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Electrostatic stability and encapsidation of charged
nano-droplets
Leili Javidpour,a Anže Lošdorfer Božič,b Ali Naji*ac and Rudolf Podgornikbde
We investigate the electrostatic stability of charged droplets, modeled as permeable, charged spheres, and
their encapsidation in thin, arbitrarily charged nano-shells, immersed in a neutralizing asymmetric
electrolyte background. The latter consists of a small concentration of mobile multivalent counterions in
a bathing solution of monovalent (positive and negative) ions. We use extensive Monte Carlo
simulations to investigate the spatial distribution of multivalent counterions and the electrostatic
component of their osmotic pressure on the bounding surface of the spherical nano-shells. The osmotic
pressure can be negative (inward pressure), positive (outward pressure) or zero, depending on system
parameters such as the charge density of the droplet, the charge density of the shell, and electrolyte
screening, which thus determine the stability of the nano-container. The counter-intuitive eﬀects of
multivalent counterions comprise the increased stability of the charged droplet with larger charge
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density, increased stability in the case of an encapsidating shell of charge density of the same sign as
the charged droplet, as well as the possibility to dispense altogether with the encapsidating shell, its
conﬁning eﬀect being taken over by the multivalent counterions. These dramatic eﬀects are in stark
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contrast to the conventional mean-ﬁeld picture, which in particular implies that a more highly charged
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spherical droplet should be electrostatically less stable because of its larger (repulsive) self-energy.

I.

Introduction

For some time now viral proteinaceous capsids have been stripped of their purely biological context and genetic cargo, and are
being considered simply as nano-platforms with interesting
applications in materials science and/or biomedical engineering.1 Pre-assembled capsids can be used as templates for
chemical engineering performed on their outer surface, their
inner surface, as well as at the interface between protein capsomere subunits in order to construct multifunctional nanoreactors with catalytic walls.2 In a complementary approach,
unassembled capsid protein subunits can be used in order to
encapsidate, i.e., self-assemble a protein cage around an existing
non-genetic cargo which has been suitably engineered in order to
control the capsid (dis)assembly and target the cargo delivery.3
Viral capsids and virus-like particles can be furthermore
used as nano-scaﬀolds that allow for engineered enzyme selectivity and enzyme connement enabling the precise positioning
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of enzymes on nano-arrays at high resolution, not possible
without this nano-scaﬀolding.4 These enzyme nano-carriers
based on viral capsids thus allow us to mimic the optimized
enzyme positioning otherwise accessible only within the natural
biological milieu. While these nano-platforms are based on
pre-assembled or co-assembled hard-shell proteinaceous
containers, the chemical identity of the shell can be modied in
order to control the ne-tuning of chemical reactions in selfassembled nano-reactors.5
Vesicles and so-shell liposomes composed of lipid or
surfactant amphiphile building blocks, and block-copolymer or
dendrimer polymersomes, can just as well provide the necessary
scaﬀolding and compartmentalization for chemical engineering on the nano-scale. Alternatively, one can simply
eliminate the hard and/or so shell altogether by conning
the nano-chemistry to femtoliter and subfemtoliter aqueous
droplets in oil.6 The properties of this nano-droplet connement,
the small droplet size, simple manipulability and fast mixing,
can all be engineered in order to enable analytical nanochemistry and/or enzymology in conditions that would be
diﬃcult to achieve, much less to control, otherwise.
While the architecture and physicochemical properties of all
these nano-platforms are obviously varied, one common feature
is that quite generally all of these molecular nano-assemblies
are composed of charged molecules. Therefore they usually
respond strongly to changes in the bathing solution pH, its
ionic strength and/or its ionic composition, and these factors
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together set the range of stability of these (self-)assembled
molecular aggregates as quantied by the magnitude and sign
