
Ion-mediated interactions between net-neutral slabs: Weak and strong disorder
effects
Malihe Ghodrat, Ali Naji, Haniyeh Komaie-Moghaddam, and Rudolf Podgornik 
 
Citation: The Journal of Chemical Physics 143, 234701 (2015); doi: 10.1063/1.4936940 
View online: http://dx.doi.org/10.1063/1.4936940 
View Table of Contents: http://scitation.aip.org/content/aip/journal/jcp/143/23?ver=pdfcov 
Published by the AIP Publishing 
 
Articles you may be interested in 
Static charging of graphene and graphite slabs 
Appl. Phys. Lett. 98, 131908 (2011); 10.1063/1.3573806 
 
Nonmonotoic fluctuation-induced interactions between dielectric slabs carrying charge disorder 
J. Chem. Phys. 133, 174702 (2010); 10.1063/1.3497039 
 
Circuit model for a periodic array of slits sandwiched between two dielectric slabs 
Appl. Phys. Lett. 96, 161104 (2010); 10.1063/1.3405721 
 
One-dimensional counterion gas between charged surfaces: Exact results compared with weak- and strong-
coupling analyses 
J. Chem. Phys. 130, 094504 (2009); 10.1063/1.3078492 
 
Large positive and negative Goos-Hänchen shifts from a weakly absorbing left-handed slab 
J. Appl. Phys. 98, 043522 (2005); 10.1063/1.2034084 
 
 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

193.2.67.21 On: Mon, 04 Jan 2016 07:16:38

http://scitation.aip.org/content/aip/journal/jcp?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/701402136/x01/AIP-PT/JCP_ArticleDL_092315/AIP-2639_EIC_APL_Photonics_1640x440r2.jpg/6c527a6a713149424c326b414477302f?x
http://scitation.aip.org/search?value1=Malihe+Ghodrat&option1=author
http://scitation.aip.org/search?value1=Ali+Naji&option1=author
http://scitation.aip.org/search?value1=Haniyeh+Komaie-Moghaddam&option1=author
http://scitation.aip.org/search?value1=Rudolf+Podgornik&option1=author
http://scitation.aip.org/content/aip/journal/jcp?ver=pdfcov
http://dx.doi.org/10.1063/1.4936940
http://scitation.aip.org/content/aip/journal/jcp/143/23?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov
http://scitation.aip.org/content/aip/journal/apl/98/13/10.1063/1.3573806?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/133/17/10.1063/1.3497039?ver=pdfcov
http://scitation.aip.org/content/aip/journal/apl/96/16/10.1063/1.3405721?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/130/9/10.1063/1.3078492?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/130/9/10.1063/1.3078492?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jap/98/4/10.1063/1.2034084?ver=pdfcov


THE JOURNAL OF CHEMICAL PHYSICS 143, 234701 (2015)

Ion-mediated interactions between net-neutral slabs: Weak and strong
disorder effects

Malihe Ghodrat,1 Ali Naji,1,a) Haniyeh Komaie-Moghaddam,1 and Rudolf Podgornik2,3
1School of Physics, Institute for Research in Fundamental Sciences (IPM), Tehran 19395-5531, Iran
2Department of Theoretical Physics, J. Stefan Institute, SI-1000 Ljubljana, Slovenia
3Department of Physics, Faculty of Mathematics and Physics, University of Ljubljana, SI-1000 Ljubljana,
Slovenia

(Received 5 September 2015; accepted 15 November 2015; published online 16 December 2015)

We investigate the effective interaction between two randomly charged but otherwise net-neutral,
planar dielectric slabs immersed in an asymmetric Coulomb fluid containing a mixture of mobile
monovalent and multivalent ions. The presence of charge disorder on the apposed bounding surfaces
of the slabs leads to substantial qualitative changes in the way they interact, as compared with
the standard picture provided by the van der Waals and image-induced, ion-depletion interactions.
While, the latter predict purely attractive interactions between strictly neutral slabs, we show that
the combined effects from surface charge disorder, image depletion, Debye (or salt) screening,
and also, in particular, their coupling with multivalent ions, give rise to a more diverse behavior
for the effective interaction between net-neutral slabs at nano-scale separations. Disorder effects
show large variation depending on the properly quantified strength of disorder, leading either to
non-monotonic effective interaction with both repulsive and attractive branches when the surface
charges are weakly disordered (small disorder variance) or to a dominating attractive interaction
that is larger both in its range and magnitude than what is predicted from the van der Waals and
image-induced, ion-depletion interactions, when the surfaces are strongly disordered (large disorder
variance). C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4936940]

I. INTRODUCTION

Interactions between neutral dielectric bodies are tradi-
tionally viewed as being due predominantly to electromagnetic
field fluctuations, or equivalently, dipole fluctuations that give
rise to van der Waals (vdW) fluctuation-induced interactions
between them.1,2 These interactions are attractive between
identical bodies in vacuum or in a polarizable medium,
such as water or an aqueous electrolyte (or Coulomb
fluid). They contribute one of the two key ingredients of
the classical Derjaguin-Landau-Verwey-Overbeek (DLVO)
theory of colloidal stability, the other one being the mean-field
electrostatic interaction, which is repulsive for like-charged
colloidal surfaces.3–7

Recent works have, however, highlighted the role of
image-induced, ion-depletion effects in this scenario (see,
e.g., Refs. 8–38 and references therein), leading to depletion of
mobile solution ions from the vicinity of dielectric interfaces
and, therefore, to an additional attractive force between
apposed dielectric boundaries. This is because most dielectric
surfaces in the context of bio- and soft materials have a lower
(static) dielectric constant than that of water and, therefore,
solution ions experience repulsion from their same-sign image
charges in the proximity of dielectric boundaries.39 The
recent advances in the study of image-induced, ion-depletion
effects follow on the trail of the Onsager-Samaras framework
formulated originally in the context of the surface tension
problem of electrolytes.40,41 Such non-mean-field effects,

a)Email: a.naji@ipm.ir

which belong to the general class of depletion interactions,42

arise due to the discrete nature of mobile ions neglected in
the collective mean-field description based on the standard
Poisson-Boltzmann theory.3–7 The studies of image-induced,
ion-depletion effects have been focused exclusively on the
case of strictly neutral (charge-free) dielectric surfaces. In this
case, the ion-depletion interactions can be amplified in the
presence of mobile multivalent ions in the solution12,27 due
to stronger ion-image repulsions for these ions, even when
the multivalent ions are present at small bulk concentrations
around just a few mM.27

In this paper, we revisit the problem of interaction
between neutral dielectric surfaces in a Coulomb fluid by
adding to it a novel feature: We relax the constraint of strict
electroneutrality of surface boundaries, considered so far in
the literature, by assuming that the surfaces are neutral only
on the average, while microscopically they carry a quenched
(fixed) random distribution of positive and negative charges.
We show that this seemingly simple generalization leads
to significant qualitative changes in the distribution of ions
and, consequently, also in the effective interactions between
dielectric surfaces, especially when the intervening Coulomb
fluid contains mobile multivalent ions.

