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Abstract: When looking at the properties of an electromagnetic medium under a coordinate
transformation an alternative interpretation presents itself. One can simulate the
electromagnetic behavior in non-flat space by choosing a material with different
electromagnetic properties in Cartesian space. The material can therefore simulate behavior in
spaces with holes resulting in electromagnetic invisibility. I will explain the theory behind this
mechanism and describe the experiments that tried to build an invisibility device.
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1 Introduction

The bending of light in media can create various optical illusions. Some can appear in nature,
like a mirage in the desert. Here light rays are bended, so they are reflected back to the sky
instead of going straight to the ground. The ground therefore seems invisible from a certain
angle. But to make a perfect invisibility device one needs more than that. Because of the wave
nature of light it is possible to hide object that are smaller than the wavelenght, but that is
not our goal. To make the perfect invisibilty device, light would have to be guided around the
object, so it would seem to the viewer that the object is not there.

The first proposal of such a mechanism was made only a few years ago [1], [2]. It is based on
the fact that the Maxwell equations have the same form in all coordinate systems. A coordiante
transformation therefore only changes the values of the electrical and magnetic field as well as
the permittivity (¢) and permeability (u) tensors. By choosing a different set of permittivity and
permeability tensors, one can therefore simulate the behavior in a different coordinate system,
like a coordinate system with a hole, where a part of space is invisible for electromagnetic waves.

Since the idea is interesting and relatively simple, there have also been atempts to build such
a cloak [3]. The permittivity and permeability tensors needed to make the cloak are anisotropic
and too complex to appear in nature. However, making a few approximations, they managed
to make a cloak at microwave frequencies using metamaterials.

2 Theory

Let us now look at the theory behind making an invisibility cloak. The equations we need are
of course Maxwell equations in a space without sources or currents. Therefore we have:
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Where the permittivity (¢) and permeability (u) are generally tensors. Since these equations
are invariant under coordinate transformations, their form does not change in a new coordinate
system and we get:
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Where the V' of course means derivation in the new coordinates. The other quantities transform
as:
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The easiest way to prove the above transformed equations is to insert the new values and
show that the transformed equation holds. Since both the Maxwell equations have the same
form, it is enough that we show it for one. Let us take the Fourier transform of the first equation:
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If we now insert the transformed quantities we get:
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In index notation, where € is the Levi-Civita tensor, the above equation reads:
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We need to compare the above equation with:
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The first term in the last eqution vanishes during sumation, because the Levi-Civita tensor is
antisymmetric and we can swap the dummy indeces j and k.
The terms in Eq.(1) and Eq.(2) will be identical if:
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Multiplying both sides by matrix A (multiplying by % and summing over [ on the right side)
we get:
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Both sides of the equation are antisymmetric in indeces i, n and p. The right side is antisym-
metric because the Levi-Civita tensor is antisymmetric. On the left side we notice, that swaping
indeces 7 and n is the same as swaping indeces j and k (and similar for all other pairs). Therefore
the left side is also antisymmetric in 4, n and p. Because of this it suffices to show that the
equation holds for one set of ¢, n, p. If we take i = 1, n = 2 and p = 3, we get the known formula
for the determinant:
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We have shown that permittivity and permeability really transform as:
1
— Ly AT = ——ApAT 3
T det AT = det A 3)
With: oy
.
A= —1 (4)
" ij

There are two ways to interpret the electromagnetic beahavior in the transformed space. The
obvious way is that both sides of equation (3) represent the same material properties, but in
different coordinate systems. The quantities change because of the topology of the transforma-
tion.

The alternative interpretation is that both sides of the equation (3) represent different mate-
rial properties, but both in the same space. We can therefore imagine a space with a property we
would like to implement (a hole for example) and then construct the coordinate transformation
that would implement the desired behavior in the flat, Cartesian space. Using equation (3) we
can calculate the material properties that would give us this behavior.
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2.1 Spherical cloak

If we wish to make an invisibility cloak we have to imagine a space with a hole. The simplest
cloak is a spherical one and the transformation is a spherically symmetric transformation that
compresses the space in a volume of radius b into a shell of inner radius a and outer radius b.
The transformation outside of radius b is the identity transformation. It is important to always
apply the transformation only to a limited region if we wish to make a cloak of finite dimensions.