of the osmotic pressure acting on the boundary of the molecular
container. The response to variation in the parameters characterizing the bathing solution and the ensuing stability phase
diagram are, at least in part, due to the intricate physicochemical environment composed of protein zwitterions,
amphiphiles, monovalent counterions and added multivalent
and monovalent salt ions.
In order to understand or even just to identify some of the
salient features of this response, we analyze the eﬀect of the
mobile charge distribution and the emerging equilibrium of
osmotic forces on the boundary of a spherical nano-container
with charged (molecular) cargo, in the presence of various types
of bathing ionic species. This setup presents a very sophisticated version of a conned Coulomb uid.7 We shall employ
extensive Monte Carlo (MC) simulations based on a coarsegrained model that can capture the essential thermodynamic
and electrostatic aspects of the system. The enclosed cargo is
modeled as a spherical volume of charge, which we shall refer to
as a “charged nano-droplet”, and may or may not be encapsidated in an arbitrarily charged, thin “nano-shell scaﬀold”.
These two subunits together constitute a nano-container characterized by volume as well as surface charge density (note that
a charged cargo may have a surface charge density itself without
the presence of a charged encapsidating shell). This nanocontainer is assumed to be permeable to and immersed in a
neutralizing and asymmetric bathing electrolyte solution, consisting of a small concentration of multivalent “counterions”
(with opposite charge to the droplet's volume charge) and a
monovalent salt background (with positive and negative ions).
The presence of mobile as well as xed charges in the core or on
the boundary of this nano-container denes the magnitude and
sets the direction of the resultant osmotic forces acting on its
surface, thus strongly inuencing the stability of a nano-droplet
with or without an encapsidating shell.
The most remarkable features of this system emerge when
one deals with a highly asymmetric electrolyte involving multivalent counterions with large charge valency (e.g., tri- or tetravalent
ions). Multivalent counterions that are strongly electrostatically
coupled to xed charges are known to generate strong electrostatic correlations, which lie at the core of recent developments in
the theory of highly charged macromolecular systems.8 The eﬀect
of multivalent counterions is known to underlie a whole slew of
counter-intuitive phenomena, such as formation of large
condensates of DNA9–12 or dense packaging in viruses and nanocapsids,13–17 formation of large bundles of charged polymers such
as microtubules18 and F-actin19,20 and other like-charge attraction
phenomena,8,21–25 which are still not completely understood in all
their details. These studies have led to a major paradigm shi in
our understanding of the behavior of strongly coupled Coulomb
uids from the century-old Poisson–Boltzmann (PB) framework26,27 to a novel strong-coupling paradigm (see ref. 8, 21–25
and references therein) providing a conceptual background
uniting all of these various features.
In what follows we show that a host of counter-intuitive
phenomena that go beyond the conventional PB wisdom also
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emerge in the context of charged nano-containers in the presence of multivalent counterions. For instance, we show that a
charged droplet with high volume charge density can be stabilized more strongly in the presence of multivalent counterions,
in stark contrast with the naive expectation that it should be
destabilized by its self-repulsion. It also turns out that such a
highly charged droplet can be stabilized with multivalent
counterions even in the absence of any encapsidating shell, and
that its encapsidation occurs more easily (i.e., with a lower free
energy) with a like-charged encapsidating shell than with an
oppositely charged one. These eﬀects are accompanied by an
enhanced accumulation of multivalent counterions inside the
charged droplet where they form a strongly correlated structure
with important repercussions for the osmotic pressure acting
on the boundaries of the system.
The organization of this paper is as follows: in Section II, we
introduce our model and simulation methods. We then present
our results for the distribution of multivalent ions across the
charged droplet in Section III and analyze the resultant electrostatic pressure acting on the outer surface of the droplet (or
its encapsidating shell, if present) in Section IV, then nally
conclude our discussion in Section V.

