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18 Abstract Charged systems with partially annealed charge disorder are investigated using
19 field-theoretic and replica methods. Charge disorder is assumed to be confined to macroion
20 surfaces surrounded by a cloud of mobile neutralizing counterions in an aqueous solvent.
21 A general formalism is developed by assuming that the disorder is partially annealed (with
22 purely annealed and purely quenched disorder included as special cases), i.e., we assume
23 in general that the disorder undergoes a slow dynamics relative to fast-relaxing counterions
24 making it possible thus to study the stationary-state properties of the system using methods
25 gsimilar to those available in equilibrium statistical mechanics. By focusing on the specific
26 case of two planar surfaces of equal mean surface charge and disorder variance, it is shown
27 that partial annealing of the quenched disorder leads to renormalization of the mean surface
28 charge density and thus a reduction of the inter-plate repulsion on the mean-field or weak-
29 coupling level. In the strong-coupling limit, charge disorder induces a long-range attraction
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51 resulting in a continuous disorder-driven collapse transition for the two surfaces as the dis-
52 order variance exceeds a threshold value. Disorder annealing further enhances the attraction
53 and, in the limit of low screening, leads to a global attractive instability in the system.

54

55  Keywords Classical charged systems - Like-charge attraction - Charge disorder - Partial

56 annealing
57

58
59 1 Introduction

60

61 Interaction of charged macromolecules (macroions) is essential for soft and biological ma-
62 terials in order to maintain their complex structure and distinct functioning. In many cases,
63 charge patterns along macromolecular surfaces are inhomogeneous and exhibit a highly dis-
64 ordered spatial distribution. DNA microarrays [1, 2], surfactant-coated surfaces [3—6], ran-
65  dom polyelectrolytes and polyampholytes [7, 8] present examples of such disordered charge
66 distributions. The charge pattern can be either set and quenched in the process of assembly
67  of these surfaces, or can exhibit various degrees of annealing when interacting with other
68 macromolecules in aqueous solutions. Disorder annealing in charged systems may result
69 from different sources; e.g., finite mobility and mixing of charged units (lipids and proteins)
70 in lipid membranes [9], conformational rearrangement of DNA chains in DNA microarrays
71 [1, 2] and charge regulation of contact surfaces bearing weak acidic groups in aqueous so-
72 Tutions [10-12], to name a few, all lead to annealing effects. In reality, one may deal with a
73 more complex situation where the surface charge pattern displays an intermediate character
74 [3-6] and thus may neither be considered as purely quenched (i.e., with fixed random spatial
75 distribution) nor as purely annealed (i.e., thermally equilibrated with the bulk solution).

76 Charge disorder appears to produce electrostatic features that are remarkably differ-
77 ent from those found in non-disordered systems. Mounting experimental evidence shows
78 that like-charged phospholipid membranes and fluid vesicles, which primarily contain mo-
79 bile surface charges, may undergo aggregation and fusion in the presence of multivalent
80  cations [9]. A similar behavior is observed with negatively charged mica surfaces exposed
81 to a solution of positively charged surfactants [3-6]; here formation of a random mosaic of
82 surfactant patches on apposing surfaces (after the surfactant is adsorbed from the bathing
83 solution onto the surfaces) leads to a long-range attraction and thus a spontaneous jump to
84 a collapsed state. Although this behavior is akin to the transition to the primary minimum
85 within the standard DLVO theory of weakly charged systems [13, 14], the attractive forces at
86 work here exceed the universal van-der-Waals forces [15] incorporated in the DLVO theory
87 by a few orders of magnitude [3-6].

88 In fact, the emergence of an instability is not captured by the standard theories of charged
89 gystems that incorporate static, non-disordered charge distributions for macromolecular sur-
%  faces. These theories cover both mean-field [13, 14, 16] or weak-coupling limit (including
91 the Gaussian-fluctuations correction around the mean-field solution [17-19]) as well as the
92 strong-coupling (SC) limit [20-24], where the central theme is the absence or emergence of
98 electrostatic correlations induced by neutralizing counterions in the system that give rise to
94 attractive interactions between like-charged objects. Both uniform [13, 14, 16, 22] as well as
9 modulated [25, 26] charge distributions have been considered in this context. In the mean-
%  field regime, like-charged objects always repel. While the opposite limit of strong coupling
97 (realized, e.g., with high valency counterions, highly charged macroions, low medium di-
98 electric constant or low temperature [20-22]) is dominated by correlation-induced attractive

99 forces that can bring two apposing like-charged surfaces to very small separation distances.
100
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101 At small separations, however, a universal repulsion due to the confinement entropy of in-
102 tervening counterions sets in and stabilizes the system in a closely packed bound state with
103 a finite surface-surface separation [20-22]. This is true even for surfaces of opposite (un-
104 equal) uniform charge distribution [27]. Therefore, other mechanisms have to be at work
105 that would lead to attractions strong enough to counteract such repulsive forces and lead to
106 collapse or instability in a system of charged macroions. One such mechanism we propose is
107 the disorder of the charge distribution along macromolecular surfaces that turns out to be as
108 significant as the counterionic correlations and could provide a new paradigm in the theory
109 of charged soft matter.

110 Previous studies of charge disorder on macromolecular surfaces have investigated both
1m types of quenched [7, 8, 28-31] and annealed [7, 8, 30-36] disorder (including, specifically,
112 the classical work on charge-regulating surfaces [10—12]). They mainly deal with situations
113 where the system is in equilibrium and, on the question of electrostatic interaction [34—
114 36], focus primarily on the weak-coupling regime, where disordered surfaces of equal mean
15 charge always repel and no collapse or instability arises.' A systematic analysis of quenched
116 disorder effects is presented in the previous works of two of the present authors [28, 29],
117 where it was shown that not only can electrostatic interactions between like-charged objects
118 turn from repulsive to attractive due to counterionic correlations, but also the disorder of the
119 surface charge itself can give rise to an additive long-range attraction. This is most clearly
120 demonstrated by attraction induced between disordered surfaces of zero mean charge but
121 with a finite variance of the disordered charge distribution [29]. In the SC limit, the quenched
122 disorder-induced attraction may be so strong that it can dominate the entropic repulsion at
123 small separations and continuously shrink the SC surface-surface bound state [20-22] upon
124 increasing the quenched disorder variance, predicting thus a continuous collapse transition
125 between a stable and a collapsed phase beyond a threshold disorder variance [28]. Since the
126 experimental situation may be more complex [3-6], and it might not allow for straightfor-

127 ward differentiation of the charge pattern into purely quenched and purely annealed cases,
128 we next set ourselves to explore possible effects from partial annealing of the surface charge.
129 If there is a fingerprint of the partially annealed surface charge disorder on the nature and
180 magnitude of surface interactions, this would help in assessing whether the experimentally
131 observed interactions can be interpreted in terms of disorder-induced interactions or not.
132 This is the motivation with which we venture on this exploration.

138 In this paper, we present a general formalism for charged systems with partially an-
134 nealed disorder by invoking field-theoretic and replica methods. We then focus on the case
185 of two interacting planar charged surfaces as a model system and examine explicitly the
136 effects of disorder on the inter-surface interaction in this system. Partially annealed disorder
87 in general arises when a coupled motion of slow and fast variables (corresponding here to
138 surface charges and counterions, respectively) is present in the system. It represents a non-
139 equilibrium situation, whose investigation requires suitable methods. The previously stud-
140 jed cases of static, non-disordered surface charge distribution [20-22] as well as quenched
41 [28] and annealed surface charge distribution follow as special cases from our formalism.
42 In the SC limit, we find that the system of two like-charged planar surfaces with neutral-
143 jzing counterions becomes globally unstable upon annealing the quenched surface charge
144

145

146 1A notable exception in the course of previous studies of quenched disorder, which however will not be
147 considered here, is the case where dielectric discontinuities at bounding surfaces (or the presence of salt
in between the bounding surfaces) are taken into account [29]. In this case attraction emerges even in the
weak-coupling regime. Another and similar situation in which weak-coupling instabilities may arise is when
149 membrane undulations are allowed; see, e.g., [16, 37-39].

