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Abstract Charged systems with partially annealed charge disorder are investigated using
field-theoretic and replica methods. Charge disorder is assumed to be confined to macroion
surfaces surrounded by a cloud of mobile neutralizing counterions in an aqueous solvent.
A general formalism is developed by assuming that the disorder is partially annealed (with
purely annealed and purely quenched disorder included as special cases), i.e., we assume
in general that the disorder undergoes a slow dynamics relative to fast-relaxing counterions
making it possible thus to study the stationary-state properties of the system using methods
similar to those available in equilibrium statistical mechanics. By focusing on the specific
case of two planar surfaces of equal mean surface charge and disorder variance, it is shown
that partial annealing of the quenched disorder leads to renormalization of the mean surface
charge density and thus a reduction of the inter-plate repulsion on the mean-field or weak-
coupling level. In the strong-coupling limit, charge disorder induces a long-range attraction
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resulting in a continuous disorder-driven collapse transition for the two surfaces as the dis-
order variance exceeds a threshold value. Disorder annealing further enhances the attraction
and, in the limit of low screening, leads to a global attractive instability in the system.

Keywords Classical charged systems · Like-charge attraction · Charge disorder · Partial
annealing

1 Introduction

Interaction of charged macromolecules (macroions) is essential for soft and biological ma-
terials in order to maintain their complex structure and distinct functioning. In many cases,
charge patterns along macromolecular surfaces are inhomogeneous and exhibit a highly dis-
ordered spatial distribution. DNA microarrays [1, 2], surfactant-coated surfaces [3–6], ran-
dom polyelectrolytes and polyampholytes [7, 8] present examples of such disordered charge
distributions. The charge pattern can be either set and quenched in the process of assembly
of these surfaces, or can exhibit various degrees of annealing when interacting with other
macromolecules in aqueous solutions. Disorder annealing in charged systems may result
from different sources; e.g., finite mobility and mixing of charged units (lipids and proteins)
in lipid membranes [9], conformational rearrangement of DNA chains in DNA microarrays
[1, 2] and charge regulation of contact surfaces bearing weak acidic groups in aqueous so-
lutions [10–12], to name a few, all lead to annealing effects. In reality, one may deal with a
more complex situation where the surface charge pattern displays an intermediate character
[3–6] and thus may neither be considered as purely quenched (i.e., with fixed random spatial
distribution) nor as purely annealed (i.e., thermally equilibrated with the bulk solution).

Charge disorder appears to produce electrostatic features that are remarkably differ-
ent from those found in non-disordered systems. Mounting experimental evidence shows
that like-charged phospholipid membranes and fluid vesicles, which primarily contain mo-
bile surface charges, may undergo aggregation and fusion in the presence of multivalent
cations [9]. A similar behavior is observed with negatively charged mica surfaces exposed
to a solution of positively charged surfactants [3–6]; here formation of a random mosaic of
surfactant patches on apposing surfaces (after the surfactant is adsorbed from the bathing
solution onto the surfaces) leads to a long-range attraction and thus a spontaneous jump to
a collapsed state. Although this behavior is akin to the transition to the primary minimum
within the standard DLVO theory of weakly charged systems [13, 14], the attractive forces at
work here exceed the universal van-der-Waals forces [15] incorporated in the DLVO theory
by a few orders of magnitude [3–6].

In fact, the emergence of an instability is not captured by the standard theories of charged
systems that incorporate static, non-disordered charge distributions for macromolecular sur-
faces. These theories cover both mean-field [13, 14, 16] or weak-coupling limit (including
the Gaussian-fluctuations correction around the mean-field solution [17–19]) as well as the
strong-coupling (SC) limit [20–24], where the central theme is the absence or emergence of
electrostatic correlations induced by neutralizing counterions in the system that give rise to
attractive interactions between like-charged objects. Both uniform [13, 14, 16, 22] as well as
modulated [25, 26] charge distributions have been considered in this context. In the mean-
field regime, like-charged objects always repel. While the opposite limit of strong coupling
(realized, e.g., with high valency counterions, highly charged macroions, low medium di-
electric constant or low temperature [20–22]) is dominated by correlation-induced attractive
forces that can bring two apposing like-charged surfaces to very small separation distances.
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At small separations, however, a universal repulsion due to the confinement entropy of in-
tervening counterions sets in and stabilizes the system in a closely packed bound state with
a finite surface-surface separation [20–22]. This is true even for surfaces of opposite (un-
equal) uniform charge distribution [27]. Therefore, other mechanisms have to be at work
that would lead to attractions strong enough to counteract such repulsive forces and lead to
collapse or instability in a system of charged macroions. One such mechanism we propose is
the disorder of the charge distribution along macromolecular surfaces that turns out to be as
significant as the counterionic correlations and could provide a new paradigm in the theory
of charged soft matter.

Previous studies of charge disorder on macromolecular surfaces have investigated both
types of quenched [7, 8, 28–31] and annealed [7, 8, 30–36] disorder (including, specifically,
the classical work on charge-regulating surfaces [10–12]). They mainly deal with situations
where the system is in equilibrium and, on the question of electrostatic interaction [34–
36], focus primarily on the weak-coupling regime, where disordered surfaces of equal mean
charge always repel and no collapse or instability arises.1 A systematic analysis of quenched
disorder effects is presented in the previous works of two of the present authors [28, 29],
where it was shown that not only can electrostatic interactions between like-charged objects
turn from repulsive to attractive due to counterionic correlations, but also the disorder of the
surface charge itself can give rise to an additive long-range attraction. This is most clearly
demonstrated by attraction induced between disordered surfaces of zero mean charge but
with a finite variance of the disordered charge distribution [29]. In the SC limit, the quenched
disorder-induced attraction may be so strong that it can dominate the entropic repulsion at
small separations and continuously shrink the SC surface-surface bound state [20–22] upon
increasing the quenched disorder variance, predicting thus a continuous collapse transition
between a stable and a collapsed phase beyond a threshold disorder variance [28]. Since the
experimental situation may be more complex [3–6], and it might not allow for straightfor-
ward differentiation of the charge pattern into purely quenched and purely annealed cases,
we next set ourselves to explore possible effects from partial annealing of the surface charge.
If there is a fingerprint of the partially annealed surface charge disorder on the nature and
magnitude of surface interactions, this would help in assessing whether the experimentally
observed interactions can be interpreted in terms of disorder-induced interactions or not.
This is the motivation with which we venture on this exploration.