II.

Model and methods

Our model consists of a spherical volume of radius R, which is
lled uniformly with a charge distribution of volume density r.
This “charged nano-droplet” may in general have a nite
surface charge density s of its own, or it may be encapsidated
within a thin charged “nano-shell scaﬀolding” forming a
charged spherical nano-container (Fig. 1). We shall consider
both bare droplets with s ¼ 0 and encapsidated ones with a
non-vanishing s. The spherical nano-container is considered to
be immersed in a monovalent 1 : 1 salt solution of bulk
concentration n0 and a multivalent q : 1 salt of bulk concentration c0, with q being the charge valency of the multivalent

Fig. 1 Schematic view of a spherical, charged nano-container consisting of a
charged nano-shell of radius R and surface charge density s that encapsidates a
charged nano-droplet of the same radius and uniform volume charge density r.
The models for the nano-shell (left) and the nano-droplet (right) are shown
separately. The resulting nano-container is assumed to be permeable to mobile
ions and is immersed in an asymmetric electrolyte (Coulomb ﬂuid) comprised of
monovalent ions and multivalent (counter-)ions (multivalent ions are shown here
as bigger red spheres).

This journal is ª The Royal Society of Chemistry 2013

Paper
ions. Both the spherical shell and the charged droplet inside it
are assumed to be permeable to all the mobile solution ions.
The present model could be relevant to situations encountered
within the context of charged viral capsids28,29 as well as
synthetic nano-shells1,30 encapsidating charged bio or synthetic
polyelectrolytes, within the context of nano-scaﬀolds conning
concentrated enzyme droplets as nano-reactors5 or vehicles for
targeted delivery,4 as well as in the context of compartmentalization for chemical engineering on the nano-scale.6
For typical viral nano-shells the radius varies between 5 nm
( R ( 50 nm, with shell thicknesses usually between 1.5 and
4.5 nm, and can be much bigger in the case of nano-compartments for chemical engineering, which start at R T 50 nm. The
corresponding volume charge density of the encapsidated cargo
is assumed to be negative, having a value |r| ( 1.3e0 nm3, the
upper bound being typical for dense condensed DNA or other
encapsidated polyelectrolytes, and the surface charge density in
the range |s| ( 0.4e0 nm2 being typical for virus-like nanoshells.28
With no loss of generality, we shall take the multivalent ions
to be positively charged, q > 0 (in most cases, we shall assume
tetravalent ions with q ¼ 4) and thus focus on the case with r < 0,
but we shall consider both positive and negative values for s.
Therefore, the multivalent ions have an opposite charge to the
droplet's volume charge (but not necessarily to the charge on its
bounding surface or enclosing shell) and, hence, may be
considered as “counterions” belonging to the droplet.
The presence of both monovalent and multivalent ions
makes it diﬃcult to study the system within a unied theoretical framework. This is because the monovalent ions are
coupled weakly to xed charges, while the multivalent ions can
generally be coupled quite strongly. By using advanced statistical mechanical methodology it has been shown that the
behavior of highly asymmetric mixtures, with large q > 1 (ref.
31–33), can be understood by integrating out the degrees of
freedom associated with the monovalent ions, resulting in an
approach dubbed the “dressed multivalent ions” approach,
with an eﬀective screened Debye–Hückel (DH) interaction
between all other remaining strongly-coupled charges. The
corresponding inverse Debye screening length k in this system
depends on the bulk concentrations of both monovalent and
multivalent ions as k2 ¼ 8p‘B(n0 + qc0/2),32,33 where ‘B ¼ be02/
(4p330) is the Bjerrum length with b ¼ 1/kBT. Even with small
monovalent ions swept into the eﬀective screening parameters,
the problem remains a many-body one and because of the
presence of multivalent ions cannot be generally treated by
usual mean-eld schemes. It may however be treated using MC
simulations31–33 as in this work.
In our MC simulations, we consider a large collection of
mobile multivalent counterions that can permeate the encapsidated charged droplet in a bathing solution of monovalent
ions, which are treated implicitly, i.e., by providing a screened
DH potential between explicitly modeled multivalent ions and
the xed, continuum (surface and volume) charges of the nanocontainer. The advantage of this model is that it enables more
eﬃcient simulations in the regime of parameters where the
discrete nature of the monovalent ions and solvent molecules
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can be neglected. This implicit-ion approach has been tested
extensively with explicit-ion MC simulations and shown to
provide an accurate description for suﬃciently large q and
suﬃciently large (small) monovalent (multivalent) salt concentrations.31–33 It breaks down outside this regime, as well as when
non-linear charge renormalization and/or Bjerrum pairing
eﬀects in the ionic mixture are important;34–36 these latter eﬀects
however turn out to be absent or negligible in the regime of
parameters that is of concern to our current discussion.31–33
The monovalent salt concentration, n0, is varied in the
simulations in the range between 30 mM and 300 mM, and we
take a small concentration c0 of multivalent q : 1 salt of the
order of a few mM, in accordance with the typical values found
in experiments.15,16 The ambient temperature is T ¼ 300 K and
the dielectric constant of the solution is taken as that of water 3
¼ 80, giving ‘B ¼ 0.7 nm.
We employ canonical MC simulations for dressed multivalent ions conned to a large cubic volume with the typical
lateral size 2(R + 12k1) and periodic boundary conditions (the
bounding box has no measurable eﬀects on the simulation
results reported here). The charged nano-container (nanodroplet) is taken to be located at the center of the simulation
box. The number of multivalent ions in our simulations is
determined self-consistently for any given set of parameters
such that it gives a constant equilibrium “bulk” concentration
of, for instance, the desired value of c0 at large separations from
the nano-container (thus enabling us to eﬀectively simulate an
open system). In order to achieve this, we employ an iterative
method as follows: we start with an initial guess for the number
of particles (multivalent ions) in the simulation box (e.g., c0V or
c0V plus/minus the number of ions that are necessary to give a
total charge equivalent to the negative/positive charge of the
nano-container) and then run the simulation and obtain the
resultant equilibrium bulk concentration of the multivalent
ions. In general, this result may be diﬀerent from c0, but it can
be used to get another estimate for the number of particles in
the box that, upon running the simulation again, can generate a
closer value to the desired bulk concentration. This procedure
converges iteratively and it is repeated until the bulk value c0 is
achieved within an accuracy of 2%. The typical number of
multivalent ions may range from a few tens up to a few
hundreds of particles in the simulation box (for instance, for
tetravalent ions of bulk concentration c0 ¼ 1 mM, with s ¼
0.4e0 nm2, r ¼ 0.7e0 nm3 and R ¼ 5 nm, we have 145
particles for k ¼ 1 nm1 and 211 particles for k ¼ 0.58 nm1).
Our simulations typically run for (6–10)  109 MC steps with
(1–5)  109 steps being used for equilibration and the rest for
collecting data in order to evaluate thermodynamic averages.
The electrostatic part of the osmotic pressure acting on the
bounding surface of the spherical nano-container (nanodroplet) is then obtained from (see Appendix B):
+
*
X v4DH ðri Þ

