanations given in that section. If we compare with
the curves for the vdW torque in Fig. 6, we see that the
vdW torque for two multilayers is enhanced relative to that
for a single layer interacting with a multilayer if �✓ = 0,
and relatively reduced if �✓ = ⇡/2. Finally, we note that
the “phase shift” is more pronounced for the case of two
multilayers.

VII. OPTIC AXIS PERPENDICULAR TO PLANE
OF ANISOTROPIC LAYERS

We now turn our attention to the case where the optic
axis of each dielectrically anisotropic, uniaxial layer is
perpendicular (rather than parallel) to the plane of the layer,
and the layers are “stacked” co-axially as before. In this case
the optic axes of the anisotropic layers are all parallel, and
there is no vdW torque. The dielectric tensor in diagonal form
is given by

"(prin)
B

0 =
*...,
"? 0 0
0 "? 0
0 0 "k

+///- , (7.1)

where "? ("k) is the dielectric permittivity in a direction
perpendicular to (parallel with) the optic axis, and n labels the
Matsubara frequencies, ⇠

n

= 2⇡kBTn/~.
As in Sec. II B we start from the Laplace equation (2.9)

with Eq. (7.1), obtaining Eq. (2.11) with ⇢
i

=
p

u2 + v2 ⌘ Q
if layer i is the solvent, and ⇢

i

= ⇢
B

0 if the layer is B0-type,
where ⇢

B

0 is now given by

⇢
B

0 ⌘
r
"?
"k

Q. (7.2)

The reflection coe�cient for the dielectric discontinuity at the
solvent-B0-type interface can be found from Eq. (2.17), where
now

�̄
WB

0 =
"
W

Q � "k⇢B0
"
W

Q + "k⇢B0

=
1 � g

n

("?/"W)
1 + g

n

("?/"W)
⌘ �̄

n

, (7.3)

where g
n

⌘ ("k/"?)1/2 = ("
B

0
zz

/"
B

0
xx

)1/2. Similar to Ref. 11,
we make the simplifying assumption that "?,n = "W , from
which we obtain

�̄
n

=
1 � g

n

1 + g
n

. (7.4)

We can write g
n

= 1 + �g
n

, where �g
n

⌘ ("k/"?)1/2 � 1 is
a measure of dielectric anisotropy. For weak anisotropy
(�g

n

⌧ 1), �̄
n

can be approximated by

�̄
n

⇡ �1
2
�g

n

. (7.5)

A. Two interacting single layers

We first consider the case of two single uniaxial layers
of the same thickness b0, interacting across a solvent layer
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of thickness d. In this case the analogue of Eq. (3.2) is
given by

⇥(ss) ⌘ D
WB

0T
B

0D
B

0
W

T
m

D
WB

0T
B

0D
B

0
W

. (7.6)

In the above the matrices are given by

D
WB

0 ⌘ *,
1 ��̄

n

��̄
n

1
+- , (7.7)

where

T
B

0 ⌘ *,
1 0
0 e�2Qb

0g�1
n

+- , T
m

⌘ *,
1 0
0 e�2Qd

+- . (7.8)

We find

⇥(ss)
11 (i⇠n) = (1 � �̄2

n

e�2Qb

0/gn)2

� �̄2
n

(1 � e�2Qb

0/gn)2e�2Qd. (7.9)

The free energy per unit area is given by

G? =
kBT
2⇡

0X

n

⌅ 1

0
dQ Q ln

⇥(ss)
11 (d, i⇠n)

⇥(ss)
11 (d ! 1, i⇠n)

. (7.10)

Specializing to the weak anisotropy regime, i.e., �g
n

⌧ 1, we
can approximate the free energy per unit area by

G? ⇡ �
�g2kBT

64⇡

"
1
d2 �

2
(d + b0)2 +

1
(d + 2b0)2

#
, (7.11)

where �g2 ⌘ 2
P0

n

�g2
n

, and
P0

n

is a sum running from n = 0
to n = 1, but with the n = 0 multiplied by an additional
factor of 1/2. The corresponding force per unit area is
given by

F? ⇡ �
�g2kBT

32⇡

"
1
d3 �

2
(d + b0)3 +

1
(d + 2b0)3

#
. (7.12)

The decay behavior of G? is essentially the same as that of
two single layers with optic axes parallel to the plane of the
layers (cf. Eq. (3.15)).