150

148
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151 and collapses into contact regardless of other system parameters due to strong attractive
152 forces from the annealing effects. Hence, the quenched phase behavior is not stable against
153 small annealing perturbations and is dramatically changed. However, stability may be re-
154 stored in this system by adding a finite amount of added salt that screens out the long-range
155 Coulomb interactions. In this case, we recover the continuous collapse transition between
156 a stabilized closely packed bound state of the two surfaces and a collapsed state where the
157 surfaces are in contact. This is qualitatively similar to the purely quenched case [28]. How-
158 ever, the partially annealed bound state shows a significantly larger attraction and a smaller
159 optimal surface separation as compared to the quenched case. In other words, allowing for
160  rearrangements of the macroion charges leads to configurations of lower free energy. Since
161 the present formalism is quite general, we shall also study the mean-field limit, where (in
162 contrast to the quenched case where no disorder effects are found [28, 30, 31]) the disorder
163 annealing appears to suppress the mean-field repulsion significantly by renormalizing the
164  surface charge to smaller values. Hence, besides the previously established mechanisms of
165 counterion-induced [22-24] and quenched disorder-induced [28, 29] correlations, we find
166 that the annealing of macroion charges provides another mechanism enhancing the like-
167  charge attraction.

168 The organization of the paper is as follows: We start with the general formalism that
169 allows us to define and to deal with the partially annealed disorder in terms of an “effective
170  partition function” that is obtained in the form of a functional integral over a fluctuating local
471 electric potential field. The structure of this field theory is too complicated to allow for a
472 general solution. We thus derive asymptotic solutions in the mean-field limit (corresponding
473 to the Poisson-Boltzmann theory of the classical DLVO framework) as well as the strong-
474 coupling limit via an application of the replica formalism. We finally evaluate and analyze
475  the inter-surface interactions for the specific case of planar charged surfaces in both limits
176 and compare them. We conclude by positioning our results in the growing framework of the
177 weak—strong coupling formalism for charged macromolecular interactions.

178
179

180 2 General Formalism

81 et us consider a system of fixed macroions with disordered charge distribution, p(r), im-
"% mersed in an aqueous medium of dielectric constant, ¢, along with their point-like neu-
188 tralizing counterions of valency ¢. In what follows, we shall develop our formalism for an
184 arbitrary ensemble of fixed macroions but for explicit calculations, we shall delimit our-
8 selves to a model system of two apposed charged planar surfaces with p(r) representing the
'8 Charge distribution along both planar surfaces (see Fig. 1). In the quenched limit, p(r) is as-
87 sumed to be static and only counterions are subject to thermal fluctuations. In the annealed
18 limit, both counterions and macroion charges are subject to fluctuations of comparable time
189 gcales (i.e., Tei ~ Ty respectively) and thus mutually equilibrate. The intermediate situation
190

of partially annealed disorder by definition occurs when there is a macroscopic separation
of time scales between the so-called fast and slow variables as frequently observed in glassy
192 gystems [43, 44].

191

193 In the present context, counterions comprise the fast variables as they are dispersed and
194 freely fluctuate in the bulk. Macroion surface charges are assumed to constitute the slow
195

variables with the time scale 7, >> t; due to their disordered nature (as, e.g., they are con-
196 fined typically within closely packed or quasi-two-dimensional disordered regions such as
197 in lipid bilayers [9], surfactant-coated surfaces or surface hemimicelles [3-6, 45-47]).

198 Under these conditions, the mutual equilibration of fast and slow variables is hindered.
199 Counterions rapidly attain their equilibrium at bulk temperature 7 and thus, because of the
200
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Fig. 1 Schematic view of a system of macroions with partially annealed disordered charge distribution p (r)
and g-valency counterions at bulk temperature 7. Surface charges may exhibit a different effective tempera-
ture 7’ due to their disordered nature and slow dynamics relative to the fast-relaxing counterions. As a model
211 system, we study two apposed planar macroion surfaces with disordered surface charge distributions (speci-
212 fied in the text) located at z = %a at the separation distance d = 2a. We neglect the dielectric discontinuity
at the boundaries or the presence of added salt in the system [29] (see also [40—42])

209
210

213
214

215 wide time-scale gap, their equilibrium free energy acts as a driving force pushing the slow
216 dynamics of the surface charges to reach a non-equilibrium stationary state at long times.
217 This scheme, known generally as the adiabatic elimination of fast variables [48-50], is in-
218 vyestigated in a growing number of works, for instance, in the context of far-from-equilibrium
219 gtationary states and thermodynamics of two-temperature systems [51-54]. It has been ap-
220 plied in particular to study spin glasses with partially annealed disorder of the spin-spin
221 coupling strength [43, 44, 55-64]. It has been shown in general that the stationary state of
222 such systems may be described by a Boltzmann-type probability distribution featuring the
223 temperature of fast degrees of freedom T as well as an effective temperature T’ associated
224 with the disorder. This peculiar two-temperature representation clearly reflects the intrinsi-
225 cally non-equilibrium nature of partial annealing. Obviously, the equilibrium free energy of
226 fast variables (i.e., counterions in our case) will show up explicitly in the aforementioned
227 probability distribution (here we shall not consider the relaxational dynamics of the system
228 and focus only on stationary-state properties).

229 In general, one may thus define an effective “partition function”, Z, in analogy with the
230 equilibrium partition function that greatly facilitates the analysis of the system far from equi-
231 librium [43, 44, 52-64]. This procedure is discussed in Appendix A by adopting a simple
22 dynamical model for a charged system with surface charge disorder and by identifying its
233 stationary-state probability distribution. We thus find

234

235 ,

236 Z=/Dpexp(—ﬂwm1), M
237

238  where 8/ = kB'T, and the density functional WW[p] can be cast into the form

239

240 / 1 -1 2

» BWIpl =5 / drg ™ ®)p(®) — o) = nln Zalp]. @)
242

o3 Where

244 T

245 =T )

246 Equation (2) includes statistics of both counterions and the disordered charges on macroion
247 surfaces. The first term is the contribution of the disorder. It can be interpreted as a general
248 effective disorder potential expanded to the second order around a typical value py (Appen-

249 dix A), which is always possible if one interprets g(r) as playing the role of an effective
250
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251 disorder “compressibility”. This expansion leads to the standard Gaussian disorder weight
252 with the mean value py(r) and variance g(r) that can be handled most conveniently by

253 replica techniques [43, 44]. Namely,
254
zzz Z= / DpPlpl(Zalpl)" = (((Zalp1)")). 4)

257
where double-brackets denote the average ((---)) = f DpPlp](---) with respect to the

Gaussian probability distribution

1
261 Plpl = Cexp ( -3 f drg~'(®)[p(r) — ,00(1‘)]2> Q)

263 with C being a normalization factor.