Disordered charged systems are abundant in soft matter
with examples ranging from polycrystalline surfaces with
patchy surface potentials,43–45 dielectric contact surfaces,46

vapor-deposited amorphous films on solid substrates,47

surfactant-coated surfaces,48–52 DNA microarrays,53,54 intrin-
sically disordered proteins,55,56 patchy colloids,57 and
random polyelectrolytes and polyampholytes.58–60 Surface

0021-9606/2015/143(23)/234701/13/$30.00 143, 234701-1 © 2015 AIP Publishing LLC
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charge disorder in these examples can exhibit highly
random distributions as well as patchy and heterogeneous
patterns, originating from different sources including specific
electronic and/or structural properties of materials involved,
surface grafting or adsorption of charged molecules and/or
contaminants, synthetic and fabrication processes, etc. The
surface charge disorder can be highly sample specific and,
at the same time, can depend strongly on the method of
preparation. It may be set and quenched for each sample
(which is the case of interest in this paper), annealed (in
which case the surface charges are mobile and in thermal
equilibrium with the rest of the system), or partially quenched
or partially annealed.61,62 Motivated by these examples, study
of charge disorder and, in particular, effective interactions
between random charge distributions has witnessed growing
attention from theoreticians over the last several years,52,58–84

as well as from the simulation side where initial steps have
been taken to include the effects of charge heterogeneity
and disorder.67–69,72,85–87 Disorder effects have been studied
extensively in the context of electromagnetic fluctuation-
induced interactions between two apposed, randomly charged
surfaces in vacuum,44,76–82 where they have been associated
with anomalously long-ranged surface interactions observed
in recent experiments.43,44 They have also been studied in
situations where a weakly coupled Coulomb fluid, containing,
e.g., monovalent cation and anions, intervenes between the
bounding surfaces.52,61,62,65–75,78 However, this leaves out
the case of asymmetric Coulomb fluids containing both
monovalent ions and multivalent (counter-) ions. These kinds
of systems are in fact quite common in experiments within the
biological context as in the case of viruses, DNA condensates,
or other charged biopolymer aggregates88–98 and are expected
to behave very differently since multivalent ions are known to
couple strongly with fixed surface charges.

Strong-coupling behavior of multivalent counterions at
uniformly charged surfaces or surfaces with regular charge
patterns has been studied extensively over the last decade
and its connection to exotic phenomena such as like-charged
attraction has been throughly discussed (for recent reviews
and a more exhaustive list of references, see Refs. 7, 81, and
99–104). In disordered charged systems, such strong-coupling
phenomena have been considered only in a few cases so
far62,74,83,84 by assuming that bounding surfaces carry a finite
mean surface charge density, to which multivalent counterions
can couple strongly, in the same sense as considered in the
context of uniformly charged surfaces as noted above. Yet,
the presence of charge randomness on bounding surfaces
was shown to give rise to novel phenomena such as strong
surface attraction of multivalent counterions, characterized by
a density profile that diverges at the surface, in clear violation
of the contact-value theorem established for uniformly charged
surfaces. This kind of behavior originates from a singular,
attractive, single-ion potential, which is created by the
randomness in the distribution of surface charges and, as such,
depends on the surface charge variance. Consequently, one can
also show that the thermal entropy of counterions is diminished
upon introducing a finite degree of charge randomness on
the boundaries. In other words, the system becomes more
“ordered” as a direct outcome of the interplay between the

thermal entropy of ions and the configurational entropy of
charge randomness, entering through an ensemble average
over various realizations of the disordered charge distribution.
This peculiar disorder-induced effect, which stands at odds
with what one may expect intuitively, has been referred to as
antifragility.105

Our analysis in this paper is focused on yet another facet
of the disorder-induced effects by assuming, in a system of
two plane-parallel dielectric slabs, that the randomly charged
surfaces of the slabs bear no net charge. This eliminates the
direct strong coupling between multivalent ions and the mean
surface charge and, thereby, also the ensuing strong-coupling
interactions, considered in our previous papers,83,84 that would
otherwise completely mask the vdW and image-induced, ion-
depletion interactions between the slabs in an asymmetric
Coulomb fluid. This allows us to address the question of how
the presence of surface charge disorder affects the standard
picture for the interaction of neutral bodies based on the vdW
and ion-depletion effects.

The surface charge disorder has several different
implications: First, it contributes a repulsive interaction
between the slabs, which comes from self-interactions of
disorder charges on the bounding surfaces with their image
charges; this contribution counteracts the attractive vdW
interaction as discussed thoroughly elsewhere.75–81 Then,
as noted above, the individual ions in the Coulomb fluid
experience an attractive disorder-induced potential, which
strongly attracts them toward the bounding surfaces. This
effect counteracts the ion-image repulsions that tend to
deplete ions from the slit region between the slabs and form
the basis of the image-induced, ion-depletion mechanism
for attraction between strictly neutral slabs. Thus, randomly
charged bounding surfaces tend to accumulate more mono-
and multivalent ions in the slit. The system, however, responds
differently to the increased number of ions: While the osmotic
pressure due to monovalent ions increases and even becomes
repulsive, consistent with the standard mean-field picture, the
osmotic pressure due to multivalent ions, becomes ever more
attractive! This behavior is rooted in the combined effect of the
surface charge disorder and the presence of mobile multivalent
ions, with the latter creating strong inter-surface attractions
upon further accumulation in the slit. As a result, the effective
total interaction pressure between randomly charged, net-
neutral dielectric surfaces can differ qualitatively from what
one expects based on the standard vdW1,2 and image-induced,
ion-depletion interactions between strictly neutral surfaces
especially at nano-scale separations (see, e.g., Refs. 8–38 and
references therein).

The net effect due to the interplay between disorder,
mono-, and multivalent-ion contributions yields a qualitatively
different behavior for the effective surface-surface interac-
tions, depending on the strength of disorder as quantified by
the disorder coupling (or strength) parameter.62,74,83,84 This
feature bears some conceptual resemblance to the strong-
weak coupling dichotomy that exists for net-charged surfaces,
dependent on the electrostatic coupling parameter in that
case.106–108 In weakly disordered systems, corresponding to
a small disorder coupling parameter, one then discerns a
distinct non-monotonic behavior for the interaction pressure
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as a function of the separation between the slabs, with
a pronounced repulsive hump at intermediate separations;
conversely, in strongly disordered systems, corresponding to a
large disorder coupling parameter, the effective interaction
pressure becomes strongly attractive, with a range and
magnitude larger than that of the vdW or the image-induced,
ion-depletion interaction pressure as found between strictly
neutral surfaces.

The organization of the paper is as follows: In Section II,
we introduce our model and, in Section III, we briefly discuss
the theoretical background and present the general results
for the two-slab system. The results of our analysis for the
density profile of multivalent ions and the effective interactions
between the slabs are presented in Section IV. We conclude
our discussion in Section V.

II. THE MODEL

Our model consists of two plane-parallel dielectric slabs
of infinite surface area S and dielectric constant ϵ p with inner
surfaces placed perpendicular to the z axis at a separation
distance of d (see Fig. 1). The slabs are immersed in
an asymmetric Coulomb fluid of dielectric constant ϵm at
room temperature T . The Coulomb fluid is a mixture of a
monovalent 1:1 salt of bulk (reservoir) concentration n0 and a
multivalent q:1 salt of bulk concentration c0 with multivalent
ions having charge valency of q > 0. The multivalent ions
are confined within the slit region −d/2 ≤ z ≤ d/2, while the
monovalent ions are dispersed throughout the space except in
the region occupied by the dielectric slabs that are assumed
to be impermeable to mobile ions.109 We are interested only
in the cases where the slab thickness is much larger than the
Debye (or salt) screening length and, thus, in the calculations
to be presented later, we shall assume that the slab thickness
is infinite.