If we consider the high temperature limit, such that
i⇠

n

! 0 (and " k,"? ! 1) for n , 0, then we can make
a convenient comparison with the case of two interacting
single anisotropic layers whose optic axes lie in the plane of
the layers, viz., Eq. (3.16). Let us write ↵ ⌘ ("opt/"nopt)1/2,
where "opt ("nopt) denotes the principal dielectric permittivity
along (perpendicular to) the optic axis, so that in the limit
of weak anisotropy, ↵ ⇡ 1. For a system where the optic
axis is parallel to the x-axis of (and parallel to the plane
of) the reference B0-type layer, ↵ = ("

B

0
xx,0/"B0zz,0)1/2, and

�2! �2
0 = (↵2 � 1)2 ⇡ 4(↵ � 1)2. On the other hand, for a

system where the optic axis is perpendicular to the plane
of the layer, which we take to be parallel to the z-axis,
↵ = ("

B

0
zz,0/"B0xx,0)1/2, and �g2! �g2

0 = (↵ � 1)2. Taking
G

ss

from Eq. (3.16) for the former system and G? from
Eq. (7.11) for the latter system, we find

G?
G

ss

!
32�g2

0

�2
0(1 + 2 cos2✓

d

)
=

8
1 + 2 cos2✓

d

. (7.13)

For weak anisotropy and at high temperature, two single
anisotropic layers thus attract each other more strongly when
their optic axes are oriented perpendicular to the plane of the
layers than when the optic axes are parallel to the plane.

B. Single layer interacting with multilayer

Next, we consider a single anisotropic layer interacting
with a stack of N + 1 anisotropic layers across an intervening
isotropic medium. The matrices⇥(sm) and A are still expressed
by the formulas (4.2) and (4.3), where now the matrices are
given by

D
WB

0 = D
WB1 ⌘ *,

1 ��̄
n

��̄
n

1
+- , (7.14a)

D
B

0
W

= D
B1W ⌘ *,

1 �̄
n

�̄
n

1
+- , (7.14b)

T
B

⌘ *,
1 0
0 e�2Qb

+- , (7.14c)

T
B

0 = T
B1 ⌘ *,

1 0
0 e�2Qb

0g�1
n

+- , (7.14d)

T
m

⌘ *,
1 0
0 e�2Qd

+- . (7.14e)

The elements of the matrix A
n

are given by

A11 = 1 � e�2Qb

0g�1
n �̄2

n

, (7.15a)

A12 = e�2Qb(1 � e�2Qb

0g�1
n )�̄

n

, (7.15b)

A21 = �(1 � e�2Qb

0g�1
n )�̄

n

, (7.15c)

A22 = e�2Qb(e�2Qb

0g�1
n � �̄2

n

), (7.15d)

and the determinant is

|A| = (1 � �̄2
n

)2e�2Q(b+b0g�1
n ). (7.16)

The matrix product AN can be found using Abelès’
formula (see, e.g., Ref. 1), which gives

AN =
*.,

A(N )
11 A(N )

12

A(N )
21 A(N )

22

+/- , (7.17)

where

A(N )
11 ⌘

✓ A11p
|A|

U
N�1 �U

N�2

◆
|A|N/2, (7.18a)

A(N )
12 ⌘ A12UN�1|A|(N�1)/2, (7.18b)

A(N )
21 ⌘ A21UN�1|A|(N�1)/2, (7.18c)

A(N )
22 ⌘

✓ A22p
|A|

U
N�1 �U

N�2

◆
|A|N/2. (7.18d)

Here U
N

are the Chebyshev polynomials that we already
encountered in Eq. (4.17). For weak anisotropy, we can
approximate ⇠ (defined in Eq. (4.18)) by
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⇠ ⇡ Q(b + b0) � �g
n

Qb0. (7.19)

We can compute ⇥(sm)
11 from Eq. (4.2). For weak anisotropy (�̄

n

⇡ ��g
n

/2 ⌧ 1) we find

⇥(sm)
11 (d, i⇠

n

)
⇥(sm)

11 (d ! 1, i⇠
n

)
⇡ 1 � �g2

n

sinh2(Qb0) e�2Qb

0�2Qd

1 � sinh((N�1)Q(b+b0))
sinh(NQ(b+b0)) e�Q(b+b0)

"
1 + e�2Q(b+b0) � e�Q(b+b0) sinh((N � 1)Q(b + b0))

sinh(NQ(b + b0))