In this paper, we present a general formalism for charged systems with partially an-
nealed disorder by invoking field-theoretic and replica methods. We then focus on the case
of two interacting planar charged surfaces as a model system and examine explicitly the
effects of disorder on the inter-surface interaction in this system. Partially annealed disorder
in general arises when a coupled motion of slow and fast variables (corresponding here to
surface charges and counterions, respectively) is present in the system. It represents a non-
equilibrium situation, whose investigation requires suitable methods. The previously stud-
ied cases of static, non-disordered surface charge distribution [20–22] as well as quenched
[28] and annealed surface charge distribution follow as special cases from our formalism.
In the SC limit, we find that the system of two like-charged planar surfaces with neutral-
izing counterions becomes globally unstable upon annealing the quenched surface charge

1A notable exception in the course of previous studies of quenched disorder, which however will not be
considered here, is the case where dielectric discontinuities at bounding surfaces (or the presence of salt
in between the bounding surfaces) are taken into account [29]. In this case attraction emerges even in the
weak-coupling regime. Another and similar situation in which weak-coupling instabilities may arise is when
membrane undulations are allowed; see, e.g., [16, 37–39].
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and collapses into contact regardless of other system parameters due to strong attractive
forces from the annealing effects. Hence, the quenched phase behavior is not stable against
small annealing perturbations and is dramatically changed. However, stability may be re-
stored in this system by adding a finite amount of added salt that screens out the long-range
Coulomb interactions. In this case, we recover the continuous collapse transition between
a stabilized closely packed bound state of the two surfaces and a collapsed state where the
surfaces are in contact. This is qualitatively similar to the purely quenched case [28]. How-
ever, the partially annealed bound state shows a significantly larger attraction and a smaller
optimal surface separation as compared to the quenched case. In other words, allowing for
rearrangements of the macroion charges leads to configurations of lower free energy. Since
the present formalism is quite general, we shall also study the mean-field limit, where (in
contrast to the quenched case where no disorder effects are found [28, 30, 31]) the disorder
annealing appears to suppress the mean-field repulsion significantly by renormalizing the
surface charge to smaller values. Hence, besides the previously established mechanisms of
counterion-induced [22–24] and quenched disorder-induced [28, 29] correlations, we find
that the annealing of macroion charges provides another mechanism enhancing the like-
charge attraction.

The organization of the paper is as follows: We start with the general formalism that
allows us to define and to deal with the partially annealed disorder in terms of an “effective
partition function” that is obtained in the form of a functional integral over a fluctuating local
electric potential field. The structure of this field theory is too complicated to allow for a
general solution. We thus derive asymptotic solutions in the mean-field limit (corresponding
to the Poisson-Boltzmann theory of the classical DLVO framework) as well as the strong-
coupling limit via an application of the replica formalism. We finally evaluate and analyze
the inter-surface interactions for the specific case of planar charged surfaces in both limits
and compare them. We conclude by positioning our results in the growing framework of the
weak–strong coupling formalism for charged macromolecular interactions.

2 General Formalism

Let us consider a system of fixed macroions with disordered charge distribution, ρ(r), im-
mersed in an aqueous medium of dielectric constant, ε, along with their point-like neu-
tralizing counterions of valency q . In what follows, we shall develop our formalism for an
arbitrary ensemble of fixed macroions but for explicit calculations, we shall delimit our-
selves to a model system of two apposed charged planar surfaces with ρ(r) representing the
charge distribution along both planar surfaces (see Fig. 1). In the quenched limit, ρ(r) is as-
sumed to be static and only counterions are subject to thermal fluctuations. In the annealed
limit, both counterions and macroion charges are subject to fluctuations of comparable time
scales (i.e., τci ∼ τs respectively) and thus mutually equilibrate. The intermediate situation
of partially annealed disorder by definition occurs when there is a macroscopic separation
of time scales between the so-called fast and slow variables as frequently observed in glassy
systems [43, 44].

In the present context, counterions comprise the fast variables as they are dispersed and
freely fluctuate in the bulk. Macroion surface charges are assumed to constitute the slow
variables with the time scale τs � τci due to their disordered nature (as, e.g., they are con-
fined typically within closely packed or quasi-two-dimensional disordered regions such as
in lipid bilayers [9], surfactant-coated surfaces or surface hemimicelles [3–6, 45–47]).

Under these conditions, the mutual equilibration of fast and slow variables is hindered.
Counterions rapidly attain their equilibrium at bulk temperature T and thus, because of the
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Fig. 1 Schematic view of a system of macroions with partially annealed disordered charge distribution ρ(r)
and q-valency counterions at bulk temperature T . Surface charges may exhibit a different effective tempera-
ture T ′ due to their disordered nature and slow dynamics relative to the fast-relaxing counterions. As a model
system, we study two apposed planar macroion surfaces with disordered surface charge distributions (speci-
fied in the text) located at z = ±a at the separation distance d = 2a. We neglect the dielectric discontinuity
at the boundaries or the presence of added salt in the system [29] (see also [40–42])

wide time-scale gap, their equilibrium free energy acts as a driving force pushing the slow
dynamics of the surface charges to reach a non-equilibrium stationary state at long times.
This scheme, known generally as the adiabatic elimination of fast variables [48–50], is in-
vestigated in a growing number of works, for instance, in the context of far-from-equilibrium
stationary states and thermodynamics of two-temperature systems [51–54]. It has been ap-
plied in particular to study spin glasses with partially annealed disorder of the spin-spin
coupling strength [43, 44, 55–64]. It has been shown in general that the stationary state of
such systems may be described by a Boltzmann-type probability distribution featuring the
temperature of fast degrees of freedom T as well as an effective temperature T ′ associated
with the disorder. This peculiar two-temperature representation clearly reflects the intrinsi-
cally non-equilibrium nature of partial annealing. Obviously, the equilibrium free energy of
fast variables (i.e., counterions in our case) will show up explicitly in the aforementioned
probability distribution (here we shall not consider the relaxational dynamics of the system
and focus only on stationary-state properties).

In general, one may thus define an effective “partition function”, Z , in analogy with the
equilibrium partition function that greatly facilitates the analysis of the system far from equi-
librium [43, 44, 52–64]. This procedure is discussed in Appendix A by adopting a simple
dynamical model for a charged system with surface charge disorder and by identifying its
stationary-state probability distribution. We thus find

Z =
∫

Dρ exp
( − β ′W[ρ]), (1)

where β ′ = 1
kBT ′ and the density functional W[ρ] can be cast into the form

β ′W[ρ] = 1

2

∫
drg−1(r)[ρ(r) − ρ0(r)]2 − n ln Zci[ρ], (2)

where

n = T

T ′ . (3)

Equation (2) includes statistics of both counterions and the disordered charges on macroion
surfaces. The first term is the contribution of the disorder. It can be interpreted as a general
effective disorder potential expanded to the second order around a typical value ρ0 (Appen-
dix A), which is always possible if one interprets g(r) as playing the role of an effective
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disorder “compressibility”. This expansion leads to the standard Gaussian disorder weight
with the mean value ρ0(r) and variance g(r) that can be handled most conveniently by
replica techniques [43, 44]. Namely,

Z =
∫

DρP[ρ](Zci[ρ])n = 〈〈(
Zci[ρ])n〉〉

, (4)

where double-brackets denote the average 〈〈· · ·〉〉 = ∫
DρP[ρ](· · ·) with respect to the

Gaussian probability distribution

P[ρ] = C exp

(
− 1

2

∫
drg−1(r)[ρ(r) − ρ0(r)]2

)
(5)

with C being a normalization factor.
The second term in (2) is the equilibrium free energy of a system of counterions at a

fixed realization of disordered macroion charge, ρ = ρ(r). It follows by integrating over the
counterionic degrees of freedom equilibrated at temperature T . In grand-canonical ensem-
ble, the fixed-ρ partition function, Zci[ρ], can be cast into a form of a functional integral as
[17–19, 22]

Zci[ρ] =
∫ Dφ

Zv

e−βH[φ,ρ], (6)

where φ(r) is the fluctuating electrostatic potential field, β = 1
kBT

and

H =
∫

dr
[

εε0

2

(∇φ
)2 + iρφ − λkBT �(r)e−iβqe0φ

]
(7)

is the effective Hamiltonian of the system comprising Coulomb interaction v(x) =
(4πεε0|x|)−1 between all charged units (the first two terms) as well as the entropy of coun-
terions (the last term). Here λ is the fugacity, Zv = √

detβv(r, r′), and �(r) is a geometry
function that specifies the free volume available to counterions, i.e., the space between the
two apposed planar surfaces in the model system in Fig. 1.