P ¼ PDH  q
;
(1)
vV 
i

Qs ;Qr

where V ¼ 4pR3/3 is the container (droplet) volume and the
partial derivatives here are to be taken at xed values of its total
surface and volume charge, i.e., Qs ¼ 4pR2s and Qr ¼ (4p/3)R3r,
Soft Matter, 2013, 9, 11357–11366 | 11359
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The spatial distribution of multivalent counterions can be
determined from their radial (number) density prole which
can be calculated straightforwardly from the output of the MC
simulations. Let us rst consider the situation where the nanocontainer is weakly charged, i.e. both |r| and s are small. In
Fig. 2, we show the radial density prole in the case of tetravalent counterions when r ¼ 0.1e0 nm3 and s ¼ 0 (blue
symbols) and compare the results with two other cases with
surface charge densities on the enclosing shell (or the outer
boundary of the droplet) being s ¼ 0.4 and +0.4e0 nm2 (black
and red symbols, respectively). It is clear that multivalent
counterions tend to accumulate inside the droplet resulting in a
step-like density prole when there is no surface charge, which
then falls rapidly to the bulk concentration at large distances
away from the droplet. The presence of a nite surface charge
density changes the shape of the prole signicantly across the
shell as multivalent counterions (taken to be positively charged
here) can be strongly attracted to or depleted from the

interfacial region for negative or positive surface charge densities, respectively.
These results agree qualitatively with those found in the case
of empty charged nano-shells,37 where an analytical “dressed
multivalent-ion” approach31–33 can indeed accurately describe
the simulation results in its respective regime of validity, i.e.,
when the monovalent (multivalent) salt concentration is large
(small) enough and the xed charge densities are not too large.
For suﬃciently large salt screening parameters, shown in Fig. 2,
with k ¼ 1.73 nm1, equivalent to a monovalent salt concentration of 283 mM, and tetravalent ion concentration of 1 mM,
we nd a close agreement between the simulated density prole
(symbols) and the analytical “dressed multivalent-ion” prediction (solid lines). The latter is based on a single-particle form
c(r) ¼ c0 exp(bqe04DH(r))31–33 that follows as a leading-order
result from a virial expansion of the partition function of the
system in terms of the fugacity (concentration) of multivalent
ions, as the latter is usually rather small in most experimental
examples.15,16 This leads to a formally simple, yet fundamentally
novel approach to such asymmetric, multicomponent Coulomb
systems,25 which combines the weak-coupling nature of
monovalent ions and the strong-coupling aspects of multivalent
ions in a consistent way, and can thus smoothly interpolate
between the usual PB or DH limit and the standard counteriononly strong-coupling theory introduced originally for salt-free
systems.21,23,38 The above analytical prediction will not be
applicable as the volume charge density of the droplet is
increased further, which is the regime of interest in this study
and is, thus, accessible only via numerical simulations.
As seen in Fig. 3 for larger values of |r|, the density of
multivalent counterions inside the nano-droplet is signicantly
increased (by at least an order of magnitude) as compared with
its bulk value, c0 (see also the simulation snapshot in Fig. 4). In

Fig. 2 Density proﬁle of multivalent counterions with charge valency q ¼ 4 as a
function of the radial distance from the center of a nano-container consisting of a
shell of radius R ¼ 5 nm and surface charge density s encapsidating a charged
droplet of volume charge density r for r ¼ 0.1e0 nm3 and three diﬀerent values
of s ¼ 0.4, 0 and +0.4e0 nm2. Symbols show our simulation data and solid lines
are the limiting analytical “dressed multivalent-ion” results, as explained in the
text. The density proﬁles are re-scaled by the bulk value c0 ¼ 1 mM and we have k
¼ 1.73 nm1 for these plots.

Fig. 3 Rescaled density proﬁle of multivalent counterions as a function of the
radial distance from the center of a charged droplet with R ¼ 5 nm and s ¼ 0 for
diﬀerent salt screening parameters k ¼ 0.58, 1 and 1.73 nm1 and droplet charge
densities r ¼ 0.4, 0.7, 2.0e0 nm3 as shown on the graph. Here we have q ¼
4, c0 ¼ 1 mM. The pressures acting on the surface of the nano-droplet in these ﬁve
diﬀerent cases are P ¼ 1.370, 0.241, 0.077, 0.008, and 0.120kBT nm3 from
top to bottom.

respectively. Also, PDH is the purely repulsive (positive) DH
osmotic pressure which can be calculated from the self-energy
of the xed charges (see Appendix A). The second term in eqn (1)
involves contributions from the multivalent counterions and
can be attractive (negative) or repulsive, and can thus play a
major role in the stabilization of the charged droplet inside the
shell as we show later. The screened potential, 4DH(r), results
from the xed charges, i.e. both the surface charge of the shell
and its inner volume charge, and can be calculated from the
standard DH equation (Appendix A). The averaging is performed over a suﬃciently large number of MC steps aer proper
equilibration of the system.

III.