#
. (7.20)

In the limit of large N , the above simplifies to

⇥(sm)
11 (d, i⇠

n

)
⇥(sm)

11 (d ! 1, i⇠
n

)
⇡ 1 � �g

2
n

sinh2(Qb0) e�2Qb

0�2Qd

1 � e�2Q(b+b0) . (7.21)

In the regime of weak anisotropy and for large N , the
interaction free energy per unit area is thus given by

G? =
kBT
2⇡

0X

n

⌅ 1

0
dQ Q ln

⇥(sm)
11 (d, i⇠

n

)
⇥(sm)

11 (d ! 1, i⇠
n

)

⇡ � �g2 kBT
64⇡(b + b0)2

"
 (1)

 
d

b + b0

!

� 2 (1)
 

d + b0

b + b0

!
+  (1)

 
d + 2b0

b + b0

! #
, (7.22)

where
P0

n

is a sum running from n = 0 to n = 1, but with
the n = 0 multiplied by an additional factor of 1/2, and
�g2 ⌘ 2

P0
n

�g2
n

. The corresponding force per unit area is
given by

F? ⇡
�g2 kBT

64⇡(b + b0)3

"
 (2)

 
d

b + b0

!

� 2 (2)
 

d + b0

b + b0

!
+  (2)

 
d + 2b0

b + b0

! #
, (7.23)

where  (2)(z) is the second derivative of the digamma function
 (z). The decay behavior of G? is qualitatively the same as
that for the corresponding system with optic axes all parallel
to the plane of the layers, in which the optic axes in the
multilayer are all aligned (cf. Eq. (4.23)).

In the high temperature limit we can compare the
strengths of the van der Waals attraction for the cases of
optic axes aligned parallel to the plane of the anisotropic
layers, viz., G

sm

from Eq. (4.23), and optic axes aligned
perpendicular to the plane of the layers, viz., G? from
Eq. (7.22). In this case, defining again ↵ ⌘ ("opt/"nopt)1/2,
we have �2! �2

0 ⇡ 4(↵ � 1)2 and �g2! �g2
0 = (↵ � 1)2. We

find

G?
G

sm

!
32�g2

0

�2
0(1 + 2 cos2✓

d

)
=

8
1 + 2 cos2✓

d

, (7.24)

i.e., the same value that we found in Eq. (7.13) for the case of
two interacting single anisotropic layers.

C. Two interacting multilayers

For the case of two interacting multi-layered slabs
separated by a solvent layer of thickness d, the corresponding

transfer matrix is given by

⇥(mm) = ⇥(R) · T
m

·⇥(L), (7.25)

where

⇥(R) ⌘ ANRD
WB

0T
B

0D
B

0
W

, (7.26a)

⇥(L) ⌘ D
WB

0HT
B

0D
B

0
W

HANL, (7.26b)
A ⌘ D

WB

0T
B

0D
B

0
W

T
B

, (7.26c)HA ⌘ HT
B

D
WB

0HT
B

0D
B

0
W

. (7.26d)

The matrices D
WB

0, D
B

0
W

, T
B

, T
B

0, and T
m

are introduced in
Eqs. (7.14), and the matrices HT

B

and HT
B

0 are defined by

HT
B

⌘ *,
1 0
0 e�2Qa

+- , (7.27a)

HT
B

0 ⌘ *,
1 0
0 e�2Qa

0g�1
n

+- . (7.27b)

The elements of matrix A are given in Eqs. (7.15), whilst
those of matrix HA are given by

HA11 = 1 � �̄2
n

e�2Qa

0g�1
n , (7.28a)HA12 = �̄n(1 � e�2Qa

0g�1
n ), (7.28b)HA21 = ��̄n(1 � e�2Qa

0g�1
n )e�2Qa, (7.28c)HA22 = (e�2Qa

0g�1
n � �̄2

n

)e�2Qa. (7.28d)

The corresponding determinant is

|HA| = (1 � �̄2
n

)2e�2Q(a+a0g�1
n ). (7.29)

As in Sec. VI, the matrix element ⇥11 is given by

⇥(mm)
11 = ⇥(L)

11 ⇥
(R)
11 + ⇥

(L)
21 ⇥

(R)
12 e�2Qd, (7.30)

from which we deduce

⇥(mm)
11 (d, i⇠

n

)
⇥(mm)