The inner surfaces of the slabs are assumed to bear
a quenched, random charge distribution ρ(r), while they
remain electrically net-neutral. We assume that the random
surface charges are distributed according to a Gaussian
probability distribution function defined as P[ρ] = C exp�
− 1

2


dr g−1(r) [ρ(r)]2�, where C is a normalization factor.

FIG. 1. Two infinite, plane-parallel dielectric slabs of dielectric constant ϵp
and randomly charged inner surfaces are immersed in a bathing ionic solution
of dielectric constant ϵm. The solution contains a mixture of monovalent
and multivalent salts. Multivalent ions are confined in the slit region and
are shown by large spheres; monovalent salt anions and cations are shown
by small red and blue spheres. The slabs are assumed to be neutral on the
average and their thickness is taken to be infinite.

Clearly, this distribution function is determined fully by its
two moments, ⟨⟨ρ(r)⟩⟩ = 0, and

⟨⟨ρ(r)ρ(r′)⟩⟩ = g(r)δ(r − r′), (1)

with

g(r) = ge2
0

�
δ(z + d/2) + δ(z − d/2)�, (2)

where g ≥ 0 is the surface disorder variance and e0 is the
elementary charge. By assumption, thus, the disordered charge
distributions on the two slabs are statistically uncorrelated. The
effects of surface charge correlations (or “patchiness”) and the
internal structure of multivalent ions, which are assumed to
be point-like here, will be considered elsewhere.110,111

III. INTERACTION FREE ENERGY:
GENERAL RESULTS

A. Formal background

In the present model, we have two types of mobile
ions, namely, mono- and multivalent ions, that are expected
to behave very differently in the presence of dielectric
boundaries. On general grounds, and if the surfaces are
assumed to be strictly neutral (charge free), mobile ions
interact only with their image charges. This interaction scales
with the second power of the ionic valency, being thus
much larger in the case of multivalent ions with q ≫ 1
(e.g., trivalent and tetravalent ions). In this latter case,
the ion-image interactions are dominated by the self-image
interaction. Note that in most realistic examples, ions are
dissolved in water, which is a highly polarizable medium
with ϵm = 80 at room temperature (T = 293 K) and, thus,
we often have ϵm > ϵ p, giving image charges of the same
sign and, hence, repulsive self-image interactions for each
ion in the slit. Such repulsive interactions lead to statistical
correlations (manifested as ion depletion) between the mobile
ions and the bounding surfaces that are expected to be weak
for monovalent ions, but quite strong for multivalent ions. This
leads to a complicated problem in which different ionic species
show distinctly different couplings to local electrostatic fields
generated by the boundaries. While the monovalent ions
can be therefore described appropriately by mean-field-type
theories, such as the Poisson-Boltzmann or the Debye-Hückel
theory,3–7 the multivalent ions require an altogether different
description that should account for such large correlation
effects.

The situation is, therefore, analogous to the one found
in the case of asymmetric Coulomb fluids confined between
charged surfaces, where the dominant factor determining the
behavior of multivalent counterions is again their electrostatic
coupling to the local fields that are generated by the
boundaries. However, the difference is that in the case
of a charged surface the coupling is determined by the
so-called electrostatic coupling parameter,106–108 depending
on the charge density of the surface boundaries, enabling
the so-called strong-coupling approximation for multivalent
counterions at charged surfaces (see, e.g., Refs. 7, 81,
99–104, 106–108, and 112–119 and references therein), or
more generally, the dressed multivalent-ion theory,27,103,120,121
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which provides a very good approximation for the study of
asymmetric Coulomb fluids over a wide range of parameters
as verified by explicit-ion and implicit-ion simulations.
The dressed multivalent-ion theory reproduces the mean-
field Debye-Hückel theory and the standard strong-coupling
theory for counterion-only systems99–103,106–108,112–118 as
two limiting theories in the regime of large and small
Debye screening lengths and, therefore, bridges the gap
between these two limits.27,103,120–123 The key step in this
latter approach is to integrate out the degrees of freedom
associated with monovalent ions by means of a linearization
approximation, justified only for highly asymmetric Coulomb
fluids q ≫ 1, and yielding an effective Debye-Hückel (DH)
interaction between the remaining multivalent ions and the
surface charges (if any).120 Then, one expands the partition
function of the system in terms of the fugacity (or bulk
concentration, λc = c0) of multivalent ions or in terms of the
inverse electrostatic coupling parameter for counterion-only
systems.106 The leading order of the virial expansion can
be cast into a simple analytic theory because of its single-
particle structure, which can successfully describe various
features of strongly charged systems containing multivalent
ions (see, e.g., Refs. 7, 27, 81, 99–103, 106–108, and
112–123 and references therein). The regime of applicability
of this theory has been discussed extensively in the recent
literature,7,27,83,84,101–103,108,112–121 which we therefore do not
reiterate here.

In the case of strictly neutral (charge-free) surfaces, this
strategy was shown to be effective as well,27 since, as is
often the case in experimental systems containing asymmetric
ionic mixtures,88–98 multivalent (counter-) of high valency (for
instance, CoHex3+ or polyamines such as Spd3+, Sp4+) are
present only in small bulk concentrations, of about a few mM,
justifying fully the virial expansion scheme that underlies the
dressed multivalent-ion theory. This is the approach of choice
that we adopt also in the present context, where the surface
boundaries carry random charges and are neutral only on the
average. The only additional step here is that, due to the
quenched disorder in the surface charge distribution, the free
energy of the system follows by averaging over the whole
ensemble of charge distributions, ρ(r).83,84

B. Planar slabs

Without delving further into details available in previous
publications,27,83,84,103,120,121 we proceed by giving the general
expression for the free energy of the two-slab system
considered in this work, which has the form84

F = 1
2

Tr
�
g(r)G(r,r′)� − λckBT


drΩ(r) e−βu(r). (3)

Here, β = 1/(kBT) and the Green’s function of the system is
defined via

− ϵ0∇ · ϵ(r)∇G(r,r′) + ϵ0ϵ(r)κ2(r)G(r,r′) = δ(r − r′), (4)

where κ(r) is the Debye (or salt) screening parameter, which
is non-zero only outside the region occupied by the dielectric
slabs, i.e., κ2 = 4πlBnb with lB = e2

0/(4πϵϵ0kBT) being the

Bjerrum length and nb = 2n0 + qc0 the total bulk concentration
of monovalent ions.