264 The second term in (2) is the equilibrium free energy of a system of counterions at a
265  fixed realization of disordered macroion charge, p = p(r). It follows by integrating over the
266 counterionic degrees of freedom equilibrated at temperature 7. In grand-canonical ensem-
267 ble, the fixed-p partition function, Z[p], can be cast into a form of a functional integral as
268 [17-19,22]

D
270 Zailpl= / Z—¢e_ﬁH[¢’”], (©6)

272 where ¢ (r) is the fluctuating electrostatic potential field, 8 = kB#T and

H= / dr[?(vqﬁ)z +ipp — /\kBTQ(r)e*iﬂqW] )

.77 is the effective Hamiltonian of the system comprising Coulomb interaction v(x) =
278 (4megg|x|) ! between all charged units (the first two terms) as well as the entropy of coun-
279  terions (the last term). Here A is the fugacity, Z, = 4/det Bv(r, r’), and Q(r) is a geometry
.o  function that specifies the free volume available to counterions, i.e., the space between the
two apposed planar surfaces in the model system in Fig. 1.

282 The partition function (1) can be evaluated by using the replica trick [43, 44], i.e., by
taking n an integer number and then standardly extending the results to real axis (for any

283
ogq  Teal value of n = /) by analytical continuation. Thus by using (6) and averaging over
g5 P(I), we arrive at the disorder-averaged expression
286 "D
287 z :/ (1_[ “>e_5[[¢a}]’ ®)
288 o 2

a=1
289

290  Where the n-replica effective Hamiltonian reads

291

1 / / J
202 Slgdl =53 / drdr’, (1) Doy (v, 1)y ()
293 a,b
294 )
205 + 3 [ arlipoutrrs x) — r@me o), ©)
296 a
297 The kernel Dap(r, 1) introduced above is defined as
298
299 Dy (r,¥') = v (r, )8, + B7g(0)8(r — 1), (10)
300
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301 where v I(r, 1) = —eg)V25(r — 1).

302 Equation (8) carries complete information about the mutual coupling between counte-
303 rions and the surface charge disorder. The grand-canonical “free energy” of the partially
304 annealed system is then obtained as

306 F=—kgT'InZ. (11)

308  The special cases of purely quenched and purely annealed disorder follow from (11) for
309 n— 0andn =1, respectively (see Appendix B).

310 Note that here the number of replicas, n = T'/T’, has a direct physical meaning of temper-
311 ature ratio [43, 44, 52-64]. A close examination of (9) indicates that the partially annealed
312 disorder gives rise to quadratic surface terms of the form g(r)¢, (r)¢,(r). It may thus lead
313 to renormalization of the mean surface charge (Appendix C) as can be seen most clearly by
314  looking at the mean-field equations which we shall derive next.

317 3 Mean-Field Limit

319 The mean-field or Poisson-Boltzmann (PB) equation [13, 14, 16] (which becomes exact
320 in the limit of small coupling parameters corresponding, for instance, to low counterion
321 valency or low surface charge density [20-22]) follows from the saddle-point equation of
322 the functional integral (8) as

323

524 £0V> by = irgeoQ (r)eP190% ) L ipy(r) + Bg(r) Y i (x). (12)
325 b

326

ap7  We shall assume no preferences among different replicas on the saddle-point level, thus
a8 Ga(r) =) for a =1,...,n (replica symmetry ansatz). In this way we arrive at the PB
a9  equation for the real-valued mean-field potential gpg(r) = ig(r) as

330

a1 £€0V2pp (r) = —AqegQ (r)e P10 ® — pa(r), (13)
332

a33  Where

334 Peit (1) = po(r) — B'g (r)gpp (r) (14)
335

a3 1S the effective (renormalized) macroion charge distribution (Appendix C). It is therefore
a7 seen that in the quenched limit (n or " — 0), the disorder effects completely vanish on the
s3s  mean-field level and the PB theory coincides exactly with that of a non-disordered system
agg  Of bare charge distribution po(r) [28]. This is however not true for the partially annealed
a40  disorder (n > 0).

341 To proceed with the PB theory, we shall consider the specific case of two parallel charged

s4p  Dlates located (normal to z-axis) at z = —a and z = +a at the separation distance d = 2a

a43  (Fig. 1). We take the mean charge distribution and its variance as

344

ass po(r) = —oeo[8(z+a) +8(z —a)] (15)

z:ﬁ g(r) = geg[8(z+a) +8(z —a)]. (16)
7

348 where g > 0 and without loss of generality we assume that o > 0 (and thus ¢ > 0). Counte-

349 rions are assumed to be confined in between the plates (i.e., Q(r) = 1 for |z| < a and zero
350
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3851 elsewhere), where (13) admits the well-known solution [13, 14, 16]

352

353 _ 1 2

a54 ope(2) = Baeo Incos™(Kz) )
355

386  with K? = 2mfgg?A to be determined from the electroneutrality condition stipulating that
357 the total charge on the two surfaces should be equal to the total charge of the counterions.
358 This leads to the equation for K of the form

359
360 Kptan(Ka) =1+ yIncos?(Ka) = 1. (18)
361 o

362
363
364
365
366
367  the renormalized surface charge density (14). The latter expression clearly reflects the mixed
368  boundary conditions encountered here, resembling the situation in the classical charge-
369  regulation problems [10-12]. The dimensionless parameter

Here u = 1/(2mqlpo) is the Gouy-Chapman length, {5 = e2/(4meeokpT) the Bjerrum
length, and

outt = 0 + B'geopps(a) (19)

370
ng
o y=— (20)
372 qo
373

s74  gives a measure of the disorder annealing and is obviously proportional to the ratio n =
s7s  1/T’ of the counterions and surface disorder temperatures.

376 The PB pressure, Ppg, acting between the plates is obtained from the standard definition
377 BPp =npp(20) — %ﬂE&‘o(d(ﬂpB/dZ)2|zo [13, 14, 16] for an arbitrary |zo| < a as

378
379 B Prg 2

——— =(K . 21
w50 I lno? (Kw) 21
381

ss2 The counterion number density profile between the plates, npg(z) = Ae Pacors@
as3  [13, 14, 16], is obtained as

384 2
K
385 “ro (Z)2 = < s ) : (22)
286 2nlpo cosKz
387 It follows from (18) that the mean-field renormalized surface charge density is always

388 smaller than the bare value and tends to zero but never changes sign as y increase (0 <
389 g < o). Therefore, the surfaces are effectively neutralized and the pressure as well as the
390 counterion number density profile tend to zero as y increases to infinity (see Fig. 2). This

391 picture relies on the assumption that the number of surface charged units is not fixed and can
392 respond to changes of the surface potential. Imposing the constraint that fixes this number
393 obviously rules out surface charge renormalization and one observes no effects from the
394 disorder annealing in agreement with [30, 31].