11 (d ! 1, i⇠
n

)
= 1 � �̄(e↵)

WR

(i⇠
n

)�̄(e↵)
WB1

(i⇠
n

)e�2Qd, (7.31)

where �̄(e↵)
WB1

and �̄(e↵)
WR

are the e↵ective reflection coe�cients
for the left and right slabs, defined by

�̄(e↵)
WR

⌘
⇥(R)

12

⇥(R)
11

, �̄(e↵)
WB1
⌘ �
⇥(L)

21

⇥(L)
11

. (7.32)
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For weak anisotropy, these coe�cients can be approximated
by

�̄(e↵)
WR

⇡ � �g
n

e�Qb

0 sinh(Qb0)
1 � e

�Q(b+b0) sinh((NR�1)Q(b+b0))
sinh(NRQ(b+b0))

⇥
"
1 + e�2Q(b+b0)

� e�Q(b+b0) sinh((N
R

� 1)Q(b + b0))
sinh(N

R

Q(b + b0))

#
, (7.33a)

�̄(e↵)
WB1
⇡ � �g

n

e�Qa

0 sinh(Qa0)
1 � e

�Q(a+a0) sinh((NL�1)Q(a+a0))
sinh(NLQ(a+a0))

⇥
"
1 + e�2Q(a+a0)

� e�Q(a+a0) sinh((N
L

� 1)Q(a + a0))
sinh(N

L

Q(a + a0))

#
. (7.33b)

For large N
L

and N
R

, we can approximate

�̄(e↵)
WR

⇡ � �gneQb sinh(Qb0)
2 sinh(Q(b + b0)) , (7.34a)

�̄(e↵)
WB1
⇡ � �gneQa sinh(Qa0)

2 sinh(Q(a + a0)) . (7.34b)

The interaction free energy per unit area is given by

G? =
kBT
2⇡

0X

n

⌅ 1

0
dQ Q ln(1 � �̄(e↵)

WB1
�̄(e↵)
WR

e�2Qd)

⇡ � �g
2kBT

16⇡

⌅ 1

0
dQ Q

eQ(a+b)�2Qd sinh(Qa0) sinh(Qb0)
sinh(Q(a + a0)) sinh(Q(b + b0)) .

(7.35)

Up to a prefactor this is the same free energy expression as
that for two interacting multilayers with optic axes parallel
to the plane of the layers, in which the optic axes in a given
multilayer are all aligned (cf. Eq. (6.22)). Thus using similar
arguments G? decays with d�2, and the corresponding force
F? decays with d�3.

For the case of high temperature, we can again compare
the van der Waals interaction strengths for the cases
of optic axes aligned perpendicular to the plane of the
anisotropic layers, i.e., G? from Eq. (7.35), and optic axes
aligned parallel to the plane of the layers, viz., G

mm

from
Eq. (6.22). Using ↵ ⌘ ("opt/"nopt)1/2, �2! �2

0 ⇡ 4(↵ � 1)2,
and �g2! �g2

0 = (↵ � 1)2, we find

G?
G

mm

!
32�g2

0

�2
0(1 + 2 cos2✓

d

)
=

8
1 + 2 cos2✓

d

, (7.36)

which is the same result that we found for the case of two
interacting single anisotropic layers, Eq. (7.13), and the case
of a single anisotropic layer interacting with an anisotropic
multilayer whose optic axes are all aligned, Eq. (7.24).

VIII. SUMMARY AND CONCLUSION

In this paper, we have studied the behavior of the
van der Waals (vdW) torque and interaction free energy

of dielectrically anisotropic layered media, in the regime of
weak dielectric anisotropy, no retardation, and where the
dielectric coe�cients of the ordinary axes of the uniaxial
crystal layers match the dielectric permittivity of the solvent
medium. In particular, we have examined the behavior
of the following three systems: (i) two interacting single
anisotropic layers, (ii) a single anisotropic layer interacting
with an anisotropic multilayered slab, and (iii) two interacting
anisotropic multilayered slabs. We have considered these
systems in the following two cases: (a) the optic axes lie in the
plane of the layers, and (b) the optic axes are perpendicular
to the plane of the layers. For case (a), we have considered
two further scenarios, one where all the optic axes of the
anisotropic layers in a given multilayer are aligned, and
the other where the optic axes undergo constant angular
increments �✓ across the multilayer.