The first term in Eq. (3) represents the free energy of
the system in the absence of multivalent ions. It stems from
self-interactions of disorder charges on the bounding surfaces
of the slabs with their image charges (note that the random
charge distributions on the two slab are uncorrelated and,
on the average, do not interact with each other). This term
depends only on the disorder variance, g, and is non-vanishing
only in inhomogeneous systems with a finite dielectric
discontinuity at the bounding surfaces and/or a spatially
inhomogeneous distribution of salt ions. This contribution
has been analyzed in the context of the fluctuation-induced
forces between disordered surfaces in vacuum or in a weakly
coupled Coulomb fluid.75–81

The second term in Eq. (3) represents the contribution
from multivalent ions on the leading (virial) order, in which
u(r) is the effective single-particle interaction energy,83,84

u(r) = q2e2
0

2
Gim(r,r) − β

q2e2
0

2


dr′g(r′)[G(r,r′)]2. (5)

The first term in the above expression represents the self-
image interaction of individual multivalent ions in the slit
and the second term represents the contribution of the surface
charge disorder to the effective single-particle interaction
energy. In the first term, Gim(r,r) = G(r,r) − G0(r,r) gives the
dielectric and/or salt polarization, or the image-charge effects
(corresponding to the generalized Born energy), in which
the free-space Green’s function, G0(r,r) (corresponding to
the formation energy of individual ions in a homogeneous
background), defined via −ϵ0ϵm(∇2 − κ2)G0(r,r′) = δ(r − r′),
is subtracted from the total Green’s function. The second term
in Eq. (5) is found to be proportional to the disorder variance
and shows an explicit temperature dependence and a quadratic
dependence on the Green’s function and the multivalent-ion
charge valency, q (these latter features can be understood by
noting that the disorder term indeed stems from the sample-
to-sample fluctuations, or variance, of the sample-dependent
single-particle interaction energy as discussed in Ref. 83).

In the multivalent dressed-ion theory,27,120,121 the number
density of multivalent ions can be obtained in terms of the
effective single-particle interaction energy as83,84

c(r) = λcΩ(r) e−βu(r). (6)

In the specific example of two planar slabs, we can
take advantage of the translational invariance of the Green’s
function with respect to transverse (in-plane) direction
coordinates ρ = (x, y) and ρ′ = (x ′, y ′), since G(r,r′)
= G(ρ,ρ′; z, z′) is only a function of |ρ − ρ′|, z and z′, and
write the free energy in terms of its Fourier-Bessel transform
Ĝ(Q; z, z′) defined through

G(r,r′) =
 ∞

0

QdQ
2π

Ĝ(Q; z, z′) J0(Q|ρ − ρ′|). (7)

For two semi-infinite slabs, one has

Ĝ(Q; z, z′) = 1
2ϵ0ϵmγ

�
e−γ |z−z

′| +
2∆s e−2γd

1 − ∆2
s e−2γd

×
�
eγd cosh γ(z + z′) + ∆s cosh γ(z − z′)��. (8)
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Here, γ2 = κ2 +Q2, and

∆s =
ϵmγ − ϵ pQ
ϵmγ + ϵ pQ

. (9)

In the absence of salt screening (κ = 0), ∆s reduces to the bare
dielectric discontinuity parameter

∆ =
ϵm − ϵ p
ϵm + ϵ p

, (10)

which gives a measure of the magnitude of “dielectric-image”
charges; while in a dielectrically homogeneous system, we
have

∆s
�
ϵm=ϵp

=
γ −Q
γ +Q

, (11)

which gives a measure of the salt-induced image effects, or
loosely speaking, “salt-image” charges. Both image-charge
effects lead to depletion of ions from the vicinity of dielectric
surfaces in a medium of relatively large polarizability, but
they exhibit some fundamental differences, which have been
discussed in the context of charged surfaces in our previous
works.83,84

In the two-slab geometry, we can then re-express the
(number) density profile of multivalent ions in the slit region,
−d/2 ≤ z ≤ d/2, as

c(z) = c0e−βu(z), (12)

where

u(z) = q2e2
0

4π

 ∞

0
QdQ Ĝ(Q; z, z) − βq2ge4

0

4π

×
 ∞

0
QdQ

�
Ĝ2(Q; z,−d/2) + Ĝ2(Q; z,d/2)�. (13)

The interaction free energy of the system (per kBT and per
unit area, S) can be written as

βF
S
= glB f (κ,d,∆) −

 d/2

−d/2
dz c(z), (14)

where we have subtracted additive terms that are independent
of surface separation d and defined

f (κ,d,∆) ≡
 ∞

0
QdQ

∆s(1 + ∆s)2
γ(e2dγ − ∆2

s)
. (15)

IV. RESULTS

A. Distribution of multivalent ions

Let us first focus on the case of a dielectrically
homogeneous system with ∆ = 0. The density profiles of
multivalent ions for this case are shown in Fig. 2(a), where we
have rescaled the density profiles with their bulk value c0 and
the position in the slit−d/2 < z < d/2 with the Bjerrum length
lB. The inter-surface distance and the screening parameter
are rescaled in the same way. In the figure, we have fixed
d/lB = 5 and κlB = 0.35, equivalent to mono- and multivalent
salt concentrations of n0 = 20 mM and c0 = 1 mM when the
Bjerrum length is taken as lB = 0.71 nm (appropriate for
water at room temperature, i.e., with T = 293 K and ϵm = 80)
and the multivalent ion valency is taken as q = 4 (note that
throughout this paper we focus on the case of asymmetric
Coulomb fluids with tetravalent ions but the generalization of
our results to other values of q is straightforward).

The surface charge disorder variance is shown in the
figure in terms of the dimensionless disorder coupling (or
strength) parameter,83,84

χ = 2πq2l2
Bg, (16)

which is varied in the figure as χ = 0,1, and 2 (corresponding
to strictly neutral surfaces with g = 0, and randomly charged
surfaces with g = 0.02 nm−2 and 0.04 nm−2, respectively).

As seen, for strictly neutral (or disorder-free) dielectrics,
the density profile (black solid curve) shows a partial depletion
of multivalent ions from the vicinity of the surface boundaries.
This is caused by the salt-image repulsion (corresponding to
the first term in Eq. (5)), which, as noted in Sec. III, are caused
by the discontinuity in the distribution of salt ions across the
dielectric interfaces, giving a non-vanishing ∆s according to
Eq. (11). However, when the surfaces are randomly charged
(dashed curves), the situation turns out significantly different
and the multivalent ions are attracted quite strongly towards the
surfaces despite the “soft” salt-image repulsions (moreover,
one can note from the shown profiles that a larger amount
of multivalent ions are pulled into the slit from the bulk
solution). In fact, the resulting disorder potential acting on
individual multivalent ions (corresponding to the second
term in Eq. (5)) exhibits a singular (logarithmic) behavior

FIG. 2. Rescaled density profile of dressed multivalent ions as a function of the rescaled normal position in the slit between the randomly charged inner surfaces
of two net-neutral dielectric slabs for (a) dielectrically homogeneous system with ∆= 0 and (b) dielectrically inhomogeneous system with ∆= 0.95 (appropriate
for the water/hydrocarbon interface). Other parameters are fixed as d/lB= 5 and κlB= 0.35 (c0= 1 mM, n0= 20 mM). Panel (c) shows the threshold value, χ∗
(above which the unimodal density profile changes to a bimodal one) as a function of ∆ for d/lB= 5, c0= 1 mM and n0= 20,40, and 60 mM.
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at the two surfaces and gives an algebraically diverging
density as c(z) ∼ (d2/4 − z2)−χ/2 when z → ±d/2. This kind
of phenomena has been discussed in detail in the context of
disordered charged surfaces bearing a net charge density,83,84

where we show that the singular behavior of the density
profile is closely connected with the anti-fragile behavior
of multivalent counterions: Adding a quenched disorder
component to an otherwise uniform distribution of surface
charges leads to a lowered entropy (or thermal disorder)
for the counterions. In the present context, with net-neutral
surfaces, the disorder-induced effects are qualitatively similar
as they are regulated only by the variance of the charge
distribution, g, rather than the net charge density of the
surfaces. It should also be noted that, while the bounding
surfaces of the slit are indeed net-neutral, on the average
containing equal amount of positive and negative charges,
the positive multivalent ions preferentially interact with the
negative charge component at the surfaces, and since their
statistics is nonlinear (Boltzmann), this leads to accumulation
of multivalent ions near the bounding surfaces and, as we
shall discuss later, causes preferential attractive interactions
between the surfaces.