A position vector in the original (Cartesian) space has components 2* and in the transformed
space it has coordinates 2%, The magnitude is the same in both spaces:

r? = xixjéij = a:i/a;j/gi/j,

Where g;/; is the metric of the transformed space. But in our interpretation we will take
the components 2% to be the components in the Cartesian space. Also the magnitude (r') is
calculated in the Cartesian space:
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Our transformation maps points from a radius r to a radius r’ according to the function:
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We notice that when r = 0 then 7’ = @ and also when r = b then r’ = b.

To have a better idea of the coordinate systems and position vectors, Fig.1 (A) shows a
position vector and a ray in a flat Cartesian space (A), in a transformed space (B) and in a flat
space with a material that simulates the behavior in a transformed space (C).

Since our transformation is radially symmetric it must hold:
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If we insert the relation between r and r’ (Eq.(5)) we get:
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Now that we have this relation we can calculate the transformation matrix A; With derivation
we get:
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The components of the above expression are:
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To calculate the determinant of this matrix we can rotate into a coordinate system where:
z' = (r,0,0)

Here all of the off-diagonal elements vanish and we get for the determinant:
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Figure 1: The blue line shows the path of the same ray in flat space (A), transformed space (B)
and flat space with a material simulating the transformed space (C). Shown is also a position
vector Z in flat (A) and transformed (B) systems and a vector #/ where transformed components
are interpreted in flat space (C).

To get the desired material properties for a spherical invisibility cloak we use Eq.(3). If our
original space is free space than permittivity and permeability are both equal to 1. After
multiplying the matrices we get:
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Again, using the proper rotation, the off-diagonal elements vanish and we get for the material
properties:

With the calculated material properties one can now calculate the light propagation in a
space with the spherical cloak. This can be done in two ways. Since we have the material
properties, we can solve the Maxwell equations. But the result must be equal if we just take
the behavior in flat space and transform it with the same transformation used for the space



transformation. The ray propagation in a spheriacal cloak is shown in Fig.2; we can see how
the light bends around the inner, ’invisible’, shell.

Figure 2: Ray behavior in a spherical cloak. The medium lies between the two spheres.

2.2 Cylindrical cloak

Let us now analyze a cylindrical cloak. The reason for this is that it is much easier to build a
cylindrical cloak than a spherical one. The transformation is the same as that of the spherical
case, only that it’s now applied only to the two dimensions normal to the cylinder’s axis. For this
reason we define two operators, one that projects to the z-axis and the other one that projects
to the x-y plane: - o
ZY = 656,
T = 5167 + 5509
Since the transformation in the x-y plane is the same as in the spherical case and the
transformation in the z direction remains the identity, the transformation matrix is:
gy arirkéflékj i
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Where r is now the distance from the z-axis. The matrix written out in components is:
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Again, by rotating into a system where the off-diagonal elements vanish, we can get the
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By using Eq.(3) and considering that our original space has both permittivity and perme-
ability equal to 1, we get the formula for the material propeties in the transformed space:
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With the rotation into a system where the off-diagonal elements vanish we get the components
for the material propertes:
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3 Experiments

Soon after the first proposal of the invisibility cloak was published [1], there were attempts to
build it. The first one was in the same year [3]. The theory gives us the material properties
needed, but the practical application opens questions about the materials to use and the effects
of the approximations. Although one can calculate the needed material properties for any shape
of cloak, they are anisotropic and too complex to be found in nature. Because of the anisotropy
even the artificial materials cannot completely implement the desired properties. Therefore
experimenters are forced to use simplifications. Computer simulations are a useful tool for
analyzing the effects of such approximations.

3.1 Reduced material properties

Although the equations for the material properties for the cylindrical cloak Eq.(12), (13) and
(14) seem simple, they still represent six different parameters that are a function of radius
(r). That makes the material very anisotropic and too complicated to realise. To simplify the
required properties the experiment was performed where the electric field was polarized along
the z (cylinder) axis. In this case only the components E,, H, and H are nonzero and therefore
only €., pr and pgy are relevant.

Further, the Maxwell equations inside the material now reduce to (written in component

form):
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If £, is not a function of r then the above equations depend on only two material parameters
(e2p1¢ and €41, ) instead of three. Now we can choose one of the original parameters arbitrarily to
achieve some favorable conditions. A good choice is to select s = 1, which gives us ¢, = (ﬁ)2
and p, = (%)2 This makes only the u, spatially inhomogeneous. We will refer to these
properties as reduced material properties:
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Using these simplifications instead of the exact functions does not change the light propagation
inside the material, but it does change the behavior on the interface with free space. This cloak
now has a nonzero reflectance.