We summarize our results for case (a) as follows. We
found that increasing the thicknesses of the anisotropic
layers has the e↵ect of increasing the magnitude of the vdW
interaction free energy and torque. Moreover, we found that
the vdW attraction is strongest for two interacting multilayers
and weakest for two interacting single anisotropic layers, for
all values of �✓. On the other hand, the amplitude of the
vdW torque is largest for two multilayers and smallest for two
single layers when �✓ = 0, but the torque amplitude is smallest
for two multilayers and largest for two single layers when
�✓ = ⇡/2. In addition, the angle ✓

d

(the relative orientation
between the optic axes of the oppositely facing anisotropic
layers of the two interacting layered media) at which the
layered media are in a stable (unstable) configuration of zero
overall torque is an integer (half-integer) factor of ⇡ for �✓ = 0
and �✓ = ⇡/2, but moves away from these values as we tune
�✓ from 0 to ⇡/2. We have also determined the asymptotic
behaviors of the vdW free energy and torque for the three
systems in the case where �✓ = 0. For separations that are
much larger than the thickness of each anisotropic layer, we
found that the free energy and torque decay as d�4 in the
case of system (i), d�3 in the case of (ii), and d�2 in the case
of (iii). On the other hand, if the separation is much smaller
than the layer thicknesses, the free energy and torque of all
three systems approach those corresponding to two very thick
anisotropic layers, decaying with d�2.

For case (b) (optic axes directed perpendicular to the
plane of the layers), we have found that the free energies
have the same decay behaviors as those in case (a). In the
high temperature limit, we have found that the free energies
for (b) are larger than those for (a) by the same factor, viz.,
8/(1 + 2 cos2✓

d

).
Although the vdW torque has been analysed and

calculated in di↵erent setups, a direct experiment — though
in principle feasible — is still sorely lacking.44,45 We believe
that multilayered systems, of the type analysed here, are
probably the most straightforward option for an experimental
confirmation of this less commonly appreciated feature of
vdW interactions. In particular, liquid crystalline arrays of
the smectic C* type should prove potentially relevant for this
endeavour as they can self-assemble from the solution and
their properties can be controlled by macroscopic fields. In
smectic C* arrays, the director makes a tilt angle with respect
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to the smectic layer that furthermore rotates from layer to layer
forming a helix, implying furthermore also rotating optic axes
that could be controlled by temperature or other external
fields and fine tuned for the di↵erent experimental setups.
This multilayer configuration would be in addition directly
describable by the formalism derived and developed above.

The approach and analysis described in this work opens
up further possible avenues of investigation. An obvious
extension would be to include the e↵ects of retardation,
though formally this could be quite demanding16 as even two
semi-infinite layers lead to very unwielding formulae.12,13,17

Another line of inquiry is to explore the e↵ects of random
disorder in the alignments of the optic axes on the vdW torque
and interaction in general, along similar lines as for the case of
a disordered isotropic dielectric function.46 Yet another area
of research can be to study the nanolevitation of plane-parallel
multilayers caused by vdW repulsion in real systems that
could be controlled by macroscopic external fields that would
manipulate the degree of anisotropy. In all these listed cases,
the compendium of results described in this work would be of
significant value.
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APPENDIX A: THE ELEMENT ⇥(ss)
11

Here we show the explicit formula for the element ⇥(ss)
11 ,

⇥(ss)
11 = 1 + e�2Qb

0gB1�̄
B1W �̄WB1

+ [e�2Qd�̄
B1W + e�2Q(d+b0gB1)�̄

WB1]�̄WB2

+
⇥
e�2Q(d+b0gB2)�̄

B1W + e�2Qb

0gB2�̄
WB2

+ e�2Q(d+b0(gB1+gB2))�̄
WB1

+ e�2Q(b0(gB1+gB2))�̄
B1W �̄WB2�̄WB1

⇤
�̄
B2W . (A1)

APPENDIX B: SINGLE ANISOTROPIC LAYER
INTERACTING WITH MULTILAYER HAVING
ALIGNED OPTIC AXES

The elements of the matrix A defined in Eq. (4.3) are
found to be

A11 = 1 � e�2Qb

0gB0�̄2
WB

0, (B1a)

A12 = e�2Qb(1 � e�2Qb

0gB0)�̄
WB

0, (B1b)