The partition function (1) can be evaluated by using the replica trick [43, 44], i.e., by
taking n an integer number and then standardly extending the results to real axis (for any
real value of n = β ′/β) by analytical continuation. Thus by using (6) and averaging over
ρ(r), we arrive at the disorder-averaged expression

Z =
∫ ( n∏

a=1

Dφa

Zv

)
e−S[{φa }], (8)

where the n-replica effective Hamiltonian reads

S[{φa}] = 1

2

∑
a,b

∫
drdr′φa(r)Dab(r, r′)φb(r′)

+
∑

a

∫
dr

[
iβρ0(r)φa(r) − λ�(r)e−iβqe0φa(r)]. (9)

The kernel Dab(r, r′) introduced above is defined as

Dab(r, r′) = βv−1(r, r′)δab + β2g(r)δ(r − r′), (10)
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where v−1(r, r′) = −εε0∇2δ(r − r′).
Equation (8) carries complete information about the mutual coupling between counte-

rions and the surface charge disorder. The grand-canonical “free energy” of the partially
annealed system is then obtained as

F = −kBT ′ ln Z. (11)

The special cases of purely quenched and purely annealed disorder follow from (11) for
n → 0 and n = 1, respectively (see Appendix B).

Note that here the number of replicas, n = T/T ′, has a direct physical meaning of temper-
ature ratio [43, 44, 52–64]. A close examination of (9) indicates that the partially annealed
disorder gives rise to quadratic surface terms of the form g(r)φa(r)φb(r). It may thus lead
to renormalization of the mean surface charge (Appendix C) as can be seen most clearly by
looking at the mean-field equations which we shall derive next.

3 Mean-Field Limit

The mean-field or Poisson-Boltzmann (PB) equation [13, 14, 16] (which becomes exact
in the limit of small coupling parameters corresponding, for instance, to low counterion
valency or low surface charge density [20–22]) follows from the saddle-point equation of
the functional integral (8) as

εε0∇2φ̄a = iλqe0�(r)e−iβqe0φ̄a (r) + iρ0(r) + βg(r)
∑

b

φ̄b(r). (12)

We shall assume no preferences among different replicas on the saddle-point level, thus
φ̄a(r) = φ̄(r) for a = 1, . . . , n (replica symmetry ansatz). In this way we arrive at the PB
equation for the real-valued mean-field potential ϕPB(r) = iφ̄(r) as

εε0∇2ϕPB(r) = −λqe0�(r)e−βqe0ϕPB(r) − ρeff(r), (13)

where

ρeff(r) ≡ ρ0(r) − β ′g(r)ϕPB(r) (14)

is the effective (renormalized) macroion charge distribution (Appendix C). It is therefore
seen that in the quenched limit (n or β ′ → 0), the disorder effects completely vanish on the
mean-field level and the PB theory coincides exactly with that of a non-disordered system
of bare charge distribution ρ0(r) [28]. This is however not true for the partially annealed
disorder (n > 0).

To proceed with the PB theory, we shall consider the specific case of two parallel charged
plates located (normal to z-axis) at z = −a and z = +a at the separation distance d = 2a

(Fig. 1). We take the mean charge distribution and its variance as

ρ0(r) = −σe0
[
δ(z + a) + δ(z − a)

]
(15)

g(r) = ge2
0

[
δ(z + a) + δ(z − a)

]
, (16)

where g ≥ 0 and without loss of generality we assume that σ ≥ 0 (and thus q ≥ 0). Counte-
rions are assumed to be confined in between the plates (i.e., �(r) = 1 for |z| < a and zero
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elsewhere), where (13) admits the well-known solution [13, 14, 16]

ϕPB(z) = 1

βqe0
ln cos2(Kz) (17)

with K2 = 2π
Bq2λ to be determined from the electroneutrality condition stipulating that
the total charge on the two surfaces should be equal to the total charge of the counterions.
This leads to the equation for K of the form

Kμ tan(Ka) = 1 + γ ln cos2(Ka) ≡ σeff

σ
. (18)

Here μ = 1/(2πq
Bσ) is the Gouy-Chapman length, 
B = e2
0/(4πεε0kBT ) the Bjerrum

length, and

σeff = σ + β ′ge0ϕPB(a) (19)

the renormalized surface charge density (14). The latter expression clearly reflects the mixed
boundary conditions encountered here, resembling the situation in the classical charge-
regulation problems [10–12]. The dimensionless parameter

γ = ng

qσ
(20)

gives a measure of the disorder annealing and is obviously proportional to the ratio n =
T/T ′ of the counterions and surface disorder temperatures.

The PB pressure, PPB, acting between the plates is obtained from the standard definition
βPPB = nPB(z0) − 1

2 βεε0(dϕPB/dz)2|z0 [13, 14, 16] for an arbitrary |z0| < a as

βPPB

2π
Bσ 2
= (Kμ)2. (21)

The counterion number density profile between the plates, nPB(z) = λe−βqe0ϕPB(z)

[13, 14, 16], is obtained as

nPB(z)

2π
Bσ 2
=

(
Kμ

cosKz

)2

. (22)

It follows from (18) that the mean-field renormalized surface charge density is always
smaller than the bare value and tends to zero but never changes sign as γ increase (0 ≤
σeff ≤ σ ). Therefore, the surfaces are effectively neutralized and the pressure as well as the
counterion number density profile tend to zero as γ increases to infinity (see Fig. 2). This
picture relies on the assumption that the number of surface charged units is not fixed and can
respond to changes of the surface potential. Imposing the constraint that fixes this number
obviously rules out surface charge renormalization and one observes no effects from the
disorder annealing in agreement with [30, 31].

In the limit γ → 0, we recover the non-disordered [22] or quenched [28] mean-field
results with the following asymptotic behavior for the pressure,

βPPB

2π
Bσ 2



{
2μ/d d/μ � 1,

π2μ2/d2 d/μ � 1.
(23)
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Fig. 2 Rescaled PB pressure
between two charged plates as a
function of their separation d for
γ = 0, 1, 10 and 102. Inset shows
the PB counterion density profile
for d/μ = 4. For γ = 0, we
recover the non-disordered
results with the pressure decaying
as ∼ 1/d2 [22]. For γ � 1, the
pressure decays as ∼ 1/(γ d2)

For large γ � 1, we find that (Ka)2 
 (μ/a + γ )−1 and thus

βPPB

2π
Bσ 2



{
2μ/d γ d/μ � 1,

4μ2/(γ d2) γ d/μ � 1.
(24)

The small separation expression above is nothing but the ideal-gas osmotic pressure of coun-
terions that dominates over the energetic contributions. At large separations the pressure is
found to decay asymptotically as ∼ 1/(γ d2). The pressure remains always non-negative and
the surface-surface interaction is thus always repulsive in the mean-field limit. Choosing the
non-disordered system as the reference, however, the decrease in the interaction pressure
upon increase of the surface disorder annealing can be interpreted as being due to an effec-
tive disorder-induced attraction whose asymptotic form could be described by

�PPB ∼ 1 − γ

γ

1

d2
(25)

for large γ . This asymptotic form again attests to the fact that the way the disorder acts on
the mean-field interaction between the two apposed surfaces is via a renormalization of the
surface charge density.