3.2 Cloak design and metamaterials

The material specification in Eq.(15) - (17) is simple enough to be realizable, but it is still
anisotropic and special materials are needed. As can be seen, the parameters p4 and €. are
constant and p, varies radially. The cloak described in the experiment in [3] was built from
split-ring resonators (SRRs) that provide a magnetic response that can be tailored (Fig.3). The
cloak was built from 10 concentric shells with the axes of the resonators positioned along the
radial direction (Fig.4), so they only affect the radial component of p as needed. The values
for the inner (a) and outer (b) radius were a = 27.1 mm and b = 58.9 mm and the optimal
frequency used was 8.5 GHz (microwaves). The wavelength to use has to be big compared to
the distance between the shells of the cloak, but not too big compared to the size of the cloak
itself. Also the electromagnetical properties of the SRRs are frequency dependant, so the cloak
is only designed to operate in a small frequency interval. Further, the SRRs also have a small
imaginary component of the material parameters, so the cloak has a non zero absorption.

Figure 3: SRR design. Parameters ay (I plus the spacing between SRRs), [ and w are kept
constant, but changing the parameters » and s changes the effective values for €, and p,.



Figure 4: Design of the invisibility cloak with 10 shells and the diagram of the SRRs of the inner
and outer shells. Included are also the plots for the values of g (constant value 1), e, (constant
value of 3.423) and 10 y, in the region from a = 27.1 mm to b = 58.9 mm.

3.3 Results and simulations

The cloak has been tested and the electric field around the cloak has been measured and com-
pared with the computer simulations. The object to be shielded was a Cu cylinder that exactly
fit the inner radius of the cloak. Fig.5 shows the results, including the simulation of the cloak
with the exact material parameters (A) and measurements with the bare Cu cylinder without
the cloak (C). The measurements are in agreement with the simulation for the cloak with the
reduced material parameters, especially the light propagation inside the cloak. Also apparent
is the reduction of backward (reflection) and forward (shadow) scatter of the cloaked cylinder
compared to the bare one.

The approximations one needs to consider when making a cloak can be divided into three
parts: non zero absorption, need for stepwise approximation of the cloak and using reduced
properties instead of exact. When making a cloak all three effects combine, but with simulations
one can observe each effect individually (Fig.6).

In the ideal case (Fig.6 (A)) the cloaking is perfect. There is no shadow and no reflection,
so the plane wave outside the cloak is the same as if no object was present.

The presence of absorption is apparent in case on Fig.6 (B). Here the loss tangent (defined
as tan o % and similar for p) is 0.1 for the electric and magnetic loss. The shadow behind the
cloak is clearly visible and expected, but, as in the ideal case, there is no backscatter, so the
plane wave on the left of the cloak is again unaltered. With proper materials one can achieve
the loss tangent much smaller than 0.1.

Plot in Fig.6 (C) shows the case when the ideal cloak is approximated by eight layers. Here
we see that the plane wave on all sides of the cloak is perturbed, so we have forward as well as
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Figure 5: Simulations and measurements of the electric field and power flow

the cloak. A: simulation of the exact material parameters

C: measurements

of the bare cylinder without the cloak; D: measurements of the cylinder with the cloak.
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Figure 6: Simulations of the electric field around the cloak. A: exact material parameters;

B: exact parameters with a loss tangent of 0.1;
parameters; D: reduced material parameters.

C: eight-layer stepwise approximation of exact
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backward scattering. But the effects are not too big and most of the light is still bent around
the cloak. Similar also is the behavior of the cloak with reduced parameters (Fig.6 (D)), which
also has a non zero reflectance as expected, because of the simplified properties.