A21 = �(1 � e�2Qb

0gB0)�̄
WB

0, (B1c)

A22 = e�2Qb(e�2Qb

0gB0 � �̄2
WB

0), (B1d)

and the determinant is

|A| = (1 � �̄2
WB

0)2e�2Q(b+b0gB0). (B2)

The coe�cients in the numerator of �̄(e↵) in Eq. (4.21) are
given by

s0 ⌘ �e�2Qb

0gB0A12, (B3a)

s1 ⌘ 2(w
p
|A| � A11) e�Qb

0gB0 sinh(Qb0g
B

0), (B3b)
s2 ⌘ A12, (B3c)

and the coe�cients in the denominator are given by

t0 ⌘ w
p
|A| � A11, (B4a)

t1 ⌘ 2A12e�Qb

0gB0 sinh(Qb0g
B

0), (B4b)

t2 ⌘ (A11 � w
p
|A|)e�2Qb

0gB0. (B4c)

In the above w ⌘ U
N�2/UN�1.

APPENDIX C: SINGLE ANISOTROPIC LAYER
INTERACTING WITH MULTILAYER HAVING
ROTATING OPTIC AXES

The elements of the matrix A( j) in Eq. (5.3) are given as
follows:

A( j)
11 = 1 � e�2Qb

0g ( j)
B0(�̄( j)

WB

0)2, (C1a)

A( j)
12 = e�2Qb(1 � e�2Qb

0g ( j)
B0)�̄( j)

WB

0, (C1b)

A( j)
21 = �(1 � e�2Qb

0g ( j)
B0)�̄( j)

WB

0, (C1c)

A( j)
22 = e�2Qb(e�2Qb

0g ( j)
B0 � (�̄( j)

WB

0)2), (C1d)

and the determinant is

|A( j)| = (1 � (�̄( j)
WB

0)2)2e�2Q(b+b0g ( j)
B0). (C2)

The matrix elements of A0, �A( j), and B introduced Eqs. (5.14)
and (5.15) are given as follows:

A0,11 = 1, A0,12 = A0,21 = 0, A0,22 = e�2Q(b+b0), (C3)

�A( j)
11 = 0, (C4a)

�A( j)
12 = �

�
n

2
(cos( j�✓ �  ))2e�Q(2b+b0) sinh(Qb0), (C4b)

�A( j)
21 =

�
n

2
(cos( j�✓ �  ))2e�Qb

0
sinh(Qb0), (C4c)

�A( j)
22 = ��n(cos( j�✓ �  ))2Qb0e�2Q(b+b0), (C4d)

B11 = 0, (C5a)

B12 = �
�
n

2
eQb

0�2NQ(b+b0) sinh(Qb0)

⇥V
N

(�Q(b + b0),�✓, ), (C5b)

B21 =
�
n

2
e�Qb

0
sinh(Qb0)V

N

(Q(b + b0),�✓, ), (C5c)

B22 = �
�
n

2
Qb0 e�2NQ(b+b0)(N + P

N

(�✓)). (C5d)

In the above, the functions V
N

(t,�✓, ) and P
N

(�✓) are
defined by
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V
N

(t,�✓, ) ⌘
NX

j=1

(cos( j�✓ �  ))2e�2(N� j)t

=
1

4(cosh 2t � cos 2�✓)
⇥
e2t cos(2(N�✓ �  ))

� cos(2((N + 1)�✓ �  ))
� e�2(N�1)t cos 2 

+ 2e�(N�1)t(cosh 2t � cos 2�✓) sinh Nt
sinh t

+ e�2Nt cos(2(�✓ �  ))
⇤
, (C6)

P
N

(�✓) ⌘ 2
NX

j=1

(cos( j�✓ �  ))2 � N

= cos((N + 1)�✓ � 2 ) sin N�✓
sin �✓

, (C7)

where V
N

can be verified, e.g., by setting �✓ = 0 and  = 0
and evaluating the sum on the LHS and the formula on the
RHS, and seeing that they agree.