395 In the limit y — 0, we recover the non-disordered [22] or quenched [28] mean-field
223 results with the following asymptotic behavior for the pressure,

398 BPes _[2u/d d/ip<1,

%99 2rlgo? {nzuz/dz /> 1. (23)
400 B

@ Springer



«JOSS 10955 layout: Small Condensed v.1.2  reference style: mathphys file: joss9635.tex (Tatjana) aid: 9635 doctopic: OriginalPaper ~class: spr-small-v1.1 v.2008/10/02  Prn:24/10/2008; 10:55 p. 9»

Partially Annealed Disorder and Collapse of Like-Charged Macroions

201 Fig. 2 Rescaled PB pressure FE \‘ —15h

between two charged plates as a 1 s
402 function of their separation d for P =E
403 y =0, 1,10 and 102. Inset shows Do =1
404 the PB counterion density profile - L5t s
405 ford/p=4.Fory =0, we me ! '—:
406 recover the non-disordered = ! =05

results with the pressure decaying S5 1
407 a5 ~1/d? [22]. For y > 1, the “m \
408 pressure decays as ~ 1/ (yd?) %_ \
409 0.5k \
410
411 . ~———— . Tmme— T
412 07 e ‘. ......... ‘._.'.'._..'._..". .... -~ .'.-r.".-r.f.v—r.-.:—ra‘n
413 0 0.5 1 1.5 2 2.5 3
414 d/p
415
416 5 .
417 Forlarge y > 1, we find that (Ka)” >~ (1/a +y)~" and thus
418

B Prs 2u/d yd/n <1,

419 —_— 5 2 (24)
42 2mlgo? [ 4n/(yd™)  yd/u> 1.
21 The small separation expression above is nothing but the ideal-gas osmotic pressure of coun-
422 . . . o . .

terions that dominates over the energetic contributions. At large separations the pressure is
423 . 2 . .
ioa found to decay asymptotically as ~ 1/(yd”). The pressure remains always non-negative and
i the surface-surface interaction is thus always repulsive in the mean-field limit. Choosing the

5 . . . .
126 non-disordered system as the reference, however, the decrease in the interaction pressure
oy UpOn increase of the surface disorder annealing can be interpreted as being due to an effec-
408 tive disorder-induced attraction whose asymptotic form could be described by
429 1—y 1
APpg ~ ——— (25)

430 y 42
431

482 for large y. This asymptotic form again attests to the fact that the way the disorder acts on
433 the mean-field interaction between the two apposed surfaces is via a renormalization of the
434 surface charge density.

435

436

487 4 Strong-Coupling (SC) Limit

438

439 Next we shall investigate the asymptotic strong-coupling limit which is complementary to
440 the mean-field limit and where counterion-induced correlations become dominant. We em-
41 ploy the standard strong-coupling scheme reviewed extensively in [20-22] in order to study
442 the partial annealing effects in the SC limit. The so-called asymptotic SC theory is obtained
443 from the leading order terms of a non-trivial virial expansion (in powers of the fugacity) of
444 the partition function (8), i.e.

445

446 Z=2Zy+ArZ +O0). (26)
447

448 Tt becomes exact in the limit of large coupling parameters corresponding, for instance, to

449 high counterion valency or high surface charge density [20-22].
450
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451 The zeroth-order (no counterion) term, 2y, and the first-order (single counterion) term,

452 Z, follow from (8) as
453

n Do,
s 2= (l_[ 7‘?)6*5‘% @

456 a=1
n n D¢ B . .

458 Z = Z/dRQ(R)/ (l_[ ?“>e So—iBgeods R) (28)
b=1 a=1 v

where

1
462 So=3 / drdr’ ¢, (1) Dy (£, ¥y (€) + 18 / dr (K)o (r). (29)
a,b a

We thus need to calculate both these terms for an arbitrary number of replicas, . In doing

izz so, we shall make use of some mathematical relations that we briefly discuss below.

12; 4.1 Mathematical Preliminaries

469 First, it turns out that the most convenient way to carry out the calculations is to replace
470 the long-range Coulomb interaction v(x) = 1/(4meey|x|) with the exponentially screened
71 Yukawa interaction

472 .

478 U5 (X) = ———— (30)
474 dmego|x|

475 by introducing a finite screening length «~'. In the end, we shall take the limit & — 0. Note
476 that not only is this procedure of technical convenience but it is also of physical relevance
477 for the present problem. It corresponds to adding a background salt to the system, leading
478 to the screened Coulomb interaction between charged units. It is to be noted however that
479

the salt effects are taken into account in this way only on the linear Debye-Hiickel level.
480 (Further study of the role of added salt in the SC limit is presented elsewhere [42].) Gen-

481 eralization of (8)-(10) in the presence of Yukawa interaction is immediate as v~!(r,r’) is
482 simply replaced by

483

184 v, 1) = ego(—V? +12)8(r — ). (1)
485 Second, in calculating Z, and Z; one needs to evaluate the determinant and the inverse
486 of the block-matrix D, (r, r'). These calculations are straightforward and may be carried
487 out most easily by employing properties of block-matrices and the operator algebra defined
488 over the Hilbert space {|r)}. We shall use the compact notation by defining the operators
489 r|0, ) = vy (r, 1), (r] glr'y = g(r)d(r, ') (for the screened Coulomb interaction and disor-
40 der variance), and (r|ﬁab|r’) =D, (r, 1) via (10), where the latter is defined as an element
491 of the n x n operator matrix

492

493 D=ge®i ' +pu®}s (32)
494

495  with e,;, = &, and u,, = 1. Also, we shall use (r|09) = po(r) and the well-known notation
496 [ po(r)us(r, 1) po(X') = (polds| po), ete.

497 One can prove the following identities for D

498

499 detD = (det g0;")" det (1 +npgd,), (33)
500
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501 B Z<r|(f)_l)ab|r’> = (r|o, (1 + nﬁgﬁx)fl |r'), (34)

Ble| D aalr) = {r]o. [T — pgo. (1 +npi.) ' ]Ir) (35)

which will be used in what follows. Note that the last two quantities do not depend on the
replica indices a and b.

508 42 Virial Terms Z, and Z;
510  Going back to the virial term Z, one can perform the Gaussian integral in (27) to obtain
512 Zy = Cye 3 Indetis—3 IndetD=3 23 4 (o0l D~ Daplpo) (36)

514 Using (33) and (34), 2 is completely determined. This term represents the interaction free
515  energy of macroion charges in the absence of counterions.

516 Next, the Gaussian integral in (28) can be evaluated as

517

518 Z =n2 / dRQ(R)ePu®) (37
519

520  where u(R) is nothing but the single-counterion interaction energy with the macroion
521 charges and reads

2
= u(R) = fgen Y (ool D~ )ap|R) + ﬂ@mun—l)mm. (38)
525

s06  This is fully determined by virtue of (34) and (35). We have thus derived the general form
507  of both virial terms in (26) as a function of n. We now proceed to the explicit evaluation of
508  the two virial terms for the system of two apposed charged planar surfaces as defined by the
509  Mean charge distribution and disorder variance (15) and (16) (see Fig. 1).

530 .

4.3 Small-n Expansion
531
%2 proceed further we focus on the small-n limit of the above expressions. Our chief goal
533 . . o . .

here is to examine the stability of the system upon small annealing perturbations of a
534 quenched charge distribution. The annealing effects on this level are therefore expected to
% be additive in the free energy of the system.
5% By expanding (36) for small n we arrive at
537
538 , np nn N
539 2o = Coexp | — | Tr(g0s) + {polvslpo)
540 BT 1

n ~n A An

541 + =Tr({29)%) + (ol 058051 p0) (39)
542 2 (2
:j to the lowest orders in n. But since we are interested in the inter-plate interaction, we shall
aas need to determine only the separation-dependent terms.

. It easily follows that the Tr(gv;) term in the above equation does not depend on the inter-
% urface distance d = 2a and the Tr({g7,}?) term may be calculated straightforwardly (and
zz up to an irrelevant additive term) as
549 B*Tr({§0,)%) = —S(4m 5 g*)Ei(—2kd), (40)
550

@ Springer



«JOSS 10955 layout: Small Condensed v.1.2  reference style: mathphys file: joss9635.tex (Tatjana) aid: 9635  doctopic: OriginalPaper ~class: spr-small-v1.1 v.2008/10/02  Prn:24/10/2008; 10:55 p. 12»

Y.S. Mamasakhlisov et al.