3.3.1 Cloak at optical frequencies

In the previously described experiment the cloak was designed for microwave frequencies. The
main goal of the research is to make a cloak that would work with visible light, but the above
mentioned design is not appropriate for this, because SRRs cannot be made small enough com-
pared to the wavelength. Also the magnetic properties of SRRs depend on the frequency of the
light, so the cloak only operates in a small bandwidth.
To try to overcome these problems other cylindrical cloak designes have been proposed: [5],
[6]. A useful simplification is to try to avoid magnetic properties of the material with the use of
light where magnetic field (instead of electric) is polarized along the z-axis. Now the relevant
material parameters of the cylindrical cloak are ., €4 and &, and, since we can choose one
arbitrarily, we decide to make pu, = 1. This removes the need for magnetic response of the
material. The other two parameters also change, so the new properties are now (compare with
previous Eq.(15), (16) and (17)):
pe =1 (18)

o= (520) (19)
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But still, even making a cloak with these properties is a demanding task, so there have been
no attempts yet. Recently, there has been a lot of interest in making a ’carpet cloak’ (also called
ground cloak) [7]. Here the cloak is placed on a mirror with a bump. If the cloak works properly,
the light should reflect from the mirror as if it was flat, therefore making the area under the
bump invisible (Fig.7).

a b c

Ty s

Figure 7: Diagram of the carpet cloak. The reflection from a mirror with a bump is distorted
(b). But if a cloak is put on the bump, the light should reflect the same as from a flat mirror,
therefore making the bump and what is under it invisible (c).

The benefits of such a cloak are that it does not require materials with a wide range of
permittivity and permeability. The values for the cylindrical cloak can go to infinity (Eq.(13))
or zero (Eq.(12)) near the inner radius, which is difficult to realise in practice. Another im-
portant advantage of the carpet cloak is that choosing a suitable coordinate transformation the
anisotropy of the materials can be minimized to a small enough value to be neglected. The cloak
can be therefore made from isotropic dielectrics instead of metamaterials.
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Unlike with the cylindrical cloak, when we started with the transformation and calculated
the material parameters, here the process is reversed. One imagines the shape of the cloak
and then calculates the transformation that minimizes the anisotropy of the material. Now the
values for the material parameters have to be calculated numerically. Values of the parameter
n? defined as:

9 €
nl=_-
Ebackground
for two different transformations are plotted in Fig.8. The parameter cpckground i the permit-
tivity of the background (1 in free space). If the anysotropy is small enough to be neglected (the
case in Fig.8 (b)), then the dielectric profile of the medium is described by the above equation
and its magnetic permeability is equal to 1. Here the task was to find the transformation that
would map a square into a square with a ’bump’ and give the smallest amount of anysotropy in
the medium. But as we can imagine, the shape of the cloak does not have to be a square.
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Figure 8: The color map of n? for the carpet cloak for two different transformations. a: the
area above the bump is just compressed so the vertical lines remain parallel. b: the grid lines
remain orthogonal to each other. This transformation also minimizes anisotropy.

There have also been experiments to bulid a carpet cloak [8], [9]. Both used similar techniques
and dimensions, but one used a triangular shape of the cloak and the other used a square shape.
The cloak was built from either Si with holes or SiOs with small Si posts and the desired
destribution of the index of refraction was achieved by varying the density of holes or Si posts.
The background index was 1.58 and 1.65 respectively, so the range of the index used in the cloak
was easier to build. Both cloaks were small with the area around 100um? and the area of the
bump around 1pm?. Both cloaks were tested using infrared light with wavelength of 1400 nm -
1800 nm and the distribution of reflected light was in both cases similar to the case with a flat
reflective surface, so the bump was succesfully hidden. Fig.9 shows the photo of the cloak using
infrared camera in three cases: flat surface without the cloak (a), bump without the cloak (b)

13



and bump with the cloak (c¢). The bump produces a different reflection, but when covered with
the cloak the reflection is similar to the case without the bump.

Powar gap

Intensity (arb. units)

Figure 9: Infrared photos of the cloak tested at wavelength of 1550 nm. a: reflection from a flat
surface; b: reflection from the surface with a bump without the cloak; c: same as (b), but with
the cloak; d: diagram of the cloak with the measured area.

4 Conclusion

As shown, the invisiblity is indeed physically possible. The idea for electromagnetic invisibility
comes from the fact that Maxwell equations have the same form in all coordinate systems. Since
the same is true for all other laws of physics, it leads us to believe that a similar cloaking device
is possible in other wave systems as well. Indeed, there has been a proposition for an acoustic
cloaking shell [10].

The biggest obstacle in making an invisibiliy cloak in practice is satisfying the complex
material properties needed in such a cloak and realizing them on a scale that could be used with
visible light. The problem still remains unsolved, but interest shown in the topic could mean
that invisiblity will soon become reality.
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