Distribution of multivalent counterions
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this situation, the ion–ion interactions (repulsions) become
increasingly more relevant and one can observe the formation
of an ordered shell structure of multivalent counterions manifested clearly by pronounced peaks in the local density that
start to develop from the outer boundary of the spherical nanodroplet inwards. Fig. 3 shows that the peak formation is
enhanced as the screening parameter is decreased (from k ¼
1.73 nm1 down to k ¼ 0.58 nm1 at xed r ¼ 0.4e0 nm3)
and/or the volume charge density is increased (up to r ¼ 2.0e0
nm3 at xed k ¼ 0.58 nm1), both leading to stronger ion–ion
correlations. In fact, as one can infer from the simulated pair
distribution functions of multivalent ions (not shown), a
distinct correlation hole is formed between individual ions
inside the droplet which is indicative of a correlated liquid-like
behavior. The size of the correlation hole a, and indeed also the
distance between the peaks seen in Fig. 3, are consistent with a
naive estimate based on the local electroneutrality condition,
giving a  (q/|r|)1/3. It is to be noted also that one can dene a
plasma parameter G ¼ q2‘B/a (ref. 38) that can give an estimate
of electrostatic correlations in this system. For typical volume
charge densities such as r ¼ 0.4e0 nm3 (and for s ¼ 0) as
shown in Fig. 3, we have a x 2.15 nm and thus G x 5.2. It is
known that electrostatic correlations become important for G >
1 and thus, from a theoretical perspective, necessitate a strongcoupling description for large values of G (see for example, the
recent reviews21–25 and references therein). As noted above,
however, the usual strong-coupling implementations21,22,38,39
would not be applicable in the case of charged nano-droplets
with suﬃciently large volume charge densities as a large
amount of counterions accumulate inside their volume and,

Fig. 4 A typical snapshot from the simulations (for q ¼ 4, c0 ¼ 1 mM, s ¼ 0.4e0
nm2, r ¼ 0.7e0 nm3, and k ¼ 1 nm1) shows a highly dense population of
mulitvalent counterions (shown by small red spheres) inside the nano-droplet
(shown as the blue sphere in the middle of the cubic simulation box).
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hence, an appropriate analytical (strong-coupling) theory in
these situations is yet to be postulated.

IV.
A.

Osmotic pressure
Charged droplet with no encapsidating shell

As noted in Section II, the electrostatic part of the osmotic
pressure acting on the bounding surface of the charged droplet
consists of two diﬀerent contributions, see eqn (1). The DH selfenergy of the xed surface and volume charges is clearly positive, yielding always an outward osmotic pressure component.
The second contribution stems from multivalent counterions
and can exhibit intriguing features that go beyond the standard
mean-eld picture usually obtained in the presence of monovalent ions only.
In this Section, we focus on the special case with s ¼ 0,
corresponding to a situation where the droplet has no surface
charge and/or is not encapsidated in a charged shell (the eﬀects
of a charged shell around the droplet will be studied later in
more detail). Fig. 5 shows the simulated osmotic pressure as
dened in eqn (1) as a function of the droplet's volume charge
density, r, for a relatively small salt concentration with k ¼
0.58 nm1 (equivalent to a monovalent salt concentration of
30 mM). For divalent ions, the pressure is positive and
decreases in magnitude by decreasing the magnitude of r,
obviously reecting the fact that the self-energy repulsion is still
dominant. In the case of trivalent and tetravalent ions, the
situation appears to be diﬀerent: both show inward (negative)
osmotic pressure for a large negative droplet volume charge
density which gradually increases to zero and eventually
becomes positive as |r| is decreased (in Fig. 5, we take qc0 ¼
4 mM such that k and n0 can be kept the same between diﬀerent
data sets). The eﬀect is stronger for tetravalent ions, showing a

Fig. 5 Electrostatic osmotic pressure acting on the nano-container (nanodroplet) bounding surface as a function of the enclosed volume charge density,
calculated from MC simulations by using eqn (1), for R ¼ 5 nm, s ¼ 0, k ¼ 0.58
nm1, qc0 ¼ 4 mM and diﬀerent multivalent counterion valencies q ¼ 2, 3 and 4.
The pressure is re-scaled in this plot with P0 ¼ 1kBT nm3 x 41 atm. Inset: the
osmotic pressure acting on the nano-container plotted as a function of the bulk
concentration of multivalent counterions for R ¼ 5 nm, s ¼ +0.25e0 nm2, r ¼
0.4e0 nm3, k ¼ 1 nm1 and q ¼ 4.
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larger region with negative pressures but, on the other hand,
trivalent ions show an interesting non-monotonic behavior with
a maximum positive osmotic pressure in the plotted region.
(Note that negative pressure can be seen with divalent ions as
well but in a diﬀerent range of parameters not discussed here;
therefore, the exact region where positive and negative osmotic
pressure appears for a xed q depends on other parameters as
well.)
A key conclusion here is that, even in the absence of a
charged encapsidating shell, a spherical charged droplet can be
stabilized simply by adding a small amount of multivalent
counterions to the solution.
Another remarkable point is that the higher the volume
charge density, the stronger the negative inward osmotic pressure, and therefore the more likely it is for more highly charged
droplets to be more stabilized by adding the same quantity of
multivalent counterions. This counter-intuitive conclusion is in
stark contrast with the mean-eld wisdom which would predict
a larger self-repulsion and thus a stronger destabilization when a
spherical charged droplet is more highly charged.
We also note that the osmotic pressure calculated reects the
forces due only to the mobile charges on the boundary of an
ideally permeable droplet and thus excludes all the (constant)
equilibrium bulk pressure contributions that have been calculated in a separate line of work by Nordholm and colleagues.40
B.