551 where S is the total area of each surface and Ei(x) = f foc dte'/t is the exponential-integral
552 function. The remaining two terms in the expression for Z, are obtained as
553
554 N PR i —d
B{polislpo) =28(o?ts)| — ) (1 +e77), 41

555 K
556 2
557 2 AoAn 20 [ 27 —ked\2

B (pol0:80,1p0) =28 (go5) [ = | (1+¢79)". (42)
558 K
559
560
561
562
563
564 uo(R) = geo(polts|R) — B
565 ,

o an (geo) A an An

e ur(R) = Bgeo(pol.80:IR) — 52— (R1,£0,80: R). (44)
568
569
570

571 2
572 Beo{po|Us|R) = _(O-EB)<_>(67KI£J7R:\ +€*K‘ZI+R:(|) (45)

K
573

574 2 A an 2y [ 27 : —«d\(,~«la—R:| | —kla+R:]

s Beo(polDs 05 |R) = —(ogl3) — (14+e™)(e d4e ). (46)
576

577 The two remaining expressions in (43) and (44) are obtained as

578

579 B*eq(R|9,80,|R) = —(2mgl3) [Ei(—2«la — R.|) + Ei(—2«|a + R.])], 47)
580 3 2/mIA AR AN 2,3y [ 27 2kla—R;| —2k|a+R;| —2kd

581 B 5 (R10,20,87,|R) = (27 g7 43) — [(e dte 267

582

583 + 2kla — R, |Ei(—2k|a — R;|) + 2« |a + R;|Ei(—2k|a + R;|)

584 + 4kdEi(—2kd)]. (48)
585

The small-n expansion for Z; leads to evaluation of e #*® ~ =Fro®[1 4 n8y, (R)],
where we have expanded u(R) = uo(R) — nu;(R) + O#?) to the lowest order in 7, and
thus the following two terms

(geo)?
2

(R|0,87;|R), (43)

We have discarded a self-energy term (geg)?(R|9;|R) in (43) whose only effect is to rescale
the fugacity, A [28]. We can then use the explicit expressions

586 We shall need only the small « results, which read (after discarding irrelevant constants)

587
588 Bed (R0, 20,|R) ~ — (27 g¢3) In (a® — R?), (49)
589 o

590 Be} (RI, 8,30, |R) ~ (27'5825133)<—>(e_2"‘“_R2‘ e MRl §0p=2d) - (50)
591 k

92 This completes the explicit evaluation of both virial terms. We now proceed to the evaluation
598 of the interaction free energy, i.e., the part of the free energy that explicitly depends on the
594 geparation between the two surfaces.

595

5% 4.4 SC Free Energy

597

598 By using (36)—(38), one can evaluate the free energy of a partially annealed system from

599 7SC = _[gT’'InZ (11), where Z = Z) + AZ; in the SC limit (26). The fugacity can be
600
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601 fixed by the number of counterions N upon transforming to canonical ensemble via

602
603 N =322 (51)
604 oA

605

606 whereby we obtain

607 N N 52
608 ~ [dRQ(R)ePu® " 2)
609

610 The canonical SC free energy is obtained via the Legendre transform, }'f,c = FSC 4
611 NkBTlnk, as

612 SC
BFY In 2, / ~
=— —1In | dRQ(R)eP® 53
:j N N n (R)e (53)

615  supplemented by the electroneutrality condition, which for the two-plate system reads Ng =
616 2045, and again stipulates that the total charge on the surfaces equals the charge of the
617  interposed counterions. Note that here o is the effective surface charge density that has to
s18  be determined self-consistently within the SC theory. It turns out however that, in the SC
619  limit, there is no charge renormalization due to partial annealing on the leading order in n,
620  and thus oe = o up to corrections of the order O(n?) (see Appendix C). This behavior is in
621  stark contrast with the one found on the mean-field level in Sect. 3.

622 The above expressions (51)—(53) together with (36)—(38) are applicable to any general
623  system of fixed macroions with (Gaussian) disordered charge distribution and arbitrary de-
624  gree of annealing n. For small annealing perturbations, we have

625
626 ,3.7'-1%(: __ In 2y _ 111/ dRS (R)e*ﬂuo(lb _ n’B deQ (R)M 1 (R)eiﬂMO(R) N O(n2)7 (54)
627 N Nn [ dRQ(R)e—Fuo®

628

g0  Where Zy is given by (39).

630 In what follows, we shall focus again on the two-plate model system ((15) and (16)) and

631  make use of the explicit expressions (40)—(50) in order to calculate the SC free energy of
g32  this system. We then take the limit of small inverse screening length, x — 0, as noted in
633 Sect. 4.1. We thus find that the SC free energy of this system adopts a simple form as

634

BFC n
6% —r = fquenched + - (8712q€2Bg0)d,
636 N K

(55
637 2y \d
638 = fquenched +l— ]
k)

639

640 where the first term on the right hand side, fquenched, is nothing but the quenched (n = 0)
641 rescaled free energy [28]

642
643 d

fquenched = 2_ + (X —1DInd, (56)
644 1%

645 and the second term in (55) represents the leading order correction from partial annealing
646 of the disorder. Note that this term is linear in n as expected and scales with the inverse
647 screening length k',

648 The quenched free energy (56) is expressed in terms of the dimensionless disorder cou-
649 pling parameter x = 2mq>{3g, which gives a measure of the disorder-induced coupling via
650
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651 the surface charge variance g. This is to be compared with the so-called electrostatic cou-
652 pling parameter & = 2mq’ 030 defined originally for non-disordered systems [22], which
653 measures the strength of counterion-induced correlations and, in the present context, de-
654 pends on the mean charge density o. The information about the disorder annealing enters
65  only via y =ng/(qo) as defined previously in (20). These dimensionless parameters may

65  be used to determine the phase behavior of a partially annealed system, with the disorder
857 effects being in general quantified by x and y.

658

659 . "

660 4.5 Instability and Collapse Transition

661

662  The quenched free energy (56) comprises the standard non-disordered SC contributions, i.e.,
663 the counterion-mediated attraction, d /2u, and the repulsion, — Ind, due to the confinement
664  entropy of counterions between the two surfaces [20-22]. But it also includes a long-range
665  additive logarithmic term, that is x Ind, stemming from the disorder variance which is at-
666  tractive and renormalizes the repulsive entropic term. This peculiar form of the quenched
667  disorder contribution leads to the previously predicted [28] continuous collapse transition at
668  the threshold x. = 1 between a stable bound state of the two surfaces and a collapsed state
669  where the surfaces are in contact. In other words, the optimal surface-surface separation, d,
670 behaves as

672 d_*:{z(]_X) x <1 (57)
673 " 0 X > 1.

674 If on the other hand the disorder is partially annealed (n > 0), we see from (55) that the
675 annealing generates a linear attractive term in the free energy, that is ~ yd/« . It adds up with
676 and enhances the counterion-mediated attraction term (first term in (56)) exhibiting thus a
77 complementary effect when compared to the quenched disorder contribution. The threshold
78 of the collapse transition x. = 1 remains intact up to small corrections of the order O(n)>
679 and the partially annealed bound-state separation is obtained in the limit of small inverse
680 screening length, «, as

681

o s :{ Ty X<l (58)
683 U 0 X > 1,

684

685  which is always smaller than the quenched value, reflecting again the enhanced surface-
686  surface attraction in the case of partially annealed disorder.

