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Motivation to study charmonium resonances
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Experimentally discovered exotic hadrons
• Most of them contain cc

• All of them are resonances (decay strongly)  
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Zc : c̄cd̄u

Pc : c̄cuud

X(3872) : c̄cq̄q

Current study: Charmonium(like) resonances with isospin=0 and J=0,1,2,3

conventional     +              exotic ?

Only one previous lattice study took into account decaying nature of charmonium resonances and determined width

Lang, Leskovec, Mohler, Prelovsek, JHEP (2015)
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c̄cs̄s
q=u,d

The first extraction of the scattering matrix for coupled channels 

• for me

• besides the Had. Spec. Colll
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PDG 2019

our lattice study: postdicted predicted, 

exp discovered 

𝝌c0 (3930)

predicted, 

exp not (yet) discovered 

Charmonium system: experimental status (PDG) and summary of our lattice results 
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Hadronic resonances and shallow bound states from lattice 
(near/above one threshold) 
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analytic relation: 
Luscher 1991 

m

E   g

energy of 
eigenstate

scattering  
matrix 
for real E

resonance
mass and width

En σ

Γ

Most of hadrons and all experimentally discovered exotic hadrons are strongly decaying resonances !

H1 H2

E(H1H2 )

T (E)

σ (E)∝|T (E) |2

continuation 
to complex E location of poles in complex E plane

H1

H2

H1

H2

TB (E)∝
1

s−mB
2 TR (E) =

−mR Γ
E 2 −mR

2 + imR Γ

TB (E =mB ) =∞

c

c



Lattice details
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CLS ensebmles with u/d, s dynamical quarks 
(Regesnburg)

a≃0.086 fm
NL=24, 32

m𝜋≃280 MeV mu/d > mphy

ms      <  ms
phy      

mu+md+ms = mu
phy +md

phy +ms
phy

mD≃1762 MeV              mc      <  mc
phy

mD≃1927 MeV              mc      >  mc
phy

lattice

two charm quark 

masses analyzed
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Charmonium resonances with JPC=1-- ,3-- in one-channel DD scattering



Operators

6/20

O cc=  cΓc( ) !P  

O DD =  cΓ1q( ) !p1
qΓ2c( ) !p2

= D( !p1)D( !p2 ) 
!
P = !p1 +

!p2

P

p1

p2P:  0 
(0,0,1) 2π/NL

(1,1,0) 2π/NL

NL=24,32

Sasa Prelovsek, Charmonium resonances from lattice QCD

Cij (t) = 0Oi (t)Oj
+(0) 0 =

n
∑ Zi

n Z j
n* e−En t

Resonances with JPC=1-- ,3-- in one-channel DD scattering
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Energies of eigen-states En in irreps that contain JPC=1-- ,3--

Extraction of scattering amplitude t(E) for one-channel scattering: straightforward
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⇢ ⌘ 2p/Ecm

at Ecm=Ecm
lat

Luscher's eq.

known function for each irrep and L

irrep    total momentum
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S(Ecm) = 1 + 2i ⇢ t(Ecm) = e2i�(Ecm)
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det[1 + i t(Ecm) F (Ecm)] = 0
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t(Ecm) = � i

F (Ecm)

JPC =1- -

JPC =3- -

DD non-int

for mD=1762 MeV



Extracted scattering amplitude t(E) in complex energy planepartial wave l=1

8/20

2mD

Ψ(2S) bound state

2mD

virtual bound state

Ψ(3770) resonance

|t l=1 (s) |2

|t l=1 (s) |2

Riemann sheet

Riemann sheet

poles in t(s) related to 
resonance and bound states 

Fig  for l=1 and mD ≈1762 MeV: 
one resonance, one bound state, one virtual bound state

Sasa Prelovsek, Charmonium resonances from lattice QCD
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Sl(Ecm) = 1 + 2i ⇢ tl(Ecm) = e2i�l(Ecm)

JPC=1--

s=Ecm
2



Ψ(2S) JPC=1-- , l=1 

Mass: 
|t(Ecm=mB)| = ∞

mB given by the pole 
on the first sheet 

Resonances           Bound state

Ψ(3770) JPC=1-- , l=1
X(3842) JPC=3-- , l=3

Mass: 
δ l(Ecm=mR)=90o

Width or coupling g:
Ψ(3770) g DD , l=1

X(3842): to narrow to resolve 

9/20

g
lat

exp 18.7 ± 0.9

16.0 −0.2
+2.1

Sasa Prelovsek, Charmonium resonances from lattice QCD

Ψ(3770) 

Ψ(2S) 

X(3842) 

Charmonium resonances with JPC=1-- ,3-- :  results for masses and widths
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Charmonium resonances with JPC=0++ , 2++ in coupled DD – Ds Ds scattering
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these resonances appear at higher energies and both decay channels need to be taken into account



Operators

11/20

O cc=  cΓc( ) !P  

O DD =  cΓ1q( ) !p1
qΓ2c( ) !p2

= D( !p1)D( !p2 ) 
!
P = !p1 +

!p2

P

p1

p2P:  0 
(0,0,1) 2π/NL

(1,1,0) 2π/NL

NL=24,32

Sasa Prelovsek, Charmonium resonances from lattice QCD

Cij (t) = 0Oi (t)Oj
+(0) 0 =

n
∑ Zi

n Z j
n* e−En t

Resonances with JPC=0++ ,2++ in coupled-channel scattering
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Energies of eigen-states En in irreps that contain JPC=0++ ,2++

D D

Ds Ds

non-interacting energies denoted

D D

Ds Ds
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Sij(Ecm) = 1 + 2i ⇢ tij(Ecm)

Extraction of matrix t(E) : NOT straightforward !
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det[1 + i t(Ecm) F (Ecm)] = 0