The transfer matrix elements in Eqs. (5.18) are given
by

⇥(R)
11 = 1 � B12�̄

(0)
WB

0 + (B12 � �̄(0)
WB

0)�̄(0)
WB

0e
�2Qb

0g (0)
B0, (C8a)

⇥(R)
12 = �̄

(0)
WB

0(1 � B12�̄
(0)
WB

0) + (B12 � �̄(0)
WB

0)e�2Qb

0g (0)
B0, (C8b)

⇥(R)
21 = B21 � (AN

0,22 + B22)�̄(0)
WB

0

+ �̄(0)
WB

0(AN

0,22 + B22 � B21�̄
(0)
WB

0)e�2Qb

0g (0)
B0, (C8c)

⇥(R)
22 = (AN

0,22 + B22 � B21�̄
(0)
WB

0)e�2Qb

0g (0)
B0

+ �̄(0)
WB

0(B21 � (AN

0,22 + B22)�̄(0)
WB

0), (C8d)

⇥(L)
11 = 1 � �̄2

WB1
e�2Qb

0gB1, (C8e)

⇥(L)
12 = (1 � e�2Qb

0gB1)�̄
WB1, (C8f)

⇥(L)
21 = �(1 � e�2Qb

0gB1)�̄
WB1, (C8g)

⇥(L)
22 = e�2Qb

0gB1 � �̄2
WB1

. (C8h)

APPENDIX D: TWO INTERACTING MULTILAYERS
WITH ROTATING OPTIC AXES

The matrix elements of HA( j) in Eq. (6.3) are given by

HA( j)
11 = 1 � e�2Qa

0Hg ( j)
B0(H�( j)

WB

0)2, (D1a)

HA( j)
12 = (1 � e�2Qa

0Hg ( j)
B0)H�( j)

WB

0, (D1b)

HA( j)
21 = �e�2Qa(1 � e�2Qa

0Hg ( j)
B0)H�( j)

WB

0, (D1c)

HA( j)
22 = e�2Qa(e�2Qa

0Hg ( j)
B0 � (H�( j)

WB

0)2). (D1d)

The elements of the matrix HA0 in Eq. (6.12) are given byHA0,11 = 1, HA0,12 = HA0,21 = 0, HA0,22 = e�2Q(a+a0), (D2)

whilst those of matrices �HA( j) (Eq. (6.12)) and HB (Eq. (6.14))
are given by Eqs. (D3) and (D4),

�HA( j)
11 = 0, (D3a)

�HA( j)
12 = �

�
n

2
(cos(✓

d

� j�✓ �  ))2e�Qa

0
sinh(Qa0), (D3b)

�HA( j)
21 =

�
n

2
(cos(✓

d

� j�✓ �  ))2e�Q(2a+a0) sinh(Qa0), (D3c)

�HA( j)
22 = ��n(cos(✓

d

� j�✓ �  ))2Qa0e�2Q(a+a0), (D3d)

HB11 = 0, (D4a)HB12 = �
�
n

2
e�Qa

0
sinh(Qa0)

⇥V
NL(Q(a + a0),�✓,✓

d

�  ), (D4b)HB21 =
�
n

2
eQa

0�2NLQ(a+a0) sinh(Qa0)

⇥V
NL(�Q(a + a0),�✓,✓

d

�  ), (D4c)HB22 = �
�
n

2
Qa0 e�2NLQ(a+a0)(N

L

+ HP
NL(�✓)). (D4d)

In the above, the functions V
N

(t,�✓, ) are defined by Eq. (C6),
and HP

N

(�✓) is defined by

HP
N

(�✓) ⌘ 2
NX

j=1

(cos(✓
d

� j�✓ �  ))2 � N

= cos(2✓
d

� (N + 1)�✓ � 2 ) sin N�✓
sin �✓

. (D5)

The matrix elements of ⇥(R) and ⇥(L) in Eqs. (6.16) are given
by

⇥(R)
11 = 1 � B12�̄

(0)
WB

0 + (B12 � �̄(0)
WB

0)�̄(0)
WB

0e
�2Qb

0g (0)
B0, (D6a)

⇥(R)
12 = �̄

(0)
WB

0(1 � B12�̄
(0)
WB

0) + (B12 � �̄(0)
WB

0)e�2Qb

0g (0)
B0, (D6b)

⇥(R)
21 = B21 � (ANR

0,22 + B22)�̄(0)
WB

0

+ �̄(0)
WB

0(ANR
0,22 + B22 � B21�̄

(0)
WB

0)e�2Qb

0g (0)
B0, (D6c)

⇥(R)
22 = (ANR

0,22 + B22 � B21�̄
(0)
WB

0)e�2Qb

0g (0)
B0

+ �̄(0)
WB

0(B21 � (ANR
0,22 + B22)�̄(0)