687 Note that the optimal separation in the partially annealed case, (58), tends to zero,
688  d, — 0, as the inverse screening length tends to zero x — 0. In other words, the system
689 goes into a collapsed state regardless of other parameters exhibiting thus a global attractive
690  instability. Hence, a quenched system of macroion charges and counterions is not stable
691 with respect to annealing perturbations of the macroion charge distribution in the absence
692 of screening effects. The stability may be achieved by adding a finite amount of added salt.
693 Unfortunately, the effects of added salt have not yet been properly analyzed in the context
694 of the SC theory (see [42] for a recent attempt) and it is presently difficult to go beyond the
695 linear description adopted here for the salt screening effects.

2Subleading terms of order O(n«k%) can in general result in a small shift in the threshold value of x. For
699 instance, the Tr({§ﬁs}2) term, (40), leads to a small reduction of the order O(n) as x. >~ 1 — y /4.
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701 5 Conclusion and Discussion

702

703 In this work we have analyzed the effects of partially annealed disorder in the distribution of
704 macromolecular (macroion) charges on the interaction between two such macromolecular
705 surfaces across a solution containing mobile neutralizing counterions. Recent experiments
706 on decorated mica surfaces [3—-6] covered with a random mosaic of positive and negative
707 charged domains (stemming from the adsorption of cationic surfactants) clearly point to the
708 existence of a strong attractive surface-surface interaction which, upon formation of such
709 domains, collapses the system into a compact state with the surfaces being in contact. This
710 behavior resembles the transition to a primary minimum within the DLVO theory [13, 14]
711 although the attraction mechanism here is strictly non-DLVO [3-6] producing attractive
712 electrostatic forces that are up to a few orders of magnitude larger than the universal van-
713 der-Waals forces [15] as incorporated in the DLVO theory. Moreover, the emergence of an
714 attractive instability or even a collapse transition is not predicted within the standard the-
715 ories of electrostatic interactions between charged macromolecular surfaces (even between
716 surfaces bearing opposite charges) pointing thus to the possible role of the surface charge
717 disorder in the aforementioned collapse transition.

718 The AFM investigation of the surface texture of mica surfaces [3—6] can be performed
719 only before the measurements of the inter-surface forces and can not be monitored while
720 the two surfaces are brought closer together. One can thus not be sure whether the surface
721 distribution of the charged domains along the surfaces changes on approach of the surfaces
722 or not. This leads in general to three possible scenarios:

;zj — the surface charge disorder is completely set by the method of preparation of the surfaces
205 and does not change on approach of the surfaces (quenched disorder),

706 the surface charge disorder responds to the changes in the separation of the surfaces just
707 as fast as the mobile charged species (such as counterions) in the solution between the
2728 surfaces (annealed disorder),

409 — and lastly, the surface charge disorder does respond to the changes of the separation but
730 with a much larger time-scale than the mobile charged species between the surfaces (par-

731 tially annealed disorder).

732 As the experiment alluded to above gives only the inter-surface interaction as a function of
733 the separation, one is thus lead to investigate the fingerprint of these different scenarios on
734 the behavior of the interaction. Since the effects of annealed [10-12, 30-36] and quenched
735 [28-31] disorder have already been investigated theoretically, we follow up on these analy-
736 ses by investigating the changes in the inter-surface forces wrought by the intermediate case,
737 where it is assumed that there is a clear separation of relaxation time scales between the dy-
738 npamics of the “external” surface charges (7s) and the mobile charges floating in the solvent

739 between the surfaces (7.), i.e.

740
741 Ts >> Tei- (59)

742 Thus, the fluctuations in the intervening Coulomb fluid have time enough to relax to their
743 local equilibrium state for each configuration of the surface charge disorder, which shows a
744 much slower relaxation with changes in the surface separation. The origin of the different
745 relaxation times for the surface and bulk dynamics could be manyfold: the finite mobility
746 and mixing of charged units on the macromolecular surfaces, such as appears in lipid bilay-
747 ers with embedded charged proteins [9], conformational rearrangement of strongly charged
748 DNA chains such as appears in DNA microarrays [1, 2] and charge regulation of contact

749 surfaces bearing weak acidic groups in aqueous solutions [10-12], but should be in any case
750
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751 very system specific. This separation of time scales is closely related to the so-called “adi-
752 abatic elimination” of fast degrees of freedom [48-50], which has been used frequently in
753 the literature for systems with widely different time scales [43, 44, 51-64] (see also Appen-
754 dix A).

755 In this work we thus investigate the “interaction fingerprint” of the partially annealed
756 disorder on two apposed planar surfaces upon their approach. The analysis presented above
757 points to the fact that partial annealing of the surface charges invariably leads to additional
758 attractive interactions between the surfaces and may even result in a global attractive insta-
759 bility in the system. The nature of these attractions is quite different, however, if counterions
760 are strongly or weakly coupled to charged surfaces in the sense of Netz [20-22]. The mag-
761 nitude of this coupling essentially depends on the valency of counterions, ¢, the magnitude
762 of the surface charge density, o ey, and the Bjerrum length {5 = eé /(4meeoksgT) (incorpo-
763 rating the medium temperature and dielectric constant), and is measured by the electrostatic
764 coupling parameter

765 ~ 30
766 E=2nq lgo. (60)
767 For weakly coupled counterions, i.e. specifically in the mean-field limit (& — 0), the

768 partially annealed disorder leads to smaller mean-field repulsions due to a renormalized
769 (reduced) value of the surface charge density. The attraction in this case can thus be inferred
770 only from a diminished repulsion with respect to the case of a non-disordered surface charge
s distribution. For strongly coupled counterions, i.e., on the SC level (E — 00), we derive
772 explicitly an additional inter-surface attraction stemming from the partial annealing of the
773 surface charge distribution. Note that the qualitative difference between the mean-field and
774 the SC results goes back to the strong electrostatic correlation effects that are included in
775 the SC theory but excluded on the mean-field level. The reason for this additional attraction
776 (or reduction of the inter-surface repulsion in the mean-field limit) compared to the purely
777 quenched case is that any rearrangement of the macroion charges, such as is assumed in
778 partial annealing, inevitably leads to configurations of lower (free) energy which shows up
779 as an effective attraction. This means that every disordered charged system will be unstable
780 against annealing. In both the mean-field as well as the strong-coupling limit, the effect of
781 partial annealing is quantified by a single partial annealing parameter

782
ng

e y=-2, (1)

784 qo

785 . . . . . . . .

s8¢ Which depends on the temperature ratio n = 7'/ T'. This is in addition to the disorder cou-

787 pling parameter

788 X =2mq’Gg. (62)

789

290 Which measures the spread of the charge disorder distribution via the disorder variance g.

701 The parameter y and the effective surface temperature 7’ may be estimated experimen-

790 tally from the mobility (I's) and the diffusion (D;) coefficients of the surface charges and by

293 applying Einstein’s relation kg7’ = D,/ Iy (Sect. A.1). The temperature ratio quantifying

794 the effects of partial annealing can thus be cast into an equivalent form

795 r

796 n=(kgT)—. (63)

D,

797

798 How does one differentiate the effects of quenched and partially annealed disorder? Com-

799 paring the results derived in the quenched case [28, 29] with those obtained in this work, one

800
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801 realizes that in the former case the effects of the disorder are limited to the strong-coupling
802  limit, while in the partially annealed case they persist also in the mean-field limit. This is
803  because in the mean-field limit the surface charge density is renormalized in the presence
804  of partially annealed disorder. This effect is always absent in the quenched disorder case
805  (Appendix C).