Stabilization by multivalent-ion concentration

Our results in the previous Section highlight the importance of
the multivalent counterion valency in generating a stabilizing
osmotic pressure on the nano-droplet. An equally important
parameter in this context is the bulk concentration of multivalent counterions, i.e., c0. As an example, we show the
simulated osmotic pressure acting on a charged droplet (with
r ¼ 0.4e0 nm3) encapsidated in a positively charged shell
(s ¼ +0.25e0 nm2) in the inset of Fig. 5. The osmotic pressure
is positive below 1 mM concentration of the multivalent salt,
vanishes when the concentration is slightly increased beyond
this value and becomes increasingly more negative as c0 is
increased further.
C.

Encapsidation in a charged nano-shell: phase diagrams

We now focus on the case of tetravalent counterions (q ¼ 4) with
a xed bulk concentration of c0 ¼ 1 mM and investigate the role
of other parameters, such as the salt screening parameter and
surface charge density of the shell, on the electrostatic stability
of an encapsidated charged droplet. We summarize our results
in “phase” diagrams such as those shown in Fig. 6, where the
osmotic (electrostatic) pressure acting on the bounding surface
of the droplet is color-coded with the vertical bar displaying its
values in units of P0 ¼ 1kBT nm3 x 41 atm.
Fig. 6a and b compare two diﬀerent situations: in (a) we have
a negatively charged droplet encapsidated by a positively
charged shell of surface charge density s ¼ +0.4e0 nm2, and in
(b) we have the same but with a negatively charged shell of
surface charge density s ¼ 0.4e0 nm2. These diagrams allow
comparison of the osmotic pressures for diﬀerent values of the
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salt screening parameters on the vertical axes. The solid line
shows the separatrix between the positive and negative values of
the osmotic pressures, i.e., it shows the locus of vanishing
osmotic pressure. Hence, the region below this curve corresponds to the regime where the nano-droplet is stabilized by
negative osmotic pressure acting inwards, while the region
above the line corresponds to the regime where the nanodroplet is destabilized mainly due to its electrostatic selfrepulsion.
It is thus evident that a stronger stabilization is always achieved by lowering the salt screening parameter. When the salt
screening is strong, the system is eﬀectively neutralized and the
electrostatic correlations mediated by multivalent counterions
are also strongly suppressed. Again it is obvious that highly
charged droplets are more easily encapsidated by the same
quantity of multivalent counterions irrespective of whether the
encapsidating nano-shell bears negative or positive charge.
The remarkable conclusion that follows from comparing the
plots in Fig. 6a and b is that a charged droplet of large volume
charge density is more stable and thus more easily encapsidated
by a charged nano-shell if it carries a surface charge density of
the same sign as the cargo. This counter-intuitive eﬀect is again
possible only with electrostatically strongly coupled multivalent
counterions.
Fig. 6c displays the re-scaled electrostatic osmotic pressure
for a wide range of surface charge densities |s| < 0.4e0 nm2,
where an inward-acting osmotic pressure on the surface of a
negatively charged nano-droplet (with r ¼ 0.4e0 nm3) is seen
for nearly the whole interval of surface charge density values,
provided that k ( 1 nm1.
Another interesting point is that, given the fact that multivalent counterions are assumed to be positively charged, a nite
minimum amount of opposite (negative) volume charge is
needed in order to obtain a stable nano-droplet. This is shown
by the contour line in Fig. 6d. In fact, as noted before, a shellfree nano-droplet (s ¼ 0) can be self-stabilized by the attractive
pressure generated by multivalent counterions if it carries a
nite volume charge density, which, evidently, has to be of
opposite (negative) sign. For the parameters in the gure with
k ¼ 1 nm1, this corresponds to r x 0.4e0 nm3. In the
presence of a negatively (positively) charged shell, this amount
will be decreased (increased) in magnitude.

D.

The role of nano-droplet size

It is important to note that the volume charge density of the
nano-droplet, and not its total charge, is the key physical factor
that can determine the electrostatic component of the osmotic
pressure in the presence of multivalent counterions. This is
because multivalent counterions couple strongly to the local
electrostatic potential when inside the droplet. Fig. 7 shows that
for a constant total droplet charge with Qr ¼ 209e0 and Qs ¼ 0,
the negative osmotic pressure is signicantly reduced in
magnitude when the droplet size is only modestly increased;
i.e., in the case with k ¼ 0.58 nm1 it increases from around P x
113 atm at R x 2.5 nm and vanishes at Rc x 7 nm, then turns
positive for larger droplets. The (electrostatic) osmotic pressure
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Fig. 6 Phase diagrams for the re-scaled (electrostatic) osmotic pressure P/P0 acting on the bounding surface of a spherical nano-droplet of radius R ¼ 5 nm in the
presence of tetravalent counterions of bulk concentration c0 ¼ 1 mM and at ﬁxed parameter values: (a) s ¼ +0.4e0 nm2, (b) s ¼ 0.4e0 nm2, (c) r ¼ 0.4e0 nm3 and
(d) k ¼ 1 nm1. The numerical values of the pressure are shown by the color bar in each case. The solid line shows the contour line where the pressure vanishes.