WB

0), (D6d)

⇥(L)
11 = 1 + HB21H�(0)

WB

0 � H�(0)
WB

0(HB21 + H�(0)
WB

0)e�2Qa

0Hg (0)
B0, (D6e)

⇥(L)
12 =

HB12 + H�(0)
WB

0(HANL
0,22 +

HB22)

�H�(0)
WB

0(HB12H�(0)
WB

0 + HANL
0,22 +

HB22)e�2Qa

0Hg (0)
B0, (D6f)

⇥(L)
21 = �H�(0)

WB

0(1 + HB21H�(0)
WB

0) + (HB21 + H�(0)
WB

0)e�2Qa

0Hg (0)
B0, (D6g)

⇥(L)
22 = (HANL

0,22 +
HB22 + HB12H�(0)

WB

0)e�2Qa

0Hg (0)
B0

�H�(0)
WB

0(HB12 + (HANL
0,22 +

HB22)H�(0)
WB

0). (D6h)

In the above, the values of B12, B21, and B22 are given by
Eqs. (C5) with N ! N

R

. In the weak anisotropy regime, the
e↵ective reflection coe�cients �̄(e↵)

WR

and �̄(e↵)
WB1

defined by
Eq. (6.19) can be approximated by
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�̄(e↵)
WR

⇡ ��n
2

e�Qb

0
sinh(Qb0)cos2 � �

n

e�Qb

0 sinh(Qb0)
8(cosh(2Q(b + b0)) � cos(2�✓))

⇥
cos(2(�✓ �  )) � e�2Q(b+b0) cos(2 )

+ e�2(NR+1)Q(b+b0) cos(2(N
R

�✓ �  )) � e�2NRQ(b+b0) cos(2((N
R

+ 1)�✓ �  ))
⇤

� �n
4

e�Q((NR+1)b+(NR+2)b0) sinh(Qb0) sinh(N
R

Q(b + b0))
sinh(Q(b + b0)) , (D7a)

�̄(e↵)
WB1
⇡ ��n

2
e�Qa

0
sinh(Qa0)cos2(✓

d

�  ) � �
n

e�Qa

0 sinh(Qa0)
8(cosh(2Q(a + a0)) � cos(2�✓))

⇥
cos(2(�✓ � ✓

d

+  ))

� e�2Q(a+a0) cos(2(✓
d

�  )) + e�2(NL+1)Q(a+a0) cos(2(N
L

�✓ � ✓
d

+  ))

� e�2QNL(a+a0) cos(2((N
L

+ 1)�✓ � ✓
d

+  ))
⇤
� �n

4
e�Q((NL+1)a+(NL+2)a0) sinh(Qa0) sinh(N

L

Q(a + a0))
sinh(Q(a + a0)) .

(D7b)

The coe�cients h0, h1, h2, and h3 of G
rr

in Eq. (6.21) are given by

h0 ⌘
⇡eQ(a+b) sinh(Qa0) sinh(Qb0)

32 sinh(Q(a + a0)) sinh(Q(b + b0)) , (D8a)

h1 ⌘
⇡e�Q(a0+b0) sinh(Qa0) sinh(Qb0)(e2Q(a+a0) � 2 cos(2�✓))(e2Q(b+b0) � 2 cos(2�✓))

64(cos(2�✓) � cosh(2Q(a + a0)))(cos(2�✓) � cosh(2Q(b + b0))) , (D8b)

h2 ⌘
⇡e�Q(a0+b0)(e2Q(a+a0) + e2Q(b+b0) � 4 cos(2�✓)) sinh(Qa0) sinh(Qb0)

64(cos(2�✓) � cosh(2Q(a + a0)))(cos(2�✓) � cosh(2Q(b + b0))) , (D8c)

h3 ⌘
⇡e�Q(a0+b0) sinh(Qa0) sinh(Qb0)

64(cos(2�✓) � cosh(2Q(a + a0)))(cos(2�✓) � cosh(2Q(b + b0))) . (D8d)

For the case where the optic axes within each slab are all
aligned (i.e., �✓ = 0), we obtain

h1 + h2 + h3 =
⇡eQ(a+b) sinh(Qa0) sinh(Qb0)

64 sinh(Q(a + a0)) sinh(Q(b + b0)) (D9)

which combined with Eq. (6.21) yields Eq. (6.22).
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