Finite dielectric discontinuity at the bounding surfaces,
∆ > 0, creates a much stronger depletion effect than in the
case of dielectrically homogeneous system (see Fig. 2(b)).
In fact, the density profile of multivalent ions vanishes in
the immediate vicinity of the surfaces because of the strong
dielectric-image repulsion, provided again by the first term in
Eq. (5). This term is singular itself and diverges on approach to
the surface as ∼1/(d/2 ∓ z) when z → ±d/2, thus dominating
over the singular potential created by the charge randomness
on the boundaries and leading to the vanishing contact density
of multivalent ions regardless of the disorder strength, χ, as
seen in the figure (even though a larger amount of multivalent
ions are found in the slit at larger values of χ). The competition
between these two mechanisms of repulsion and attraction
leads to a change in the shape of the density profile from
unimodal to bimodal beyond a threshold value of the disorder
strength, χ∗. The data in Fig. 2(c) show χ∗ as a function of
the dielectric discontinuity parameter, ∆, for fixed d/lB = 5,
c0 = 1 mM and different values of n0 = 20,40 and 60 mM
(corresponding to κlB = 0.35,0.48, and 0.58, respectively).
Clearly, for larger salt screening and/or dielectric discontinuity
parameter, a larger degree of charge disorder is required
in order to counteract the image-charge repulsions. These
features of the density profiles are qualitatively similar to
those found in the case of charged surfaces83,84 and, therefore,
we shall not delve further into the details of the behavior of the
density profile and proceed with the analysis of the effective
interaction between net-neutral surfaces.

B. Effective interactions

Effective interactions between neutral dielectric slabs are
standardly described in terms of the vdW interactions as,
for instance, formulated within the Lifschitz theory.1,2 The
vdW interaction pressure for two plane-parallel slabs can be
expressed as1

PvdW = −kBT
 ∞

0

QdQ
2π

γ∆2
s e−2γd

1 − ∆2
s e−2γd −

A
6πd3 , (17)

where the first term comes from the thermal zero-frequency
mode of the electromagnetic field-fluctuations and the second
term comes from the higher-order Matsubara frequencies,
pertaining to quantum fluctuations. A is then the quantum part
of the Hamaker coefficient, which, based on an upper bound
estimate in the case of hydrocarbon slabs interacting across an
aqueous medium, can be taken as A = 3 zJ.27,124 For the sake of
simplicity, we assume the same contribution from the higher-
order modes regardless of the static value of dielectric/salt
discontinuity parameter, ∆s. The vdW interaction is dominant
mostly at the scale of a few nanometers for the inter-surface
distance.104

In the present model, one needs to account for the
electrostatic contribution to the inter-surface pressure, Pes,
as well. This contribution can be written as the difference
between the slit pressure of multivalent and monovalent
ions and the bulk pressure Pb = (nb + c0)kBT , where
nb = 2n0 + qc0 is the total bulk concentration of monovalent
ions, i.e., Pes = Ps − Pb. The slit pressure can be calculated
as Ps = −∂F /(S∂d) + n(0)kBT , in which the first term is
the contribution of multivalent ions that follows from the
derivative of free energy expression, Eq. (14), w.r.t. the inter-
surface distance when all other parameters are kept constant,
while the second term is the contribution of monovalent ions
that has been expressed in terms of the total mid-plane density
of monovalent ions.27 This latter quantity can be estimated
here through the relation n(z) = nb exp[−βu(z)]�

q=1 for z = 0,
which has been shown by means of explicit Monte-Carlo
simulations of a disorder-free system27,103 to give an accurate
estimate of the distribution of monovalent ions in the slit.

The electrostatic pressure can thus be decomposed into
its different components as

Pes = Pdis + Pc + Pmon, (18)

where the components are obtained explicitly as

βPdis = −glB
∂ f (κ,d,∆)

∂d
, (19)

βPc =
∂

∂d

 d/2

−d/2
dz c(z)


− c0, (20)

βPmon = n(0) − nb. (21)

The contribution Pdis arises from self-interactions of random
charges on the surfaces of the two slabs with their (dielectric
and/or salt) image charges. This contribution stems from
the first term of interaction free energy (14) and is present
irrespective of multivalent ions, being typically comparable
in range and strength with the vdW pressure. It can, however,
scale differently with the inter-surface distance and can be
repulsive or attractive depending on the sign of dielectric
discontinuity parameter, ∆ (e.g., it is repulsive for ∆ > 0,
applicable to the cases studied in this paper), resulting thus
in a rather diverse behavior for the inter-surface interaction
between two net-neutral slabs in the absence of multivalent
ions.75,78 The two terms Pc and Pmon correspond to the
disjoining or osmotic pressure contributions of multivalent
and monovalent ions, respectively. The former stems from the
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second term of interaction free energy (14), while, as noted
above, the latter is included heuristically through Eq. (21).

The total pressure acting on the slabs is finally given by

P = Pes + PvdW. (22)

This quantity is plotted in Fig. 3(a) as a function of the
rescaled inter-surface distance for fixed χ = 2, c0 = 1 mM
and four different values of n0 = 20,25,30, and 35 mM, which
correspond to κlB = 0.35,0.38,0.42, and 0.45, respectively
(colored dashed curves). For these same parameter values,
we also show the vdW pressure in Fig. 3(a) (black dashed
curves), but these latter curves closely overlap and are not
discernible at the implied resolution. This clearly indicates
that the dependence of the total pressure on the salt screening
parameter enters mainly through the electrostatic contribution
(see below). In fact, as one can see from the figure, the
total pressure, P, is less attractive than the standard vdW
pressure at large separations, but, as n0 decreases, the total
pressure becomes more strongly attractive as compared with
the vdW contribution. We show the electrostatic and vdW
components of the total pressure separately in Fig. 3(b) for
c0 = 1 mM and n0 = 20 mM (κlB = 0.35). The electrostatic
contribution, Pes, shows a non-monotonic behavior: It is
repulsive and decays to zero at large separations, while it

FIG. 3. (a) Rescaled total interaction pressure as a function of the rescaled
distance between the randomly charged inner surfaces of two net-neutral
dielectric slabs for fixed χ = 2, c0= 1 mM and n0= 20,25,30, and 35 mM
as indicated on the graph (colored dashed curves). The corresponding vdW
pressure for these parameter values closely overlap (black dashed curves).
Panel (b) shows the total pressure (Ptot) along with its electrostatic (Pes) and
vdW (PvdW) components for c0= 1 mM and n0= 20 mM. The light-colored
dashed curves show Pes for n0= 25,30, and 35 mM (from right to left).

becomes strongly attractive and diverges at small separations,
showing thus a weakly repulsive maximum at intermediate
inter-surface separations. The light-colored dashed curves
show the same quantity for larger values of n0 = 25,30, and
35 mM (from right to left). Clearly, the extent of the repulsion
and the non-monotonic behavior of the electrostatic pressure
becomes more pronounced as n0 is increased. Non-monotonic
interaction pressures due to image-induced ion depletion have
also been found in the absence of surface charge disorder
but at relatively large bulk salt concentrations (e.g., above
250 mM).12

Before proceeding with a more detailed analysis of the
electrostatic contribution, we emphasize here that Pes and PvdW

show clearly different qualitative behaviors as one can see
from Fig. 3(b). The standard DLVO description of colloidal
interactions3,4 in terms of the vdW interaction of neutral
surfaces is therefore insufficient when the surfaces are neutral
only on the average and otherwise carry random positive
and negative charges, and/or when the system contains also
an asymmetric Coulomb fluid. Our results show that only a
small degree of charge randomness with, e.g., a surface charge
variance of g = 0.04 nm−2 (corresponding to χ = 2), will be
enough to generate a sizable deviation from the standard vdW
prediction.