4 Strong-Coupling (SC) Limit

Next we shall investigate the asymptotic strong-coupling limit which is complementary to
the mean-field limit and where counterion-induced correlations become dominant. We em-
ploy the standard strong-coupling scheme reviewed extensively in [20–22] in order to study
the partial annealing effects in the SC limit. The so-called asymptotic SC theory is obtained
from the leading order terms of a non-trivial virial expansion (in powers of the fugacity) of
the partition function (8), i.e.

Z = Z0 + λZ1 + O(λ2). (26)

It becomes exact in the limit of large coupling parameters corresponding, for instance, to
high counterion valency or high surface charge density [20–22].
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The zeroth-order (no counterion) term, Z0, and the first-order (single counterion) term,
Z1, follow from (8) as

Z0 =
∫ ( n∏

a=1

Dφa

Zv

)
e−S0 , (27)

Z1 =
n∑

b=1

∫
dR�(R)

∫ ( n∏
a=1

Dφa

Zv

)
e−S0−iβqe0φb(R), (28)

where

S0 = 1

2

∑
a,b

∫
drdr′φa(r)Dab(r, r′)φb(r′) + iβ

∑
a

∫
drρ0(r)φa(r). (29)

We thus need to calculate both these terms for an arbitrary number of replicas, n. In doing
so, we shall make use of some mathematical relations that we briefly discuss below.

4.1 Mathematical Preliminaries

First, it turns out that the most convenient way to carry out the calculations is to replace
the long-range Coulomb interaction v(x) = 1/(4πεε0|x|) with the exponentially screened
Yukawa interaction

vs(x) = e−κ|x|

4πεε0|x| (30)

by introducing a finite screening length κ−1. In the end, we shall take the limit κ → 0. Note
that not only is this procedure of technical convenience but it is also of physical relevance
for the present problem. It corresponds to adding a background salt to the system, leading
to the screened Coulomb interaction between charged units. It is to be noted however that
the salt effects are taken into account in this way only on the linear Debye-Hückel level.
(Further study of the role of added salt in the SC limit is presented elsewhere [42].) Gen-
eralization of (8)–(10) in the presence of Yukawa interaction is immediate as v−1(r, r′) is
simply replaced by

v−1
s (r, r′) = εε0(−∇2 + κ2)δ(r − r′). (31)

Second, in calculating Z0 and Z1 one needs to evaluate the determinant and the inverse
of the block-matrix Dab(r, r′). These calculations are straightforward and may be carried
out most easily by employing properties of block-matrices and the operator algebra defined
over the Hilbert space {|r〉}. We shall use the compact notation by defining the operators
〈r|v̂s |r′〉 = vs(r, r′), 〈r|ĝ|r′〉 = g(r)δ(r, r′) (for the screened Coulomb interaction and disor-
der variance), and 〈r|D̂ab|r′〉 = Dab(r, r′) via (10), where the latter is defined as an element
of the n × n operator matrix

D̂ = βe ⊗ v̂−1
s + β2u ⊗ ĝ (32)

with eab = δab and uab = 1. Also, we shall use 〈r|ρ0〉 = ρ0(r) and the well-known notation∫
r,r′ ρ0(r)vs(r, r′)ρ0(r′) = 〈ρ0|v̂s |ρ0〉, etc.

One can prove the following identities for D̂

det D̂ = (
detβv̂−1

s

)n
det

(
1̂ + nβĝv̂s

)
, (33)
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β
∑

a

〈
r
∣∣(D̂−1)ab

∣∣r′〉 = 〈
r
∣∣v̂s

(
1̂ + nβĝv̂s

)−1∣∣r′〉, (34)

β
〈
r
∣∣(D̂−1)aa

∣∣r〉 = 〈
r
∣∣v̂s

[
1̂ − βĝv̂s

(
1̂ + nβĝv̂s

)−1]∣∣r〉, (35)

which will be used in what follows. Note that the last two quantities do not depend on the
replica indices a and b.

4.2 Virial Terms Z0 and Z1

Going back to the virial term Z0, one can perform the Gaussian integral in (27) to obtain

Z0 = C0e
− n

2 ln detβv̂s− 1
2 ln det D̂− 1

2 β2 ∑
a,b〈ρ0|(D̂−1)ab |ρ0〉. (36)

Using (33) and (34), Z0 is completely determined. This term represents the interaction free
energy of macroion charges in the absence of counterions.

Next, the Gaussian integral in (28) can be evaluated as

Z1 = nZ0

∫
dR�(R)e−βu(R), (37)

where u(R) is nothing but the single-counterion interaction energy with the macroion
charges and reads

u(R) = βqe0

∑
a

〈ρ0|(D̂−1)ab|R〉 + β
(qe0)

2

2
〈R|(D̂−1)bb|R〉. (38)

This is fully determined by virtue of (34) and (35). We have thus derived the general form
of both virial terms in (26) as a function of n. We now proceed to the explicit evaluation of
the two virial terms for the system of two apposed charged planar surfaces as defined by the
mean charge distribution and disorder variance (15) and (16) (see Fig. 1).

4.3 Small-n Expansion

To proceed further we focus on the small-n limit of the above expressions. Our chief goal
here is to examine the stability of the system upon small annealing perturbations of a
quenched charge distribution. The annealing effects on this level are therefore expected to
be additive in the free energy of the system.

By expanding (36) for small n we arrive at

Z0 
 C ′
0 exp

(
− nβ

2

[
Tr(ĝv̂s) + 〈ρ0|v̂s |ρ0〉

]

+ (nβ)2

2

[
1

2
Tr

({ĝv̂s}2
) + 〈ρ0|v̂s ĝv̂s |ρ0〉

])
(39)

to the lowest orders in n. But since we are interested in the inter-plate interaction, we shall
need to determine only the separation-dependent terms.

It easily follows that the Tr(ĝv̂s) term in the above equation does not depend on the inter-
surface distance d = 2a and the Tr({ĝv̂s}2) term may be calculated straightforwardly (and
up to an irrelevant additive term) as

β2Tr({ĝv̂s}2) = −S(4π
2
Bg2)Ei(−2κd), (40)
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where S is the total area of each surface and Ei(x) = ∫ x

−∞ dtet /t is the exponential-integral
function. The remaining two terms in the expression for Z0 are obtained as

β〈ρ0|v̂s |ρ0〉 = 2S
(
σ 2
B

)(2π

κ

)(
1 + e−κd

)
, (41)

β2〈ρ0|v̂s ĝv̂s |ρ0〉 = 2S
(
gσ 2
2

B

)(2π

κ

)2(
1 + e−κd

)2
. (42)

The small-n expansion for Z1 leads to evaluation of e−βu(R) 
 e−βu0(R)[1 + nβu1(R)],
where we have expanded u(R) = u0(R) − nu1(R) + O(n2) to the lowest order in n, and
thus the following two terms

u0(R) = qe0〈ρ0|v̂s |R〉 − β
(qe0)

2

2
〈R|v̂s ĝv̂s |R〉, (43)

u1(R) = βqe0〈ρ0|v̂s ĝv̂s |R〉 − β2 (qe0)
2

2
〈R|v̂s ĝv̂s ĝv̂s |R〉. (44)