Fig. 7 Re-scaled (electrostatic) osmotic pressure PR ¼ sgn(P0 )  log10(1 + 100|P0 |)
(where P0 ¼ P/P0 with P0 ¼ 1kBT nm3) from MC simulations plotted as a function
of the nano-droplet radius R for two diﬀerent values of k ¼ 0.58 nm1 and k ¼ 1
nm1 and for q ¼ 4, c0 ¼ 1 mM, s ¼ 0, and a constant droplet charge of Qr ¼
209e0 (equivalent to a volume charge density of r ¼ 0.4e0 nm3 if we take R ¼
5 nm). The re-scaling of the osmotic pressure is done in such a way that its
negative and positive values can be shown on the same log–linear scale and
points of zero pressure are correctly represented.

This journal is ª The Royal Society of Chemistry 2013

exhibits an interesting non-monotonic behavior with a maximum
positive value which gradually falls oﬀ to zero again when R is
increased further. As seen in the Figure, when the Debye
screening parameter is increased to k ¼ 1 nm1, the osmotic
pressure turns positive at a smaller droplet radius of Rc x
5.3 nm and exhibits a larger maximum value.
The above behavior thus indicates that a charged droplet of
xed total charge can collapse in the presence of multivalent
counterions to a smaller size (unless stabilized by other nonelectrostatic forces) if it crosses a “potential barrier”, which is
determined by the value of the radius, Rc, corresponding to a
vanishing osmotic pressure. Conversely, the droplet can expand
and dilute away in the solution if it is larger in size than this
threshold value. From the present data, we nd a free energy
diﬀerence of about 65kBT by integrating the pressure from R ¼
20 nm down to Rc x 7 nm for k ¼ 0.58 nm1 and a free energy
diﬀerence of about 93kBT by integrating the pressure down to
Rc x 5.3 nm for k ¼ 1 nm1.

V.

Conclusion and discussion

We investigated the eﬀects of multivalent counterions on the
stability of a permeable, spherical, charged nano-droplet with
and without an encapsidating charged shell, immersed in an
asymmetric electrolyte, consisting of a weakly coupled monovalent and a strongly coupled multivalent salt. The former has a
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bulk concentration of the order of the physiological salt
concentration (100 mM), while the latter does not exceed a few
mM. Extensive MC simulations within a primitive model,
including only the most essential features of the system, enable
us to elucidate several quite unusual and unexpected consequences of electrostatic interactions that emerge because of the
presence of strongly coupled multivalent counterions.
For suﬃciently highly charged droplets, multivalent counterions are strongly accumulated inside the droplet (with
densities much larger than their bulk concentration) and form a
layered structure exhibiting a series of pronounced peaks in
their radial density prole. In this respect, the highly charged
droplets with multivalent counterions are similar to spherically
conned plasmas, usually referred to as Yukawa balls.41–43 In
this case, too, a mean-eld approximation ceases to give an
adequate description of the system, even for moderate
couplings where one observes the emergence of an outer shell.44
With stronger couplings and increased screening, the deviation
from the mean-eld limit increases leading to formation of an
even more pronounced multiple shell structure.45 At zero
temperature, the charges then form narrow concentric shells
and their properties can be obtained from simpler onion-shell
models.42,43,46–48 The charges in these shells exhibit imperfect
hexagonal positional order due to the incompatibility between a
perfect lattice and a curved surface, and due to the incommensurability of the two adjacent shells.46 When approaching
large clusters, the competition between bulk order and spherical order becomes more pronounced. Thus, one expects the
shell formation to vanish and a regular volume order of a bcc or
fcc lattice to prevail in the core. Similar scenarios can be
expected also for highly charged droplets with multivalent
counterions, but in the part of the parameter space that is
unrealistic for the type of charged nano-containers and nanoshells that we investigate here.
In the regime of incipient structurization of the multivalent
counterions inside the nano-droplet, we also nd that the
osmotic pressure acting on the bounding surface of the droplet
(or its enclosing shell) can exhibit negative values, i.e., the
osmotic force is directed inwards into the droplet, stabilizing it
against breakdown. We have shown that multivalent counterions
are the reason for this anomalous behavior and thus a large
volume charge density for the droplet coupled to the multivalent
counterions can lead to its stabilization, even in the absence of
an enclosing shell. This is certainly contrary to the mean-eld
wisdom49 that would predict destabilization of a charged droplet
due to its electrostatic self-repulsion as ascertained in the
seminal works of Rayleigh50 and later of Weizsäcker.51 Our results
on the stability of charged spherical aggregates in the presence of
strongly coupled (multivalent) counterions show that no additional short-range attractive interaction is needed to stabilize
charged aggregates.49 The attractive (electrostatic) osmotic pressure component, originating in the mobile multivalent counterions, is enough to stabilize the charged droplet.
Another remarkable nding is that a charged droplet is more
easily encapsidated (exhibiting a lower free energy) if its volume
charge is more densely packed, provided that only a small
quantity of multivalent counterions are present in the system,
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and that a more stable encapsidation is achieved by an
enclosing shell whose surface charge has the same sign as the
charged droplet itself. This eﬀect too, is connected with the
strong electrostatic interactions mediated by the multivalent
ions and cannot be rationalized within a mean-eld-type argumentation. We will present a more detailed analysis of the
stabilization phenomenon elsewhere.
The main lesson of our study is that the presence of an
electrostatically strongly coupled component in the bathing
electrolyte solution can fundamentally change the stability
properties of charged aggregates introducing counter-intuitive
parameter dependencies that cannot be understood within the
connes of the standard mean-eld paradigm.
Finally we note that in our model the volume of the nanodroplet is assumed to be fully accessible to multivalent ions. In
general, the excluded-volume eﬀects that can be considered
within the more realistic models of the droplet, such as a
densely packed polyelectrolyte chain, would diminish the
available free volume and thus decrease the magnitude of the
attractive pressure acting on the droplet surface. One should
note, however, that interactions with the polyelectrolyte degrees
of freedom, or any other component that may be included in the
droplet model, will add other terms to the pressure equation
whose eﬀects cannot be estimated unless these additional
degrees of freedom are modeled explicitly.