C. Interplay between charge disorder
and multivalent ions

In order to gain further insight into the intriguing role of
disorder-induced effects in the presence of multivalent ions,
we examine the behavior of the effective electrostatic pressure,
Pes, and its components in more detail.

First, we consider two strictly neutral (disorder-free)
surfaces, in which case the disorder effects vanish and the
electrostatic inter-surface pressure, Pes, is given only by the
osmotic pressures of multivalent and monovalent ions. The
results are shown by black solid curves in Figs. 4(a) and
4(b) and Figs. 4(c) and 4(d) for a dielectrically homoge-
neous (∆ = 0) and a dielectrically inhomogeneous system
(∆ = 0.95), respectively. For the latter case, the contributing
components of the electrostatic pressure, i.e., P0

c and P0
mon,

are plotted in Figs. 4(e) and 4(f) for comparison. The vdW
pressure is shown by black dotted curves in panels (a)–(d). In
all cases, we have taken c0 = 1 mM and n0 = 20 mM.

It turns out that the electrostatic pressure in a disorder-
free system (χ = 0), which is given by Pes = P0

mon + P0
c, is

negative (attractive) for all inter-surface separations and tends
to zero at large separations because of salt screening effects.
This means that the negative bulk pressure is stronger in
magnitude than the slit pressure for both cases of ∆ = 0 and
0.95. This is because of the image-induced depletion of ions
generated by salt and/or dielectric-image charges that are of
the same sign when the surfaces are immersed in a medium
of larger dielectric constant as assumed here. In the limit
d → 0, Pes in an inhomogeneous system reduces to the bulk
pressure, Pb = (nb + c0)kBT , due to complete depletion of ions
from the slit under the strong repulsive force of dielectric-
image charges, while in a dielectrically homogeneous system,
complete depletion is not achieved; hence, Pes is less attractive
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FIG. 4. Rescaled electrostatic pressure as a function of the rescaled distance between the randomly charged inner surfaces of two net-neutral dielectric slabs
for fixed klB= 0.35 (c0= 1 mM and n0= 20 mM). Panels (a) and (b) show the results for weakly and strongly disordered cases in a dielectrically homogeneous
system (∆= 0), while panels (c) and (d) show the same for ∆= 0.95. The results for the disorder-free case (black solid curve) and the vdW pressure (black dotted
curves) are shown for comparison. Panels (e) and (f) show the contributing components to the electrostatic pressure, Pes, for ∆= 0.95 and in the examples of a
weakly disordered system with χ = 0.5 and a strongly disordered system with χ = 2, respectively. For comparison, we also show the contribution of mono- and
multivalent ions in the disorder-free case, P0

mon and P0
c. Insets show the rescaled pressure components over a smaller range of values.

in this latter case. On the other hand, for the given parameter
values, the vdW pressure is more (less) attractive than the
electrostatic pressure, Pes, for ∆ = 0.95 (∆ = 0) as one can see
from the figures.

Next, we discuss how the introduction of charge disorder
on the inner surfaces of the net-neutral dielectrics affects
the effective electrostatic interaction between them. To this
end, we vary the disorder strength parameter from χ = 0
up to χ = 5 (corresponding to g = 0–0.1 nm−2) and divide
the results into two categories of “weakly” and “strongly”
disordered cases.

In the weak disorder regime (typically χ . 1), the
electrostatic interaction pressure, Pes, becomes gradually
more repulsive or positive (especially at small separations)
as compared to that of strictly neutral surfaces when χ is
increased up χ = 1 (see colored dashed curves in Figs. 4(a)
and 4(c) for ∆ = 0 and ∆ = 0.95, respectively). The repulsive
interaction pressure is stronger for larger values of the
dielectric discontinuity parameter, ∆ (compare panels (a) and
(c)). The most remarkable feature of our results is that Pes in
this regime adopts a non-monotonic behavior: For very small
χ, it develops a point of zero electrostatic pressure followed by
a shallow attractive minimum at intermediate separations (see,
e.g., χ = 0.25, red dashed curve, in panel (a), or χ = 0.25
and 0.5, red and blue dashed curves in panel (c)). The depth
of this minimum decreases and the interaction profile instead
develops a repulsive (positive) hump at large values of χ
(e.g., χ = 1). These behaviors are in clear contrast to what is
observed in the case of strictly neutral (disorder-free) surfaces
(black solid curves).

In order to elucidate the origin of this difference,
we compare different components of Pes in the case of
an inhomogeneous system with ∆ = 0.95 and χ = 0.5 in
Fig. 4(e). For comparison, the light-blue solid curve and the
black solid curve (which is seen more clearly in the inset) show
the osmotic contribution of monovalent and multivalent ions,
P0

mon and P0
c, in the case of strictly neutral surfaces (χ = 0).

Both contributions are attractive (negative), while the former
is the dominant one as expected since we have assumed that
multivalent ions enter in small bulk concentrations (here,
c0 = 1 mM). By introducing a weak charge randomness
(χ = 0.5 for the relevant curves in Fig. 4(e)), the negative
pressure of both multivalent (Pc, red dashed curves, inset) and
monovalent ions (Pmon, blue dashed curve, main set) decrease
in magnitude and, thus, become less attractive as compared
with the disorder-free case. It is important to note that the
distribution of both monovalent and multivalent ions and, thus,
their respective osmotic pressure, Pmon and Pc, are affected
by the surface charge disorder through the disorder-induced,
single-ion potential, which is the second term in Eqs. (5) or
(13). The decrease in the magnitude of attractive pressure
components Pmon and Pc in the weak disorder regime is
because more mono- and multivalent ions are attracted into
the slit from the bulk solution in the presence of surface
charge disorder (see Figs. 2 and 5). Nevertheless, at very
small separations, all ions are again totally depleted due to the
repulsive forces of image charges and Pmon and Pc reduce to the
same bulk values as P0

mon and P0
c do when d → 0, i.e., −nbkBT

and −c0kBT , respectively. The crucial role, however, is played
by the repulsive disorder self-interaction component, Pdis
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FIG. 5. Average total number of multivalent ions in the slit, N̄ , per rescaled
surface area, S̃ = S/l2

B, is plotted as a function of the rescaled inter-surface
separation, d/lB, for a system similar to those considered in Figs. 4(c) and
4(d) (klB= 0.35 and ∆= 0.95). Inset shows the same plot but for the average
total number of monovalent ions in the slit, N̄mon.

(green dashed curve), whose effect is amplified by increasing
the charge disorder strength and/or the interfacial dielectric
mismatch as follows from Eq. (19). It is the interplay between
this repulsive disorder-induced pressure (which dominates at
small to intermediate separations) and the attractive osmotic
pressure of ions (which dominate at larger separations) that
gives rise to the non-monotonic behavior mentioned above.
For sufficiently small χ, the pressure of multivalent ions is
typically too small (as compared to the other two components)
to change this qualitative behavior.