We have discarded a self-energy term (qe0)
2〈R|v̂s |R〉 in (43) whose only effect is to rescale

the fugacity, λ [28]. We can then use the explicit expressions

βe0〈ρ0|v̂s |R〉 = −(
σ
B

)(2π

κ

)(
e−κ|a−Rz| + e−κ|a+Rz|) (45)

β2e0〈ρ0|v̂s ĝv̂s |R〉 = −(
σg
2

B

)(2π

κ

)2(
1 + e−κd

)(
e−κ|a−Rz| + e−κ|a+Rz|). (46)

The two remaining expressions in (43) and (44) are obtained as

β2e2
0〈R|v̂s ĝv̂s |R〉 = −(

2πg
2
B

)[
Ei(−2κ|a − Rz|) + Ei(−2κ|a + Rz|)

]
, (47)

β3e2
0〈R|v̂s ĝv̂s ĝv̂s |R〉 = (

2πg2
3
B

)(2π

κ

)[(
e−2κ|a−Rz| + e−2κ|a+Rz| + 2e−2κd

)

+ 2κ|a − Rz|Ei(−2κ|a − Rz|) + 2κ|a + Rz|Ei(−2κ|a + Rz|)
+ 4κdEi(−2κd)

]
. (48)

We shall need only the small κ results, which read (after discarding irrelevant constants)

β2e2
0〈R|v̂s ĝv̂s |R〉 
 −(

2πg
2
B

)
ln

(
a2 − R2

z

)
, (49)

β3e2
0〈R|v̂s ĝv̂s ĝv̂s |R〉 
 (

2πg2
3
B

)(2π

κ

)(
e−2κ|a−Rz| + e−2κ|a+Rz| + 2e−2κd

)
. (50)

This completes the explicit evaluation of both virial terms. We now proceed to the evaluation
of the interaction free energy, i.e., the part of the free energy that explicitly depends on the
separation between the two surfaces.

4.4 SC Free Energy

By using (36)–(38), one can evaluate the free energy of a partially annealed system from
F SC = −kBT ′ ln Z (11), where Z = Z0 + λZ1 in the SC limit (26). The fugacity can be
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fixed by the number of counterions N upon transforming to canonical ensemble via

nN = λ
∂ ln Z
∂λ

, (51)

whereby we obtain

λ = N∫
dR�(R)e−βu(R)

. (52)

The canonical SC free energy is obtained via the Legendre transform, F SC
N = F SC +

NkBT lnλ, as

βF SC
N

N
= − ln Z0

Nn
− ln

∫
dR�(R)e−βu(R) (53)

supplemented by the electroneutrality condition, which for the two-plate system reads Nq =
2σeffS, and again stipulates that the total charge on the surfaces equals the charge of the
interposed counterions. Note that here σeff is the effective surface charge density that has to
be determined self-consistently within the SC theory. It turns out however that, in the SC
limit, there is no charge renormalization due to partial annealing on the leading order in n,
and thus σeff = σ up to corrections of the order O(n2) (see Appendix C). This behavior is in
stark contrast with the one found on the mean-field level in Sect. 3.

The above expressions (51)–(53) together with (36)–(38) are applicable to any general
system of fixed macroions with (Gaussian) disordered charge distribution and arbitrary de-
gree of annealing n. For small annealing perturbations, we have

βF SC
N

N
= − ln Z0

Nn
− ln

∫
dR�(R)e−βu0(R) − nβ

∫
dR�(R)u1(R)e−βu0(R)∫

dR�(R)e−βu0(R)
+ O(n2), (54)

where Z0 is given by (39).
In what follows, we shall focus again on the two-plate model system ((15) and (16)) and

make use of the explicit expressions (40)–(50) in order to calculate the SC free energy of
this system. We then take the limit of small inverse screening length, κ → 0, as noted in
Sect. 4.1. We thus find that the SC free energy of this system adopts a simple form as

βF SC
N

N

 fquenched + n

κ

(
8π2q
2

Bgσ
)
d,

= fquenched +
(

2γ

κμ

)
d

μ
,

(55)

where the first term on the right hand side, fquenched, is nothing but the quenched (n = 0)
rescaled free energy [28]

fquenched = d

2μ
+ (χ − 1) lnd, (56)

and the second term in (55) represents the leading order correction from partial annealing
of the disorder. Note that this term is linear in n as expected and scales with the inverse
screening length κ−1.

The quenched free energy (56) is expressed in terms of the dimensionless disorder cou-
pling parameter χ = 2πq2
2

Bg, which gives a measure of the disorder-induced coupling via



« JOSS 10955 layout: Small Condensed v.1.2 reference style: mathphys file: joss9635.tex (Tatjana) aid: 9635 doctopic: OriginalPaper class: spr-small-v1.1 v.2008/10/02 Prn:24/10/2008; 10:55 p. 14»

Y.S. Mamasakhlisov et al.

651

652

653

654

655

656

657

658

659

660

661

662

663

664

665

666

667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

700

the surface charge variance g. This is to be compared with the so-called electrostatic cou-
pling parameter � = 2πq3
2

Bσ defined originally for non-disordered systems [22], which
measures the strength of counterion-induced correlations and, in the present context, de-
pends on the mean charge density σ . The information about the disorder annealing enters
only via γ = ng/(qσ) as defined previously in (20). These dimensionless parameters may
be used to determine the phase behavior of a partially annealed system, with the disorder
effects being in general quantified by χ and γ .

4.5 Instability and Collapse Transition

The quenched free energy (56) comprises the standard non-disordered SC contributions, i.e.,
the counterion-mediated attraction, d/2μ, and the repulsion, − lnd , due to the confinement
entropy of counterions between the two surfaces [20–22]. But it also includes a long-range
additive logarithmic term, that is χ lnd , stemming from the disorder variance which is at-
tractive and renormalizes the repulsive entropic term. This peculiar form of the quenched
disorder contribution leads to the previously predicted [28] continuous collapse transition at
the threshold χc = 1 between a stable bound state of the two surfaces and a collapsed state
where the surfaces are in contact. In other words, the optimal surface-surface separation, d∗,
behaves as

d∗
μ

=
{

2(1 − χ) χ < 1,

0 χ > 1.
(57)

If on the other hand the disorder is partially annealed (n > 0), we see from (55) that the
annealing generates a linear attractive term in the free energy, that is ∼ γ d/κ . It adds up with
and enhances the counterion-mediated attraction term (first term in (56)) exhibiting thus a
complementary effect when compared to the quenched disorder contribution. The threshold
of the collapse transition χc = 1 remains intact up to small corrections of the order O(n)2

and the partially annealed bound-state separation is obtained in the limit of small inverse
screening length, κ , as

d∗
μ



{ 2(1−χ)

1+4γ /κμ
χ < 1,

0 χ > 1,
(58)

which is always smaller than the quenched value, reflecting again the enhanced surface-
surface attraction in the case of partially annealed disorder.

Note that the optimal separation in the partially annealed case, (58), tends to zero,
d∗ → 0, as the inverse screening length tends to zero κ → 0. In other words, the system
goes into a collapsed state regardless of other parameters exhibiting thus a global attractive
instability. Hence, a quenched system of macroion charges and counterions is not stable
with respect to annealing perturbations of the macroion charge distribution in the absence
of screening effects. The stability may be achieved by adding a finite amount of added salt.
Unfortunately, the effects of added salt have not yet been properly analyzed in the context
of the SC theory (see [42] for a recent attempt) and it is presently difficult to go beyond the
linear description adopted here for the salt screening effects.