1: DD,   2: DsDs

one equation, three unknowns (at each Ecm)

known 2x2 matrix

JPC =0++

JPC =2++, 2+-

for mD=1927 MeV

Sasa Prelovsek, Charmonium resonances from lattice QCD



JPC=0++ : some expected and unexpected states found 
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S-wave (L=0, JPC=0++ )
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DD̄ ! DD̄
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DD̄ ! DD̄ <latexit sha1_base64="mU5FD/2QVDomTAES1XfMc4OKJns=">AAACA3icbVDLSgMxFL1TX7W+Rt3pJlgEV2WmiLos6sJlBfuAdhgyaaYNzWSGJCOUoeDGX3HjQhG3/oQ7/8ZM20VtvRBycs693JwTJJwp7Tg/VmFldW19o7hZ2tre2d2z9w+aKk4loQ0S81i2A6woZ4I2NNOcthNJcRRw2gqGN7neeqRSsVg86FFCvQj3BQsZwdpQvn1066tugCXKbx2juadvl52KMym0DNwZKMOs6r793e3FJI2o0IRjpTquk2gvw1Izwum41E0VTTAZ4j7tGChwRJWXTTyM0alheiiMpTlCowk7P5HhSKlRFJjOCOuBWtRy8j+tk+rwysuYSFJNBZkuClOOjNk8ENRjkhLNRwZgIpn5KyIDLDHRJraSCcFdtLwMmtWKe1Gp3p+Xa9ezOIpwDCdwBi5cQg3uoA4NIPAEL/AG79az9Wp9WJ/T1oI1mzmEP2V9/QKFZJbP</latexit>

DsD̄s ! DsD̄s

<latexit sha1_base64="7oX0P3LofpQsT6L01ZVRGLA0ZDw=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJEXVZtAuXFewDmhAm00k7dDIJMxOh1C78FTcuFHHrb7jzb5y2WWjrgYEz59zLvfeEKWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWSjJJaJMkPJGdECvKmaBNzTSnnVRSHIectsPhzdRvP1CpWCLu9Silfoz7gkWMYG2kwD6qeyGWqO7pBNUDNf8EKrDLTsWZAS0TNydlyNEI7C+vl5AspkITjpXquk6q/TGWmhFOJyUvUzTFZIj7tGuowDFV/ni2/wSdGqWHokSaJzSaqb87xjhWahSHpjLGeqAWvan4n9fNdHTlj5lIM00FmQ+KMo7MsdMwUI9JSjQfGYKJZGZXRAZYYqJNZCUTgrt48jJpVSvuRaV6d16uXedxFOEYTuAMXLiEGtxCA5pA4BGe4RXerCfrxXq3PualBSvvOYQ/sD5/AE8DlQM=</latexit>

DD̄ ! DsD̄s

• broad resonance coupling mostly to DD

• state near DsDs threshold coupling mostly to DsDs

• state near DD threshold 

<latexit sha1_base64="/a/KpgJJwfYLNMQQ/f4q/emES7s="></latexit>

lat : m = 3949+28
�20 MeV g = 1.35+0.04

�0.08 GeV

X(3860) : m = 3862+48
�35 MeV g = 2.5+1.2

�0.9 GeV

near pole

Belle 2017

LHCb 2020

lat

DD th.
DsDs th. DsDs th. DsDs th.



JPC=2++ :  conventional resonance found 
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D-wave (L=2, JPC=2++ )
<latexit sha1_base64="XHJhL4HMDFo851qMcbsNNTA+fpo=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFcFWSItVl0S5cVrAXaEKZTCft0MkkzEzEEvoqblwo4tYXcefbOG2z0NYfBj7+cw5zzh8knCntON9WYWNza3unuFva2z84PLKPyx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpPbeb37SKVisXjQ04T6ER4JFjKCtbEGdrnpBViipqdjlOPArjhVZyG0Dm4OFcjVGthf3jAmaUSFJhwr1XedRPsZlpoRTmclL1U0wWSCR7RvUOCIKj9b7D5D58YZojCW5gmNFu7viQxHSk2jwHRGWI/Vam1u/lfrpzq89jMmklRTQZYfhSlH5tB5EGjIJCWaTw1gIpnZFZExlphoE1fJhOCunrwOnVrVrVdr95eVxk0eRxFO4QwuwIUraMAdtKANBJ7gGV7hzZpZL9a79bFsLVj5zAn8kfX5AyL+kzc=</latexit>

DD̄ ! DD̄

• 2++ resonance

<latexit sha1_base64="17xGv6fILmNSZUsx/jPHWlQ5NDU="></latexit>

lat : m = 3973+14
�22 MeV g = 4.5+0.7

�1.5 GeV �1

�c2(3930) : m = 3923± 1 MeV g = 2.65± 0.12 GeV �1

PDG
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Charmonium resonances with JPC=0++ ,2++ :  results for masses



Simplifications / assumptions
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• JPC=0++  : assuming that channels   𝜼c 𝜼 and J/𝞇𝞈 are decoupled from DD, DsDs

• further assumptions: see section 5 of 2011.02541, JHEP

Challenges

• accurate determination of highly excited En

• several JP contribute to each irrep

• extraction of scattering matrices for coupled-channel scattering 
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PDG 2019

our lattice study: postdicted predicted, 

exp discovered 

𝝌c0 (3930)

predicted, 

exp not (yet) discovered 

Kind of a summary ... again a look at the charmonium system



Backup
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ΛC

ΛC

The challenge to determine JP

1811.04116, PRD 2019
Sasa Prelovsek, Charmonium resonances from lattice QCD

M. Padmanath, S. Collins, D. Mohler, S. Piemonte, S.P.,  A. Schafer, S. Weishaeupl : 1811.04116, PRD 2019



T(E) near poles
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