806 Moreover, we find that in the SC regime and in the limit of low screening « — 0, a
807  charged system that may be stable in the presence of quenched charge disorder could become
gos  globally unstable and collapse upon partial annealing of the disorder. One should also note
goo that for small non-zero screening and in the stable phase (x < 1), the system adopts a much
s10  smaller surface-surface distance in the partially annealed case than in the quenched case as
g11  the ratio between the optimal distances in these two cases is given by (1 +4y /ku)~".

812 Another indicative feature of partially annealed disorder is the curious property that the
a1 surfaces interact electrostatically even if the mean surface charge density, o, goes to zero,
g14  that is when the surfaces become net electroneutral! It may be seen most clearly from the
15 Tr({g7,}?) term in (40), which in the limit x — 0 leads to a logarithmic attractive contri-
g1  bution in the free energy as >~ nm g2Z2BS Ind stemming only from the variance, g, of the
surface charge disorder (note however that when o > 0 this is a subleading term compared

:; to the additive 1/« term considered in (55)) (see also footnote 2). This effect disappears in
819 the quenched limit (n — 0) unless either the dielectric discontinuities at bounding surfaces
goo  Or the presence of salt in between the bounding surfaces are taken into account [29]. It is
goy  thus safe to say that the effects of partially annealed disorder are in general stronger and
822 ubiquitous and may be qualitative in both mean-field and strong-coupling limits.

_— Neve;rtheless, though the above-meptioned inter.action ﬁngerpr.ints wquld help in assess-
aq  IDE the 1mp0rtance'0f dlsor.der or even its presence in the charge distribution on macromqle—
a5 cu.lar surfaces, the interactions by. themselves would not be enoggh to mal.(e this conclusion
426 with a reasonable degree of cqtalnt}f Unfortunately, more detailed e}(pe;rnn;nts where one
607 would concurrently measure interactions as well as surface charge distributions would still

be essential.

828 Our analysis of the effects of macromolecular charge disorder on their interactions sup-
829 plements the recently acquired new wisdom of bio-colloidal interactions [20-24], as op-
830 posed to its classical formulation [13, 14], in quite an illuminating way. Whereas on the
831 DLVO or mean-field level [13, 14, 16] one can formulate the salient features of macro-
832 molecular Coulomb interactions with the folk wisdom that opposites attract and likes repel,
833

the strong-coupling paradigm [20-24] suggests that likes attract too if the system is highly
834 charged. To this we would add, in view of our previous work [28, 29] and the work described
835 above, that if the surface charge distribution is disordered, the system may become unstable
836  and collapse due to attractive disorder-induced forces and that even neutral macromolecu-
837 lar surfaces can interact via electrostatic interactions. This is especially true if the disorder
838  distribution is partially annealed as we set to prove in this work.

839
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843

844

sss  Appendix A: Dynamics of Disorder

:ij A.1 Adiabatic Elimination of Fast Variables

848 The effective partition function for a partially annealed system may be obtained via an adi-

849 abatic elimination of fast variables discussed widely in the literature [48-50]. Here we shall
850
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851 briefly discuss the extension of this method for a charged system with a slow disordered
852 component. As described in the text we shall focus on a non-equilibrium system of mobile

853  fast-relaxing counterions (located at positions &;(z) fori = 1,..., N, in a solvent of fixed
854  temperature 7') and a disordered ensemble of macroion surface charges (located at positions
855 x; withi =1,..., Ny and bearing charges gsep) which undergo a much slower dynamics.

856  We shall be interested only in the stationary-state properties of the system. We adopt the
857 Langevin equation for the dynamics of counterions and surface charges as
858

. oH
859 Si =-T4—+ oci» (64)
860 9§,
861 . oH
862 X; = _Fsa_xi +0, (65)
863

sea  respectively, where the Hamiltonian H is written in terms of Coulomb pair interactions

865 1 1

866 H=2 ) v x)+ ) v, &)+ 5 ) v &), (66)
867 iJ ij iJ

88 " and 6 and 8, are white noise terms with zero average and the two-point correlation func-
89 tion 04(7) - 04(t") = 6D8(t — t') and 85(7) - 0,(r') = 6D,8(t — t'). We impose Einstein’s
870 relations between the diffusion constants and the mobilities of the particle species, i.e.,
87t D¢ = kgTTy and Ds = kgT'Ts that guarantee a stationary state may be achieved at long
872 times. (We have neglected hydrodynamic interactions in (64) and (65) for simplicity as they
873 do not affect the stationary-state results.)

874 The central assumption for the time scales of the counterions (1/I';) and the surface
875 charges (1/T) translates into

876

877 /T < 1 (67)
878 Qur goal is to eliminate the fast (counterionic) variables that change at short time scales
879 and obtain an effective dynamical equation for the slow (surface charge) variables assuming
880

that the effective temperature of the latter, 7’, may in general be different from that of
881 the former, T [43, 44, 51-64]. This may be done readily given the condition (67) above
882 and by developing a perturbative expansion (much in the spirit of the Born-Oppenheimer
883 approximation) [48-50] in terms of the small parameter I's/ I';;. The zeroth-order results
884 are quite intuitive: one ends up with a Langevin equation for x; similar to (65) where the
885  microscopic Hamiltonian H is replaced with an effective one, which is obtained by “pre-
886  averaging” over the counterionic degrees of freedom; namely,

887 Sl
g8 % = —[\ == 10, (68)
889 0x;
:Z? where H.f = —kgT InZ; and Z, = % f I—[i d&; exp(—BH). This effective Hamiltonian

is of course nothing but the equilibrium free energy of counterions in the presence of a
892 R . o .. .

fixed realization of surface charges; its derivative acts as a driving force pushing the sur-
893 . . . .

face charge dynamics to reach a stationary state at long times with the Boltzmann-type
894 probability weight exp(— B’ Hegr) as dictated by (68). Hence, the system—although far from
89% equilibrium as a whole-may still be described in terms of an “effective” partition function,
89 7, once a stationary state is achieved, i.e.
897
898 1 / 1

- NP Hetr — . A\

e Z-= NS!/[del]e - NS!/[del]<ZC1) , (69)
900 ' '
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91  where n = g8'/8.
903  A.2 Dynamical Density Functional Theory

905 [t is possible to derive the n-replica partition function (8) directly from the expression (69)
906 and by using a Legendre transformation to grand-canonical ensemble described by the par-
907 tition functions £ = N ké\’ sZand Z5=) 5 AN Z., where A, and A denote the fugacities
908  of the surface charges and counterions, respectively. We shall however take a detour over
909 the so-called dynamical density functional theory that first transforms the effective Langevin
910 equation (68) into a dynamical equation for the surface charge density field p(r, t). This may
911 be done straightforwardly following the approach proposed for classical fluids in [65-67].
912 One thus obtains

a
914 Eﬁ(l‘, 1) ==V J,(r 1) +n(r,1), (710)
915
916 assuming a conserved density field [68, 69], where the current density reads
917
018 Jo(r, 1) =—=DsVp(r, 1) — (gseols) p(r, YV (Y (r, 1)) 7. (71
919 The first term on the right hand side represents the current due to the diffusion of surface
920 charges and the second term represents the contribution from the mean effective electrostatic
%21 force acting on them; here (Y (r, 1))7 = —381n Z[p]/BSp (r) is the electrostatic potential at
92 the macroion surface averaged over the counterionic degrees of freedom. The last term is
923 3 Gaussian white noise with n(r,t) =0 and n(r,)n’,t') =2V - V'[Dsgseop (r, )5 (r —
924 1)18(t — t'). Combining (70) and (71), one arrives at
925
926 0
927 Elo(rv t) =V. (DsVP‘F(QseOFs)pV(w)T) +77(r7 t) (72)
928
SW
o9 — V- [l )o@ 0Vl | e, 73)
930 Sp(r, 1)
931 where the effective “potential”, W[p], follows as
932
o Wiol = — /d[l(’o) } Lo Zalpl (74)
pl= ripln| —)—p|——InZp
zz: gseoB’ Po B