2Subleading terms of order O(nκ0) can in general result in a small shift in the threshold value of χ . For

instance, the Tr({ĝv̂s }2) term, (40), leads to a small reduction of the order O(n) as χc 
 1 − γ /4.
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5 Conclusion and Discussion

In this work we have analyzed the effects of partially annealed disorder in the distribution of
macromolecular (macroion) charges on the interaction between two such macromolecular
surfaces across a solution containing mobile neutralizing counterions. Recent experiments
on decorated mica surfaces [3–6] covered with a random mosaic of positive and negative
charged domains (stemming from the adsorption of cationic surfactants) clearly point to the
existence of a strong attractive surface-surface interaction which, upon formation of such
domains, collapses the system into a compact state with the surfaces being in contact. This
behavior resembles the transition to a primary minimum within the DLVO theory [13, 14]
although the attraction mechanism here is strictly non-DLVO [3–6] producing attractive
electrostatic forces that are up to a few orders of magnitude larger than the universal van-
der-Waals forces [15] as incorporated in the DLVO theory. Moreover, the emergence of an
attractive instability or even a collapse transition is not predicted within the standard the-
ories of electrostatic interactions between charged macromolecular surfaces (even between
surfaces bearing opposite charges) pointing thus to the possible role of the surface charge
disorder in the aforementioned collapse transition.

The AFM investigation of the surface texture of mica surfaces [3–6] can be performed
only before the measurements of the inter-surface forces and can not be monitored while
the two surfaces are brought closer together. One can thus not be sure whether the surface
distribution of the charged domains along the surfaces changes on approach of the surfaces
or not. This leads in general to three possible scenarios:

– the surface charge disorder is completely set by the method of preparation of the surfaces
and does not change on approach of the surfaces (quenched disorder),

– the surface charge disorder responds to the changes in the separation of the surfaces just
as fast as the mobile charged species (such as counterions) in the solution between the
surfaces (annealed disorder),

– and lastly, the surface charge disorder does respond to the changes of the separation but
with a much larger time-scale than the mobile charged species between the surfaces (par-
tially annealed disorder).

As the experiment alluded to above gives only the inter-surface interaction as a function of
the separation, one is thus lead to investigate the fingerprint of these different scenarios on
the behavior of the interaction. Since the effects of annealed [10–12, 30–36] and quenched
[28–31] disorder have already been investigated theoretically, we follow up on these analy-
ses by investigating the changes in the inter-surface forces wrought by the intermediate case,
where it is assumed that there is a clear separation of relaxation time scales between the dy-
namics of the “external” surface charges (τs) and the mobile charges floating in the solvent
between the surfaces (τci), i.e.

τs � τci. (59)

Thus, the fluctuations in the intervening Coulomb fluid have time enough to relax to their
local equilibrium state for each configuration of the surface charge disorder, which shows a
much slower relaxation with changes in the surface separation. The origin of the different
relaxation times for the surface and bulk dynamics could be manyfold: the finite mobility
and mixing of charged units on the macromolecular surfaces, such as appears in lipid bilay-
ers with embedded charged proteins [9], conformational rearrangement of strongly charged
DNA chains such as appears in DNA microarrays [1, 2] and charge regulation of contact
surfaces bearing weak acidic groups in aqueous solutions [10–12], but should be in any case
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very system specific. This separation of time scales is closely related to the so-called “adi-
abatic elimination” of fast degrees of freedom [48–50], which has been used frequently in
the literature for systems with widely different time scales [43, 44, 51–64] (see also Appen-
dix A).

In this work we thus investigate the “interaction fingerprint” of the partially annealed
disorder on two apposed planar surfaces upon their approach. The analysis presented above
points to the fact that partial annealing of the surface charges invariably leads to additional
attractive interactions between the surfaces and may even result in a global attractive insta-
bility in the system. The nature of these attractions is quite different, however, if counterions
are strongly or weakly coupled to charged surfaces in the sense of Netz [20–22]. The mag-
nitude of this coupling essentially depends on the valency of counterions, q , the magnitude
of the surface charge density, σe0, and the Bjerrum length 
B = e2

0/(4πεε0kBT ) (incorpo-
rating the medium temperature and dielectric constant), and is measured by the electrostatic
coupling parameter

� = 2πq3
2
Bσ. (60)

For weakly coupled counterions, i.e. specifically in the mean-field limit (� → 0), the
partially annealed disorder leads to smaller mean-field repulsions due to a renormalized
(reduced) value of the surface charge density. The attraction in this case can thus be inferred
only from a diminished repulsion with respect to the case of a non-disordered surface charge
distribution. For strongly coupled counterions, i.e., on the SC level (� → ∞), we derive
explicitly an additional inter-surface attraction stemming from the partial annealing of the
surface charge distribution. Note that the qualitative difference between the mean-field and
the SC results goes back to the strong electrostatic correlation effects that are included in
the SC theory but excluded on the mean-field level. The reason for this additional attraction
(or reduction of the inter-surface repulsion in the mean-field limit) compared to the purely
quenched case is that any rearrangement of the macroion charges, such as is assumed in
partial annealing, inevitably leads to configurations of lower (free) energy which shows up
as an effective attraction. This means that every disordered charged system will be unstable
against annealing. In both the mean-field as well as the strong-coupling limit, the effect of
partial annealing is quantified by a single partial annealing parameter

γ = ng

qσ
, (61)

which depends on the temperature ratio n = T/T ′. This is in addition to the disorder cou-
pling parameter

χ = 2πq2
2
Bg, (62)

which measures the spread of the charge disorder distribution via the disorder variance g.
The parameter γ and the effective surface temperature T ′ may be estimated experimen-

tally from the mobility (�s ) and the diffusion (Ds ) coefficients of the surface charges and by
applying Einstein’s relation kBT ′ = Ds/�s (Sect. A.1). The temperature ratio quantifying
the effects of partial annealing can thus be cast into an equivalent form

n = (kBT )
�s

Ds

. (63)

How does one differentiate the effects of quenched and partially annealed disorder? Com-
paring the results derived in the quenched case [28, 29] with those obtained in this work, one
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realizes that in the former case the effects of the disorder are limited to the strong-coupling
limit, while in the partially annealed case they persist also in the mean-field limit. This is
because in the mean-field limit the surface charge density is renormalized in the presence
of partially annealed disorder. This effect is always absent in the quenched disorder case
(Appendix C).

Moreover, we find that in the SC regime and in the limit of low screening κ → 0, a
charged system that may be stable in the presence of quenched charge disorder could become
globally unstable and collapse upon partial annealing of the disorder. One should also note
that for small non-zero screening and in the stable phase (χ < 1), the system adopts a much
smaller surface-surface distance in the partially annealed case than in the quenched case as
the ratio between the optimal distances in these two cases is given by (1 + 4γ /κμ)−1.