This picture changes drastically in the strong disorder
regime (typically χ & 1), where the pressure due to
multivalent ions becomes a key factor. In Figs. 4(b) and
4(d), we plot Pes for larger disorder strength parameters,
χ = 1.5 up to 5 for ∆ = 0 and ∆ = 0.95, respectively. In this
regime, we find a reverse trend caused by the surface charge
disorder: The repulsive hump at intermediate separations now
diminishes and eventually disappears when χ is increased
to larger values; one thus finds a highly attractive (negative)
interaction pressure with a range that can be much larger
than that of the vdW interaction pressure (black dotted
curves), or the mere image-induced, ion-depletion pressure
(black solid curves with χ = 0), at sufficiently large disorder
strengths.

The different components contributing to the electrostatic
pressure for this case are shown in Fig. 4(f) for χ = 2 with
other parameters being the same as Figs. 4(c) and 4(d). As
seen, while the disorder self-interaction contribution, Pdis, has
become only slightly more repulsive (green dashed curve), the
other two components, Pc and Pmon, show significant changes
as compared to their counterparts in the weak disorder regime
in Fig. 4(e). Specifically, the attractive contribution due to
the osmotic pressure of multivalent ions (red dashed curve)
becomes much stronger than what we find in the weakly
disordered or disorder-free cases, while the contribution from
monovalent ions now becomes repulsive (positive) in contrast
to its attractive (negative) behavior in these latter cases
(compare panels (e) and (f)). The monovalent contribution
becomes positive because of an increase in the number of
monovalent ions in the slit that creates a larger osmotic
pressure (see below). The average number of multivalent

ions also increases in the slit as χ increases; however,
these ions correlate strongly with the disorder charges on
the bounding surfaces of the slabs (through the second term
in Eq. (13), which contributes directly to Pc, Eq. (20)) and,
as a result, give rise to an effective attraction between the
net-neutral slabs through the pressure component Pc. In other
words, the behavior of multivalent ions is quite different from
that of monovalent ions, whose effect is osmotic and their
accumulation in the slit leads to an increased repulsion. This
result is in clear contrast with the image-induced, ion-depletion
mechanism, in which a decrease in the number of mono- and
multivalent ions in the slit gives rise to attractive osmotic
pressures on the slabs similarly from both types of ions. This
behavior originates from the (singular) attractive, single-ion
potential, which is created by surface charge disorder. It is
thus one of the most fundamental aspects of the coupling
between surface charge disorder and mobile multivalent ions
that follows from our results.

The remarks in the preceding discussions on the attraction
(depletion) of multivalent ions to (from) the slit region can
be corroborated by considering the average total number of
ions in the slit. For multivalent ions, this quantity can be
calculated from N̄ = S

 d/2
−d/2 dz c(z). It shows a very different

behavior as a function of the inter-surface separation in the
weak disorder and strong disorder regimes as one can see in
Fig. 5 (we have used the same parameters as in Figs. 4(c)
and 4(d)). Although, at fixed inter-surface distance, always
more multivalent ions are attracted to the slit by increasing
the disorder strength, the response of multivalent ions to the
decrease in slab separation is quite different for different
disorder regimes: For disorder-free and weakly disordered
surfaces, multivalent ions are quickly depleted from the slit
by decreasing the slab separations, while, for sufficiently
large disorder strengths, these ions (as well as monovalent
ions whose average total number, N̄mon = S

 d/2
−d/2 dz n(z) with

n(z) = nb exp[−βu(z)]�
q=1, is shown in the inset of Fig. 5)

are more strongly attracted to the slit from the bulk solution
due to stronger attraction experienced from the randomly
charged, inner surfaces of the slabs. In the intermediate regime
of disorder strengths, one find a non-monotonic behavior
upon decreasing the inter-surface separation, with the average
total number of multivalent ions first decreasing and then
increasing at very small separations. One should, however,
note that in dielectrically inhomogeneous systems such as
the one considered in Fig. 5 with ∆ = 0.95, dielectric-image
repulsions eventually win and, thus, even the curves for highly
disordered systems eventually turn downward and we find
N̄ → 0 for d → 0 or, equivalently, Pes → −(nb + c0)kBT for
all cases in Figs. 4(c) and 4(d) (these limiting behaviors occur
at very small separations that are not physically meaningful,
e.g., below d ≃ 1 Å, and, for the sake of presentation, they
have not been shown in the plots).

The crossover from weak to strong disorder regimes
can be precipitated also by decreasing the salt screening
parameter through a decrease in the bulk concentration of
monovalent ions, n0 (and/or increasing the bulk concentration
of multivalent ions, c0). For instance, at sufficiently large n0
such as n0 = 100 mM, the electrostatic interaction pressure,
Pes, at the disorder strength value of χ = 2 and multivalent salt
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FIG. 6. (a) Rescaled total inter-surface pressure as a function of the rescaled
distance between the randomly charged inner surfaces of two net-neutral
dielectric slabs for fixed ∆= 0.95, χ = 2, n0= 100 mM and c0= 1, 5, and
10 mM as indicated on the graph (from top to bottom). The corresponding
electrostatic and vdW components of the total pressure, i.e., Pes and PvdW,
are shown in rescaled units as well (Pes is shown by the light-colored dashed
curves and PvdW by the black one, which closely overlap). Panel (b) shows
Ptot along with PvdW, Pes and the three components contributing to the latter,
i.e., Pdis, Pc and Pmon for fixed c0= 10 mM and other parameter values
as in (a).

concentration of c0 = 1 mM shows a weak-disorder behavior
(see Fig. 6(a)), in contrast to what we found for χ = 2
at lower salt concentration of n0 = 20 mM in Fig. 4(d).
Even though increasing c0 up to c0 = 10 mM enhances the
attractive pressure as shown in the figure, the behavior of the
effective interaction still remains in the weak-disorder regime
as can be verified from the pressure components in Fig. 6(b)
(e.g., compare Pmon and Pc with those in Fig. 4(e)). This is
clearly because of strong salt screening effects at large n0, in
which case the strong-disorder behavior can be achieved only
by taking even larger values of χ.

V. CONCLUSION AND DISCUSSION

In this work, we have studied the effective interactions
between net-neutral dielectric slabs that carry quenched
(fixed) random charge distributions on their apposing
surfaces while they are immersed in an asymmetric aqueous
electrolyte (Coulomb fluid) containing mobile monovalent and
multivalent ions. The effective interaction between quenched,
random charge distributions have been considered in a series

of recent works,52,58–60,62–66,73–81,83,84 and, while the role of
Debye screening due to a weakly coupled (monovalent) salt
solution on these interactions have been analyzed, the role of
multivalent ions that couple strongly with surface charges has
received much less attention.62,74,83,84

The interaction between (electro-) neutral dielectric slabs
is traditionally described in terms of vdW or Casimir-type
forces1,2 that are always attractive between identical bodies
in vacuum or in a polarizable medium such as water or an
aqueous salt solution. In the DLVO context,3–7 the vdW
attraction is counteracted by the mean-field electrostatic
repulsion between like-charged surfaces, providing thus a
mechanism for the stability of colloidal dispersions. In the
case of strictly neutral surfaces, however, the electrostatic
inter-surface repulsion is obviously absent but, in addition to
the vdW interaction, there are image-induced, ion-depletion
forces that are attractive as well and arise because the mobile
solution ions are depleted from the vicinity of the dielectric
interfaces as a consequence of the repulsion from their image
charges (these image charges are of the same sign when
the surfaces are immersed in a medium of larger dielectric
constant as compared with that of the slabs). This effect
is intrinsically non-mean-field and occurs because of the
discrete nature of ions, neglected in the collective mean-
field description based on the standard Poisson-Boltzmann
theory.3–7 Image-induced, ion-depletion effects for strictly
neutral dielectric surfaces have been studied extensively in
recent years (see, e.g., Refs. 8–38 and references therein) and
the role of multivalent ions, in particular, has been considered
in Refs. 12 and 27.