936  with py being a constant. Using a standard mapping of (73) to an equivalent Fokker-
937 Planck equation, one can easily show that the stationary-state fluctuations of p(r, t) follow
938 a Boltzmann-type weight exp(—8'/) and hence, the effective “partition function”

939
— L rdrloln - n

940 z— / Dpe” © JdrlpIn(p/po)—p] (Zci[p(l')]) ) (75)

941

Zii In order to proceed with an analytical investigation, we assume that the surface density
fluctuations around p, are small and expand the entropic term (first term in (74)) up to the

944 . . 2 . :
second order, which gives pIn(p/p0) — p =~ (p — po)~/2p9. One can generalize this result

945 . . e . .

o6 by assuming that different realizations of the surface charge disorder follow a Gaussian
probability distribution as

947

948 1 s

949 Plp]l=Cexp < 3 / drg~ (r)[p(r) — po(r)] ) (76)

950
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951 where C is a normalization factor and g(r) is the disorder variance. The quadratic ansatz
952 is completely general since it corresponds to an expansion in small deviations from p(r)
953 where g(r) can be interpreted as a disorder “compressibility”’. One thus recovers (2) and (4)
954 in the text.

955

956 A.3 Non-Conserved Disorder Dynamics

957

958 The dynamical model discussed above is based on a conserved model for the dynamics of
959 the disorder, where the current density follows from the gradient of an effective chemical
90  potential, i.e., J, = —(gseol's) oV ler[p] With

961
962 _ dWlp] _ 1 o

oo pelp = =3 = = ——n (pﬂ) + (Y ) (a7
964

965  as seen from (73). Alternatively, one could construct other dynamical models that include
966  anon-conserved density field for the surface charge disorder and still give rise to the same
967  effective partition function in the stationary-state limit [68, 69]. One may thus propose a
968  phenomenological equation of the form

d ~
970 —p (. 1) = =T(terrlp] — po) +n(r. 1), (78)
o71 ot
zz where T is an effective mobility, o is a constant (which can be set to zero) and 5 is a
o7 Gaussian white noise with n(r, 1) = 0 and n(r, 1)n(r’, ') = 2D8 (r — r')§(t —t’). Assuming
ors Ds = kgT'Ts one can show that the partition function (75) is reproduced as the stationary-
76 state solution. This model may be more appropriate to study dynamics of disorder in macro-
77 molecules with ionizable surface groups.
978
979 . .
080 Appendix B: Partially Annealed Free Energy
981
082 The “free energy” of a partially annealed disordered system follows from (4) as
z:j F=—ksT'InZ = —kgT'In((ZL)). (79)
%5 Obviously, the purely annealed disorder limit with true thermal equilibrium, 7 = 7", is
986 recovered when n = 1,
987
988 Fanneated = —kp T In{(Zci)), (80)
%9 while the purely quenched disorder limit follows by taking the limit n — 0 (or B/ — 0).
90 " One can use (25 = e #7 and expand both sides of this relation to obtain the standard
22; quenched free energy expression [43, 44]
993 fquenched = _kB T ( (11’1 Zci)) . (8] )
994

995 All other values of n represent a partially annealed situation. The quenched limit translates
9% into an infinite temperature for the disorder [43, 44, 55-64] relative to counterions, reflecting
997 the fact that the statistics of quenched disorder is unaffected by counterions. It also reflects
998 the zero mobility of surface charges when the dynamical interpretation via Einstein’s relation
999 js used (assuming a finite surface diffusion coefficient).
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1001 Appendix C: Effective Surface Charge Density

1002

1003  The effective surface charge density o in the two-plate system is defined via

1004 1

1005 Oeit = =5 | drllp]]. (82)
28 )

1006

1007 where [[---]] = % [ DpPlp1(Zalp])" (- --) is the full ensemble average with respect to the
1008 partition function Z, (4). It may be written in terms of ((---)) averages defined after (4) as

1009 [+ ]] = ({(ZeilpD" (- - )/ ({(Zeil p])")). One can easily show from (4) and (8) that
1010

tom [[o()]] = po(r) + g(r) Oln 2 = po(r) —ipg(r) E [[¢. (0)]]. (83)
1012 300 (r) -
1013

1014 Obviously, the effective or renormalized surface charge is shifted from the bare value, po(r),
by an amount proportional to the mean surface potential [[¢,(r)]]. Thus the charge renor-

1015
1016  Malization in the present context is rendered via a linear surface screening mechanism (as
1017  May be seen also from the quadratic disorder terms g(r)¢,(r)¢,(r) in the effective Hamil-
1018 tonian (9)). This can be traced back to the Gaussian approximation for the disorder distrib-
1019 ution, (5).
1020 It follows immediately from (83) that no charge renormalization occurs in the quenched
1021 limit (n — 0) and it may be possible only for a partially annealed disorder (n > 0). Assum-
1002 ing the replica symmetry ansatz, one can recover the PB effective charge, (14) and (19), in
1023 the mean-field limit. In the SC limit, the effective charge and the fugacity, A, are determined
1024 simultaneously from (82) and (83) above combined with (51) or (52) in the text and the
1025 electroneutrality condition Ng = 20.¢S, i.e.
1026 20.¢S
A= , 84
1027 qdeQ (R)e—Pu®) (84)
1028
1029 ! dr|: )+ g2 } (85)
Oeff = — 5 g~ Po 8 .
1030 ¢ PAY) 3po(r)
1031 By using the SC results for the single-particle interaction, u, and the partition function, Z,
1932 from Sects. 4.2 and 4.3, and expanding o.¢ and A in powers of n as
1033
1034 o =00 +no® 4 ..., (86)
1035
— O @M 4.

1036 A=2A" 4+ nrY 4 87)
1037 we find that 0 @ = 0, 1 =20 /g [ dRQ(R)e #*0® "and
1038
1039 o P ©) —Buo(R) yr( A

— = drg(r)| (polvs|r) + geoh dRQR)e ™ (x|, [R) |, (88)
1040 o 20 Seg
1041

1) (1) —BuoR)
1042 )\_ = U_ _ ﬁdeQ(R)ul(R)e 0 . (89)
1043 A0 o f dRQ (R)e*ﬂ”()(R)
1044
1oas  The 21 term and other higher-order terms lead to higher-order contributions in the effective
1046 charge and thus will not be relevant here. By straightforward calculations and using the
1047 results in the text, one can show that
1048 o 27 B dRQ (R)ePuo®) (p=rla=Re| 4 p—kla+R:]
1049 — =gty | — —<1+e”)+f ( — )] (90)
o JdRQ(R)e—Puo®

1050
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1051 In the limit ¥ — O, the first two terms in the bracket on the right hand side are cancelled by
1052 similar contributions from the integrals in the last term and one can show that

1053
1)

1054 . O

lim — =0. (C2Y)
1055 k=0 O
1056 . . . . . . .
1057 Therefore, in the SC limit, the surface charge density is not renormalized on the leading
10ss  order in n when the low screening limit is taken. Thus, we can impose the electroneutrality
1059 condition using the bare surface charge density as 205 =¢N.
1060
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