Another indicative feature of partially annealed disorder is the curious property that the
surfaces interact electrostatically even if the mean surface charge density, σ , goes to zero,
that is when the surfaces become net electroneutral! It may be seen most clearly from the
Tr({ĝv̂s}2) term in (40), which in the limit κ → 0 leads to a logarithmic attractive contri-
bution in the free energy as 
 nπg2
2

BS lnd stemming only from the variance, g, of the
surface charge disorder (note however that when σ > 0 this is a subleading term compared
to the additive 1/κ term considered in (55)) (see also footnote 2). This effect disappears in
the quenched limit (n → 0) unless either the dielectric discontinuities at bounding surfaces
or the presence of salt in between the bounding surfaces are taken into account [29]. It is
thus safe to say that the effects of partially annealed disorder are in general stronger and
ubiquitous and may be qualitative in both mean-field and strong-coupling limits.

Nevertheless, though the above-mentioned interaction fingerprints would help in assess-
ing the importance of disorder or even its presence in the charge distribution on macromole-
cular surfaces, the interactions by themselves would not be enough to make this conclusion
with a reasonable degree of certainty. Unfortunately, more detailed experiments where one
would concurrently measure interactions as well as surface charge distributions would still
be essential.

Our analysis of the effects of macromolecular charge disorder on their interactions sup-
plements the recently acquired new wisdom of bio-colloidal interactions [20–24], as op-
posed to its classical formulation [13, 14], in quite an illuminating way. Whereas on the
DLVO or mean-field level [13, 14, 16] one can formulate the salient features of macro-
molecular Coulomb interactions with the folk wisdom that opposites attract and likes repel,
the strong-coupling paradigm [20–24] suggests that likes attract too if the system is highly
charged. To this we would add, in view of our previous work [28, 29] and the work described
above, that if the surface charge distribution is disordered, the system may become unstable
and collapse due to attractive disorder-induced forces and that even neutral macromolecu-
lar surfaces can interact via electrostatic interactions. This is especially true if the disorder
distribution is partially annealed as we set to prove in this work.

Acknowledgements R.P. would like to acknowledge the support of Agency for Research and Development
of Slovenia under grants P1-0055(C), Z1-7171 and L2-7080. This study was supported by the Intramural
Research Program of the NIH, National Institute of Child Health and Human Development. This research
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Appendix A: Dynamics of Disorder

A.1 Adiabatic Elimination of Fast Variables

The effective partition function for a partially annealed system may be obtained via an adi-
abatic elimination of fast variables discussed widely in the literature [48–50]. Here we shall
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briefly discuss the extension of this method for a charged system with a slow disordered
component. As described in the text we shall focus on a non-equilibrium system of mobile
fast-relaxing counterions (located at positions ξ i (t) for i = 1, . . . ,N , in a solvent of fixed
temperature T ) and a disordered ensemble of macroion surface charges (located at positions
xi with i = 1, . . . ,Ns and bearing charges qse0) which undergo a much slower dynamics.
We shall be interested only in the stationary-state properties of the system. We adopt the
Langevin equation for the dynamics of counterions and surface charges as

ξ̇ i = −�ci
∂H

∂ξ i

+ θ ci, (64)

ẋi = −�s
∂H

∂xi

+ θ s, (65)

respectively, where the Hamiltonian H is written in terms of Coulomb pair interactions

H = 1

2

∑
i,j

v(xi ,xj ) +
∑
i,j

v(xi , ξ j ) + 1

2

∑
i,j

v(ξ i , ξ j ), (66)

and θ ci and θ s are white noise terms with zero average and the two-point correlation func-
tion θ ci(t) · θ ci(t ′) = 6Dciδ(t − t ′) and θ s(t) · θ s(t ′) = 6Dsδ(t − t ′). We impose Einstein’s
relations between the diffusion constants and the mobilities of the particle species, i.e.,
Dci = kBT �ci and Ds = kBT ′�s that guarantee a stationary state may be achieved at long
times. (We have neglected hydrodynamic interactions in (64) and (65) for simplicity as they
do not affect the stationary-state results.)

The central assumption for the time scales of the counterions (1/�ci) and the surface
charges (1/�s) translates into

�s/�ci � 1. (67)

Our goal is to eliminate the fast (counterionic) variables that change at short time scales
and obtain an effective dynamical equation for the slow (surface charge) variables assuming
that the effective temperature of the latter, T ′, may in general be different from that of
the former, T [43, 44, 51–64]. This may be done readily given the condition (67) above
and by developing a perturbative expansion (much in the spirit of the Born-Oppenheimer
approximation) [48–50] in terms of the small parameter �s/�ci. The zeroth-order results
are quite intuitive: one ends up with a Langevin equation for xi similar to (65) where the
microscopic Hamiltonian H is replaced with an effective one, which is obtained by “pre-
averaging” over the counterionic degrees of freedom; namely,

ẋi = −�s
∂Heff

∂xi

+ θ s, (68)

where Heff = −kBT lnZci and Zci = 1
N !

∫ ∏
i dξ i exp(−βH). This effective Hamiltonian

is of course nothing but the equilibrium free energy of counterions in the presence of a
fixed realization of surface charges; its derivative acts as a driving force pushing the sur-
face charge dynamics to reach a stationary state at long times with the Boltzmann-type
probability weight exp(−β ′Heff) as dictated by (68). Hence, the system–although far from
equilibrium as a whole–may still be described in terms of an “effective” partition function,
Z, once a stationary state is achieved, i.e.

Z = 1

Ns!
∫ [∏

i

dxi

]
e−β ′Heff = 1

Ns!
∫ [∏

i

dxi

]
(Zci)

n , (69)
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where n = β ′/β .

A.2 Dynamical Density Functional Theory

It is possible to derive the n-replica partition function (8) directly from the expression (69)
and by using a Legendre transformation to grand-canonical ensemble described by the par-
tition functions Z = ∑

Ns
λNs

s Z and Zci = ∑
N λNZci, where λs and λ denote the fugacities

of the surface charges and counterions, respectively. We shall however take a detour over
the so-called dynamical density functional theory that first transforms the effective Langevin
equation (68) into a dynamical equation for the surface charge density field ρ(r, t). This may
be done straightforwardly following the approach proposed for classical fluids in [65–67].
One thus obtains

∂

∂t
ρ(r, t) = −∇ · Jρ(r, t) + η(r, t), (70)

assuming a conserved density field [68, 69], where the current density reads

Jρ(r, t) = −Ds∇ρ(r, t) − (qse0�s)ρ(r, t)∇〈ψ(r, t)〉T . (71)

The first term on the right hand side represents the current due to the diffusion of surface
charges and the second term represents the contribution from the mean effective electrostatic
force acting on them; here 〈ψ(r, t)〉T = −δ ln Zci[ρ]/βδρ(r) is the electrostatic potential at
the macroion surface averaged over the counterionic degrees of freedom. The last term is
a Gaussian white noise with η(r, t) = 0 and η(r, t)η(r′, t ′) = 2∇ · ∇′[Dsqse0ρ(r, t)δ(r −
r′)]δ(t − t ′). Combining (70) and (71), one arrives at

∂

∂t
ρ(r, t) = ∇ · (Ds∇ρ + (qse0�s)ρ∇〈ψ〉T

) + η(r, t) (72)

= ∇ ·
[
(qse0�s)ρ(r, t)∇ δW[ρ]

δρ(r, t)

]
+ η(r, t), (73)

where the effective “potential”, W[ρ], follows as

W[ρ] = 1

qse0β ′

∫
dr

[
ρ ln

(
ρ

ρ0

)
− ρ

]
− 1

β
ln Zci[ρ] (74)

with ρ0 being a constant. Using a standard mapping of (73) to an equivalent Fokker-
Planck equation, one can easily show that the stationary-state fluctuations of ρ(r, t) follow
a Boltzmann-type weight exp(−β ′W) and hence, the effective “partition function”