Appendix A: calculation of 4DH and PDH
The screened potential, 4DH(r), results from the xed charges,
i.e. both the surface charge of the nano-shell and the inner
volume charge of the nano-droplet, and can be calculated from
the standard DH equation. The potential for the exterior region,
4> = 4DH(r $ R), must satisfy the DH equation,
(V2  k2)4> = 0,

(A1)

but the potential inside the nano-container (nano-droplet), 4< ¼
4DH(r # R), has to satisfy the non-homogeneous DH equation,
 2

r
V  k2 4 \ ¼  :
(A2)
330
The boundary conditions are as follows: 4< has to be nite at
the origin, whereas 4> has to go to zero at innity. Both
potentials must take on the same value at r ¼ R, and their
derivatives must satisfy

v4\ v4 . 
s

¼
:
(A3)
vr
vr r¼R 330
The solution to these equations is obtained as
4\ ðrÞ ¼

sinh kr
sk2 R  rð1 þ kRÞ
r
þ 2 ;
3
r k 330 ðcosh kR þ sinh kRÞ k 330

(A4)

and
4 . ðrÞ ¼



ekðrRÞ rR
sk2 R  rð1 þ kRÞ
:
þ
k2 330 k3 330 ð1 þ coth kRÞ
r

(A5)
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Hence, the DH self-energy of the xed charges can be
expressed as
ð
4p R
Qs 4ðRÞ
FDH ¼
r4\ ðrÞr2 dr þ
;
(A6)
2 0
2
where Qs ¼ 4pR2s is the total surface charge of the enclosing
shell, and


s
r
1 þ kR
4ðRÞ ¼
þ 2
1
: (A7)
k330 ð1 þ coth kRÞ k 330
kRð1 þ coth kRÞ
Thus the full DH expression for FDH follows as
2pR2 s2
k330 ð1 þ coth kRÞ


2
2pR sr
1 þ kR
1
þ 2
k 330
kRð1 þ coth kRÞ
FDH ¼

þ

(A8)

2pR3 r2
3k2 330

þ2pr

sk2 R  rð1 þ kRÞ kR  tanh kR
:
k3 330 ð1 þ tanh kRÞ
k2

The electrostatic (osmotic) pressure acting on the bounding
surface of the spherical nano-container (nano-droplet) can be
obtained from PDH ¼ (vFDH/vV)|Qs,Qr, where V ¼ 4pR3/3 is the
container (droplet) volume and the partial derivatives here are
to be taken at xed values of its total surface and volume charge,
i.e., Qs ¼ 4pR2s and Qr ¼ (4p/3)R3r, respectively.

Appendix B: derivation of eqn (1)
Since in our simulations the monovalent ions are simulated
implicitly the partition function of a collection of N explicit
mobile charges of valency q can be written as
P
P
ð Y
N
bq2
vDH ðri rj Þbq
4DH ðri Þ
3
bFDH
i\j
i
Z¼e
d ri e
;
(B1)
i¼1

k|r|

/|r| is the Debye–Hückel interaction and
where bvDH(r) ¼ ‘Be
FDH is the partition function of the system in the absence of qions and 4DH(r) is the electrostatic potential due to the surface/
volume charge distribution of the nano-container, as calculated
in Appendix A. The pressure acting on the nano-container's
boundary then follows from


vF 
1 v ln Z
P ¼  
¼
(B2)
vV Qs ;Qr b vV Qs ;Qr
We thus obtain
+



 * X
vFDH 
v4DH ðri Þ
P¼
 q
;
vV Qs ;Qr
vV Qs ;Qr
i
which gives eqn (1), i.e.,
P ¼ PDH 

*

X v4DH ðri Þ

q
vV 
i

(B3)

+
:
Qs ;Qr
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