In the present work, we add a new feature to the
current understanding of the effective interaction between
neutral surfaces and consider the situation, in which the
surfaces are neutral only on the average but otherwise carry
a quenched random distribution of positive and negative
charges. Indeed, heterogeneously or randomly charged
surfaces are commonplace in soft matter and have attracted
a lot of attention in recent years (see, e.g., Refs. 43–52). We
have thus shown that the presence of quenched surface charge
disorder in conjunction with mobile multivalent ions in the
ionic solution leads to remarkable and significant qualitative
changes in the standard picture commonly accepted for the
interaction between neutral bodies.

The charge disorder has several manifestations in the
present context: First, the self-interactions between the
quenched random charges on the inner surfaces of the
dielectric slabs and their image charges lead to a repulsive,
short-ranged interaction pressure, Pdis, that tends to counteract
the attractive vdW interaction pressure, PvdW as discussed
thoroughly elsewhere.75–81 The surface charge disorder, on
the other hand, modifies the single-ion interaction potentials
in a way that creates a singular attractive potential acting
between ions and the dielectric boundaries.62,74,83,84 This
effect works against the ion-image repulsions that tend to
deplete ions from the slit region between the slabs. Thus,
as a result of this attractive disorder-induced potential, more
mono- and multivalent ions are accumulated in the slit when
the confining dielectric boundaries are randomly charged.
However, we find qualitative differences in the ways this
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excess attraction affects the osmotic pressure of ions. The
osmotic pressure due to monovalent ions, Pmon, can become
repulsive which, in fact, agrees with the standard mean-field
picture since monovalent ions are only weakly coupled to the
bounding surfaces and create a larger entropic pressure upon
further accumulation in the slit. On the other hand, the osmotic
pressure due to multivalent ions, Pc, can become even more
attractive! This is in clear contrast with the image-induced,
ion-depletion mechanism, in which a decrease in the number
of mono- and multivalent ions in the slit gives rise to (stronger)
attractive osmotic pressures on the slabs, similarly for both
types of ions.

This rich behavior stems from combined effects of surface
charge disorder and the presence of mobile multivalent ions,
with the latter creating strong inter-surface attractions upon
further accumulation in the slit. As a result, the effective total
interaction pressure between randomly charged, net-neutral
dielectric surfaces can differ qualitatively from what one
expects based on the standard vdW and/or image-induced,
ion-depletion interactions for strictly neutral surfaces, where
they predict purely attractive interactions (unless at relatively
large bulk salt concentrations, e.g., above 250 mM, as
noted in Ref. 12). In particular, the net effect from the
competing electrostatic components due to disorder, mono-
and multivalent ions results in a distinct, disorder-induced
non-monotonic behavior.

In the weak disorder regime, the net electrostatic pressure
becomes gradually more repulsive (positive) at intermediate
to large separations as the disorder coupling parameter (or
equivalently the disorder variance, g) on the bounding surfaces
of the slabs is increased from zero (strictly neutral or disorder-
free system), exhibiting first a shallow minimum and then a
pronounced repulsive hump at intermediate separations. As
the disorder coupling parameter is further increased into the
strong disorder regime (typically beyond χ = 2πq2l2

Bg ≃ 1),
the behavior of the net electrostatic pressure is reversed;
the repulsive hump is diminished and one finds a strongly
attractive (negative) interaction pressure with a range and
magnitude larger than that of the vdW or the image-induced,
ion-depletion interaction pressures between strictly neutral
surfaces. The crossover from weak to strong disorder regimes
can be precipitated also by decreasing the salt screening
parameter (through decreasing the bulk concentration of
monovalent ions) and/or increasing the bulk concentration
of multivalent ions. The two different regimes of the disorder
effects, the strong and the weak disorder regimes, bear also
some resemblance to the strong-weak coupling dichotomy
that exists for the net-charged surfaces, dependent on the
electrostatic coupling parameter.103 It is no small feat to be
able to partition the behavior of this complicated system by
two dimensionless coupling parameters that effectively govern
its salient characteristics.

Finally, we note the qualitative differences between the
ion-mediated interactions we find between net-neutral surfaces
in this work and those we reported between randomly charged
surfaces carrying a finite mean surface charge density, σ , 0,
in Refs. 83 and 84. One of the key differences is that the
repulsion between mean surface charges on the inner surfaces
of the slabs, Pσ, in the latter case contributes a dominant

repulsive pressure to the net electrostatic pressure, which is
stronger, both in magnitude and range, than Pdis and PvdW.
On the other hand, when the surfaces carry a finite mean
surface charge density, the osmotic pressure of monovalent
ions, Pmon, turns out to be always repulsive and comparable
in magnitude and range to Pσ; these repulsive pressure
components completely mask the short-range interaction
pressures, Pdis and PvdW, whose roles in competition with
the attractive pressure due to multivalent ions, Pc, are brought
up only in the case of net-neutral surfaces. Notably, we
find that Pmon in the case of surfaces carrying a finite mean
surface charge density hardly responds to changes in the
disorder strength, while, in the case of net-neutral surfaces,
it can change from a purely attractive component (due to
image-induced, ion-depletion effects) for disorder-free and
weakly disordered surfaces to a repulsive one (due to disorder-
driven ion accumulation in the slit) for strongly disordered
surfaces. Another difference between the two cases is that
multivalent (counter-) ions in the case of surfaces carrying
a finite mean surface charge density correlate strongly also
with the mean charge densities of the confining boundaries
of the slit, in line with the strong-coupling paradigm for
electrostatics of charged surfaces known to generate strong
like-charged surface attractions (see, e.g., Refs. 99–104). Such
strong-coupling effects are clearly absent in the present case
with net-neutral surfaces.

In summary, our analysis provides new insight into the
intricate role of surface charge disorder in the context of
net-neutral surfaces and its fingerprints on the effective ion-
mediated interactions between them. These interactions are
predicted to occur with a range and magnitude comparable
to or, for strongly disordered systems, much larger than the
vdW and/or image-induced, ion-depletion effects considered
previously only in the case of strictly neutral surfaces.
Our predictions will thus be amenable to numerical and/or
experimental verification. In doing so, one must bear in mind
the regime of validity and limitations of the present model,
which have been discussed in detail in Refs. 27, 83, 84, 103,
120, and 121. In particular, the role of higher-order virial
corrections and ion-ion excluded-volume repulsions, that may
be relevant especially at intermediate electrostatic couplings
and/or large multivalent counterion concentrations, the role
of surface charge discreteness and the discreteness of solvent,
which need to be included consistently, and other similar
factors remain to be elucidated in future simulations.
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122L. Javidpour, A. Lošdorfer Božič, A. Naji, and R. Podgornik, J. Chem. Phys.

139, 154709 (2013).
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