Z =
∫

Dρe
− 1

qse0

∫
dr[ρ ln(ρ/ρ0)−ρ](Zci[ρ(r)])n

. (75)

In order to proceed with an analytical investigation, we assume that the surface density
fluctuations around ρ0 are small and expand the entropic term (first term in (74)) up to the
second order, which gives ρ ln(ρ/ρ0) − ρ 
 (ρ − ρ0)

2/2ρ0. One can generalize this result
by assuming that different realizations of the surface charge disorder follow a Gaussian
probability distribution as

P[ρ] = C exp

(
− 1

2

∫
drg−1(r)[ρ(r) − ρ0(r)]2

)
, (76)



« JOSS 10955 layout: Small Condensed v.1.2 reference style: mathphys file: joss9635.tex (Tatjana) aid: 9635 doctopic: OriginalPaper class: spr-small-v1.1 v.2008/10/02 Prn:24/10/2008; 10:55 p. 20»

Y.S. Mamasakhlisov et al.

951

952

953

954

955

956

957

958

959

960

961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

976

977

978

979

980

981

982

983

984

985

986

987

988

989

990

991

992

993

994

995

996

997

998

999

1000

where C is a normalization factor and g(r) is the disorder variance. The quadratic ansatz
is completely general since it corresponds to an expansion in small deviations from ρ0(r)
where g(r) can be interpreted as a disorder “compressibility”. One thus recovers (2) and (4)
in the text.

A.3 Non-Conserved Disorder Dynamics

The dynamical model discussed above is based on a conserved model for the dynamics of
the disorder, where the current density follows from the gradient of an effective chemical
potential, i.e., Jρ = −(qse0�s)ρ∇μeff[ρ] with

μeff[ρ] ≡ δW[ρ]
δρ

= 1

qse0β ′ ln

(
ρ

ρ0

)
+ 〈ψ(r, t)〉T (77)

as seen from (73). Alternatively, one could construct other dynamical models that include
a non-conserved density field for the surface charge disorder and still give rise to the same
effective partition function in the stationary-state limit [68, 69]. One may thus propose a
phenomenological equation of the form

∂

∂t
ρ(r, t) = −�̃s

(
μeff[ρ] − μ0

) + η(r, t), (78)

where �̃s is an effective mobility, μ0 is a constant (which can be set to zero) and η is a
Gaussian white noise with η(r, t) = 0 and η(r, t)η(r′, t ′) = 2D̃sδ(r− r′)δ(t − t ′). Assuming
D̃s = kBT ′�̃s one can show that the partition function (75) is reproduced as the stationary-
state solution. This model may be more appropriate to study dynamics of disorder in macro-
molecules with ionizable surface groups.

Appendix B: Partially Annealed Free Energy

The “free energy” of a partially annealed disordered system follows from (4) as

F = −kBT ′ ln Z = −kBT ′ ln〈〈Z n
ci〉〉. (79)

Obviously, the purely annealed disorder limit with true thermal equilibrium, T = T ′, is
recovered when n = 1,

Fannealed = −kBT ln〈〈Zci〉〉, (80)

while the purely quenched disorder limit follows by taking the limit n → 0 (or β ′ → 0).
One can use 〈〈Z n

ci〉〉 = e−β ′ F and expand both sides of this relation to obtain the standard
quenched free energy expression [43, 44]

Fquenched = −kBT 〈〈ln Zci〉〉. (81)

All other values of n represent a partially annealed situation. The quenched limit translates
into an infinite temperature for the disorder [43, 44, 55–64] relative to counterions, reflecting
the fact that the statistics of quenched disorder is unaffected by counterions. It also reflects
the zero mobility of surface charges when the dynamical interpretation via Einstein’s relation
is used (assuming a finite surface diffusion coefficient).
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Appendix C: Effective Surface Charge Density

The effective surface charge density σeff in the two-plate system is defined via

σeff = − 1

2Se0

∫
dr[[ρ(r)]], (82)

where [[· · ·]] = 1
Z

∫
DρP[ρ](Zci[ρ])n(· · ·) is the full ensemble average with respect to the

partition function Z , (4). It may be written in terms of 〈〈· · ·〉〉 averages defined after (4) as
[[· · ·]] = 〈〈(Zci[ρ])n(· · ·)〉〉/〈〈(Zci[ρ])n〉〉. One can easily show from (4) and (8) that

[[ρ(r)]] = ρ0(r) + g(r)
δ ln Z
δρ0(r)

= ρ0(r) − iβg(r)
∑

a

[[φa(r)]]. (83)

Obviously, the effective or renormalized surface charge is shifted from the bare value, ρ0(r),
by an amount proportional to the mean surface potential [[φa(r)]]. Thus the charge renor-
malization in the present context is rendered via a linear surface screening mechanism (as
may be seen also from the quadratic disorder terms g(r)φa(r)φb(r) in the effective Hamil-
tonian (9)). This can be traced back to the Gaussian approximation for the disorder distrib-
ution, (5).

It follows immediately from (83) that no charge renormalization occurs in the quenched
limit (n → 0) and it may be possible only for a partially annealed disorder (n > 0). Assum-
ing the replica symmetry ansatz, one can recover the PB effective charge, (14) and (19), in
the mean-field limit. In the SC limit, the effective charge and the fugacity, λ, are determined
simultaneously from (82) and (83) above combined with (51) or (52) in the text and the
electroneutrality condition Nq = 2σeffS, i.e.

λ = 2σeffS

q
∫

dR�(R)e−βu(R)
, (84)

σeff = − 1

2Se0

∫
dr

[
ρ0(r) + g(r)

δ ln Z
δρ0(r)

]
. (85)

By using the SC results for the single-particle interaction, u, and the partition function, Z ,
from Sects. 4.2 and 4.3, and expanding σeff and λ in powers of n as

σeff = σ (0) + nσ (1) + · · · , (86)

λ = λ(0) + nλ(1) + · · · , (87)

we find that σ (0) = σ , λ(0) = 2σS/q
∫

dR�(R)e−βu0(R), and

σ (1)

σ
= β

2σSe0

∫
drg(r)

[
〈ρ0|v̂s |r〉 + qe0λ

(0)

∫
dR�(R)e−βu0(R)〈r|v̂s |R〉

]
, (88)

λ(1)

λ(0)
= σ (1)

σ
− β

∫
dR�(R)u1(R)e−βu0(R)∫

dR�(R)e−βu0(R)
. (89)

The λ(1) term and other higher-order terms lead to higher-order contributions in the effective
charge and thus will not be relevant here. By straightforward calculations and using the
results in the text, one can show that

σ (1)

σ
= g
B

(
2π

κ

)[
− (1 + e−κd) +

∫
dR�(R)e−βu0(R)

(
e−κ|a−Rz| + e−κ|a+Rz|)∫

dR�(R)e−βu0(R)

]
. (90)
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In the limit κ → 0, the first two terms in the bracket on the right hand side are cancelled by
similar contributions from the integrals in the last term and one can show that

lim
κ→0

σ (1)

σ
= 0. (91)

Therefore, in the SC limit, the surface charge density is not renormalized on the leading
order in n when the low screening limit is taken. Thus, we can impose the electroneutrality
condition using the bare surface charge density as 2σS = qN .
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